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❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ✶✶
▲❡# $❛②♦♥# ❝♦#♠✐,✉❡# #♦♥. ❞❡# ♥♦②❛✉① ❞✬❛.♦♠❡ ,✉✐ #❡ ♣$♦♣❛❣❡♥. ❞❛♥# ❧❡ ♠✐❧✐❡✉
✐♥.❡$#.❡❧❧❛✐$❡ 5 ❞❡# 6♥❡$❣✐❡# $❡❧❛.✐✈✐#.❡# ♣♦✉✈❛♥. ❛..❡✐♥❞$❡ 1020 ❡❱✳
▲❡# #❝✐❡♥.✐✜,✉❡# ❞✉ ❞6❜✉. ❞✉ ✈✐♥❣.✐<♠❡ #✐<❝❧❡ ❝♦♥#.❛.❛✐❡♥. ,✉❡ ❧❡✉$# 6❧❡❝.$♦♠<.$❡#
#❡ ❞6❝❤❛$❣❡❛✐❡♥.✱ ❡. ❝❡ ♠?♠❡ ❛♣$<# ❧❡# ❛✈♦✐$ #♦✐❣♥❡✉#❡♠❡♥. ✐#♦❧6#✳ ❊♥ ✶✾✶✷✱ ❱✐❝.♦$
❍❡## ♠❡#✉$❛✱ ❛✈❡❝ ✉♥ ✈♦❧ ❡♥ ❜❛❧❧♦♥ ❞✐$✐❣❡❛❜❧❡ 5 ♣❧✉# ❞❡ ✺✵✵✵ ♠<.$❡# ❞✬❛❧.✐.✉❞❡✱ ,✉❡
❧❡ .❛✉① ❞✬✐♦♥✐#❛.✐♦♥ 6.❛✐. ,✉❛.$❡ ❢♦✐# ♣❧✉# 6❧❡✈6 ,✉✬❛✉ #♦❧✳ ◆♦♥ #❡✉❧❡♠❡♥. ✐❧ ♠♦♥.$❛
,✉❡ ❧❛ #♦✉$❝❡ ❞❡ ❝❡ ♣❤6♥♦♠<♥❡ 6.❛✐. ❞✬♦$✐❣✐♥❡ ❡①.$❛.❡$$❡#.$❡✱ ♠❛✐# ,✉✬✐❧ 6.❛✐. ♣$✐♥❝✐✲
♣❛❧❡♠❡♥. ✐##✉ ❞✉ #♦❧❡✐❧✳
❆ ♣❛$.✐$ ❞❡ ❝❡..❡ ❞6❝♦✉✈❡$.❡✱ ❧❡# ✐♥.❡$♣$6.❛.✐♦♥# 6.❛✐❡♥. $6♣❛$.✐❡# ❡♥.$❡ ❞❡✉①
❝♦♥❝❡♣.✐♦♥# #✉$ ❧❛ ♥❛.✉$❡ ♠?♠❡ ❞❡# ♦❜❥❡.# $❡#♣♦♥#❛❜❧❡# ❞❡ ❧❛ ❞6❝❤❛$❣❡ ❞❡# 6❧❡❝.$♦✲
♠<.$❡#✳ ▲❡ .❡$♠❡ ❞❡ $❛②♦♥ ❝♦#♠✐,✉❡ ❢✉. ❞♦♥♥6 ♣❛$ ▼✐❧❧✐❦❛♥✱ ,✉✐ 6.❛✐. ♣❡$#✉❛❞6 ❞❡
❧❛ #❡✉❧❡ ✐♠♣❧✐❝❛.✐♦♥ ❞❡ ♣❤♦.♦♥# ❞❛♥# ❧❡ ♣❤6♥♦♠<♥❡✳ ▼❛✐# 5 ❧❛ ✜♥ ❞❡# ❛♥♥6❡# ✷✵✱ ✐❧
❛ 6.6 ♣$♦✉✈6 ,✉❡ ❧❡# ❞✐.# $❛②♦♥# ❝♦#♠✐,✉❡# 6.❛✐❡♥. #❡♥#✐❜❧❡# ❛✉ ❝❤❛♠♣ ♠❛❣♥6.✐,✉❡
.❡$$❡#.$❡✱ ❡. ❞♦♥❝ ,✉❡ ❧❡ ♣❤6♥♦♠<♥❡ 6.❛✐. ✐##✉ ❞❡ ♣❛$.✐❝✉❧❡# ❝❤❛$❣6❡#✳
❈✬❡#. 5 ❧❛ ✜♥ ❞❡# ❛♥♥6❡# ✸✵ ,✉❡ O✐❡$$❡ ❆✉❣❡$ ❞6❝♦✉✈$✐. ❧❡# ❣❡$❜❡# ❞❡ ♣❛$.✐❝✉❧❡#✱
❡. ❡♥ ❝♦♥❝❧✉. ,✉❡ ❧❡ $❛②♦♥♥❡♠❡♥. ❞6.❡❝.6 6.❛✐. ❡♥ ❢❛✐. ✐##✉ ❞❡ ♣❛$.✐❝✉❧❡# ❞❡ ❤❛✉.❡
6♥❡$❣✐❡✱ ❞✐.❡# ♣$✐♠❛✐$❡#✱ ❞✐✛✉#❛♥. ❛✈❡❝ ❞❡# ♠♦❧6❝✉❧❡# ❞❡ ❧✬❛.♠♦#♣❤<$❡ ♣♦✉$ ❢♦$♠❡$
❞❡# ❣❡$❜❡# ❞❡ ♣❛$.✐❝✉❧❡#✱ ❞✐.❡# #❡❝♦♥❞❛✐$❡#✳ ▲❛ ❝♦♥✜$♠❛.✐♦♥ ❡①♣6$✐♠❡♥.❛❧❡ ❞❡ ❝❡..❡
✐♥.❡$♣$6.❛.✐♦♥ ✐♥.❡$✈✐♥. ✷✵ ❛♥# ♣❧✉# .❛$❞✱ ❧♦$#,✉❡ ❧❛ ❝♦♠♠✉♥❛✉.6 ❢✉. ❡♥ ♠❡#✉$❡ ❞❡
❞6.❡$♠✐♥❡$ ❧❛ ❝♦♠♣♦#✐.✐♦♥ ❡. ❧✬6♥❡$❣✐❡ ❞❡# $❛②♦♥# ❝♦#♠✐,✉❡#✳
▲❡# #♦✉$❝❡# ❞❡ ❝❡# ♥♦②❛✉① #♦♥. ♣♦.❡♥.✐❡❧❧❡♠❡♥. ♥♦♠❜$❡✉#❡#✳ ❉❛♥# ❧❡# ❛♥♥6❡# ✸✵
❞6❥5✱ ❩✇✐❝❦② ❡. ❇❛❛❞❡✱ ❡♥ ✐♥.$♦❞✉✐#❛♥. ❧❡# #✉♣❡$♥♦✈❛❡✱ ♦♥. 6♠✐. ❧✬❤②♣♦.❤<#❡ ,✉❡ ❝❡#
❞❡$♥✐<$❡# ♣♦✉✈❛✐❡♥. ❡♥ ?.$❡ ❧❛ #♦✉$❝❡✱ ❝♦♠♣.❡ .❡♥✉ ❞❡ ❧❛ ,✉❛♥.✐.6 ❞✬6♥❡$❣✐❡ ❞✐#♣♦✲
♥✐❜❧❡✳ ■❧ #✬❡#. ❛✈6$6 ,✉❡ ❧❡# ♣❡$.❡# ❛❞✐❛❜❛.✐,✉❡# #✉❜✐❡# ♣❛$ ❧❡# ♣❛$.✐❝✉❧❡# ♥❡ ♣❡$♠❡.✲
.❛✐❡♥. ♣❛# ❞❡ ❧❡# ❛❝❝6❧6$❡$ ❥✉#,✉✬5 ❞❡# 6♥❡$❣✐❡# #✉✣#❛♥.❡# ♣♦✉$ ❡①♣❧✐,✉❡$ ❧✬6♠✐##✐♦♥
$❛❞✐♦✳ ◆6❛♥♠♦✐♥# ❧❡# $❡#.❡# ❞❡ #✉♣❡$♥♦✈❛❡ ✭❘❙◆✮ 6✈✐.❛✐❡♥. ❝❡ ♣$♦❜❧<♠❡✳ ❉❛♥# ❧❡#
❛♥♥6❡# ✺✵✱ ❋❡$♠✐ ❬✷✽✱ ✷✾❪ ❞6✈❡❧♦♣♣❛ ❧❡# ❜❛#❡# .❤6♦$✐,✉❡# #✉$ ❧❡# ♣$♦❝❡##✉# ❞✬❛❝❝6❧6$❛✲
.✐♦♥ ❞❛♥# ❧❡# ♣❡$.✉$❜❛.✐♦♥# ♠❛❣♥6.✐,✉❡# #❡ ♣$♦♣❛❣❡❛♥. ❞❛♥# ❧❡ ♠✐❧✐❡✉ ✐♥.❡$#.❡❧❧❛✐$❡✳
❋✐♥❛❧❡♠❡♥.✱ ❞❛♥# ❧❡# ❛♥♥6❡# ✼✵✱ ❛♣$<# ❞❡✉① ❞6❝❡♥♥✐❡# ❞❡ ❞6❜❛.✱ ❧❡# $❡#.❡# ❞❡ #✉♣❡$✲
♥♦✈❛❡ ♦♥. 6.6 ✐❞❡♥.✐✜6# ❝♦♠♠❡ ❞❡# #✐.❡# ❞✬❛❝❝6❧6$❛.✐♦♥ ❞❡ $❛②♦♥# ❝♦#♠✐,✉❡#✱ ❣$`❝❡
❛✉ .$❛✈❛✉① ✐♥❞6♣❡♥❞❛♥.# ❞❡ ,✉❡❧,✉❡# ❛✉.❡✉$# ❬✸✱ ✹❪✱ ❛✉ .$❛✈❡$# ❞❡ ❝❡ ,✉✐ #❡$❛ ❛♣♣❡❧6✱
❧✬❛❝❝6❧6$❛.✐♦♥ ❞✐✛✉#✐✈❡ ♣❛$ ♦♥❞❡ ❞❡ ❝❤♦❝✱ ✐❧❧✉#.$6 ♣❛$ ❧❛ ✜❣✉$❡ ✶✳
❆❝❝"❧"$❛&✐♦♥ ❞✐✛✉-✐✈❡ ♣❛$ ♦♥❞❡ ❞❡ ❝❤♦❝ ❬✷✷❪
❈❡ ♠♦❞<❧❡ ❝♦♥#✐#.❡ ❡♥ ✉♥ ❝❤♦❝ #❡ ♣$♦♣❛❣❡❛♥. 5 ✉♥❡ ✈✐.❡##❡ vs ❞❛♥# ❧❡ ♠✐❧✐❡✉ ✐♥✲
.❡$#.❡❧❧❛✐$❡✳ ❊♥ ❛✈❛❧ ❞✉ ❝❤♦❝✱ ❝✬❡#.✲5✲❞✐$❡ ❧❛ $6❣✐♦♥ ❞♦♥. ❧❡ ❝❤♦❝ #✬6❝❤❛♣♣❡✱ ✉♥❡ ❢❛✐❜❧❡
❢$❛❝.✐♦♥ ❞❡ ♣❛$.✐❝✉❧❡# ❝❤❛$❣6❡# ❡#. ❛❝❝6❧6$6❡ ♣♦✉$ ❞6♣❛##❡$ ❧✬6♥❡$❣✐❡ .❤❡$♠✐,✉❡ ❞✉
♠✐❧✐❡✉✳ ❆ ♥♦✉✈❡❛✉✱ ✉♥❡ ❢$❛❝.✐♦♥ ❞✬❡♥.$❡ ❡❧❧❡# ❞❡✈✐❡♥. ❛##❡③ 6♥❡$❣6.✐,✉❡ ♣♦✉$ $❛..$❛✲
♣❡$ ❧✬♦♥❞❡ ❞❡ ❝❤♦❝✱ ❡. ♣❛##❡$ ❞❛♥# ❧❡ ♠✐❧✐❡✉ ❛♠♦♥.✱ ❝✬❡#.✲5✲❞✐$❡ ❧❡ ♠✐❧✐❡✉ ,✉✐ $❡c♦✐.
✶✷ ❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙
❧❡ ❝❤♦❝✳ ❆ ❝❤❛*✉❡ ,-❛✈❡-/0❡✱ ❧❡/ ♣❛-,✐❝✉❧❡/ ✐♥,❡-❛❣✐//❡♥, ❛✈❡❝ ❞❡/ ♣❡-,✉-❜❛,✐♦♥/ ♠❛✲
❣♥0,✐*✉❡/ *✉✐ ❧❡/ ❞0✢0❝❤✐//❡♥, ❡, ✐♥❞✉✐/❡♥, ✉♥❡ ,-❛❥❡❝,♦✐-❡ ❞❡ ♠❛-❝❤❡ ❛✉ ❤❛/❛-❞✱ ❧❡✉-
♣❡-♠❡,,❛♥, ❛✐♥/✐ ❞❡ ❢❛✐-❡ ♣❧✉/✐❡✉-/ ❝②❝❧❡/ ❛✉,♦✉- ❞✉ ❝❤♦❝✳
▲❡ ♣-♦❝❡//✉/ ❞0❝-✐, ♣❧✉/ ❤❛✉, ❡/, ❛♣♣❡❧0 ❧❡ ❝②❝❧❡ ❞❡ ❋❡-♠✐✳ ❆ ❝❤❛*✉❡ ,-❛✈❡-/0❡ ❞✉
❢-♦♥, ❞❡ ❝❤♦❝✱ ❧❡/ ♣❛-,✐❝✉❧❡/ ❣❛❣♥❡♥, ✉♥❡ *✉❛♥,✐,0 ❞✬0♥❡-❣✐❡ ❝✐♥0,✐*✉❡ ♣-♦♣♦-,✐♦♥♥❡❧❧❡
A ❧❡✉- 0♥❡-❣✐❡ ✐♥✐,✐❛❧❡✳ ▲❡ ❣❛✐♥ -❡❧❛,✐❢ ❞✬0♥❡-❣✐❡ ❡/, ❞♦♥❝ ✐♥❞0♣❡♥❞❛♥, ❞❡ ❧✬0♥❡-❣✐❡ ❞❡
❧❛ ♣❛-,✐❝✉❧❡✱ ❡, ✈❛✉,
4
3
vu − vd
v
,
♦B v ❡/, ❧❛ ✈✐,❡//❡ ❞❡ ❧❛ ♣❛-,✐❝✉❧❡✱ vd ❡, vu ❧❛ ✈✐,❡//❡ ❡♥ ❛✈❛❧ ❡, ❡♥ ❛♠♦♥, ❞✉ ❝❤♦❝
-❡/♣❡❝,✐✈❡♠❡♥,✱ ❞❛♥/ ❧❡ -0❢0-❡♥,✐❡❧ ❛✉ -❡♣♦/ ❞✉ ❝❤♦❝✳
12
❋✐❣✉$❡ ✶ ✕ ❙❝❤0♠❛ ❞✬✐❧❧✉/,-❛,✐♦♥ ❞✉ ♣-♦❝❡//✉/ ❞✬❛❝❝0❧0-❛,✐♦♥ ❞✐✛✉/✐✈❡ ❞❛♥/ ✉♥ ❝❤♦❝
-❡♣-0/❡♥,0 ♣❛- ❧❡ ,-❛✐, ♣❧❡✐♥ ✈❡-,✐❝❛❧ ❞❛♥/ ❧❡ -0❢0-❡♥,✐❡❧ ❛✉ -❡♣♦/ ❞✉ ❝❤♦❝✳ ▲❛ -0❣✐♦♥
✷ ❝♦--❡/♣♦♥❞ A ❧❛ ③♦♥❡ ❡♥ ❛✈❛❧ ❞✉ ❝❤♦❝✱ ♦B ❧❛ ✈✐,❡//❡ ✢✉✐❞❡ ❡/, vd✱ ❡, ❧❛ -0❣✐♦♥ ✶ ❧❛
③♦♥❡ ❡♥ ❛♠♦♥,✱ ♦B ❧❛ ✈✐,❡//❡ ✢✉✐❞❡ ❡/, vu ✈✐,❡//❡✳ ▲❛ ,-❛❥❡❝,♦✐-❡ ❞❡ ❧❛ ♣❛-,✐❝✉❧❡ ❡/,
-❡♣-0/❡♥,0❡ ❡♥ -♦✉❣❡✱ ❡, ✐❧❧✉/,-❡ ❧❛ ♠❛-❝❤❡ ❛❧0❛,♦✐-❡ ❞❛♥/ ❧❡/ -0❣✐♦♥/ ♣♦/,✲ ❡, ♣-0✲
❝❤♦❝✱ ❛✐♥/✐ *✉❡ ❧❡ ✈❛✲❡,✲✈✐❡♥, ❛✉ ,-❛✈❡-/ ❧❡ ❢-♦♥, ❞❡ ❝❤♦❝✳
❇✐❡♥ ❡♥,❡♥❞✉✱ A ❝❤❛*✉❡ ❢♦✐/ *✉✬✉♥ ❝②❝❧❡ ❞❡ ❋❡-♠✐ /❡ ,❡-♠✐♥❡✱ ✉♥❡ ♣❛-,✐❝✉❧❡ ❛ ✉♥❡
♣-♦❜❛❜✐❧✐,0 ♥♦♥ ♥✉❧❧❡ ❞❡ /✬0❝❤❛♣♣❡- ❡♥ ❛✈❛❧ ❞✉ ❝❤♦❝✳ ❊♥ ♣-❡♥❛♥, ❡♥ ❝♦♥/✐❞0-❛,✐♦♥ ❧❡
♣-♦❝❡//✉/ ❞✬0❝❤❛♣♣❡♠❡♥,✱ ❡, ❝❡❧✉✐ ❞❡ ❧✬❛❝❝0❧0-❛,✐♦♥✱ ❧❡ ♠♦❞I❧❡ ♣-0❞✐, *✉❡ ❧❛ ❞✐/,-✐✲
❜✉,✐♦♥ ❞❡ ♣❛-,✐❝✉❧❡/ ❡♥ ❢♦♥❝,✐♦♥ ❞❡ ❧✬0♥❡-❣✐❡ ❡/, ✉♥❡ ❧♦✐ ❞❡ ♣✉✐//❛♥❝❡ dN/dE ∝ E−σ✱
❞♦♥, ❧✬✐♥❞✐❝❡ σ ♥❡ ❞0♣❡♥❞ *✉❡ ❞✉ -❛♣♣♦-, ❞❡ ❝♦♠♣-❡//✐♦♥ r ❞✉ ❝❤♦❝✱ ,❡❧ *✉❡
σ =
r + 2
r − 1 ,
❛✈❡❝
r =
(γ + 1)M2s
(γ − 1)M2s + 2
,
♦B γ ❡/, ❧✬✐♥❞✐❝❡ ❛❞✐❛❜❛,✐*✉❡ ❞✉ ❣❛③✳
❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ✶✸
 1e-11
 1e-10
 1e-09
 1e-08
 1e-07
 1e-06
 1e-05
 0.0001
 0.001
-3 -2 -1  0  1  2  3
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p
)
/
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m
p
 
c
)
log(p/m
p
 c)
thermic
accelerated
cuttoff
❋✐❣✉$❡ ✷ ✕ ❙❝❤'♠❛ *❡♣*'-❡♥/❛♥/ ❧❛ ❞✐-/*✐❜✉/✐♦♥ ❞❡ ❧❛ ♥♦*♠❡ ❞❡ ❧✬✐♠♣✉❧-✐♦♥ f(p)
*❡❞*❡--'❡ ❡♥ p4 7 ❧❛ ♣♦-✐/✐♦♥ ❞✉ ❝❤♦❝ ❡♥ ❢♦♥❝/✐♦♥ ❞❡ ❧✬✐♠♣✉❧-✐♦♥ ♥♦*♠❛❧✐-'❡ p/mpc✳
❞❡ -♦*/❡ :✉❡ -✐ ❧❡ ❝❤♦❝ ❛ ✉♥ ♥♦♠❜*❡ ❞❡ ▼❛❝❤
✶ Ms ≫ 1✱ r = 4 ✭✜❣✉*❡ ✷✮✱ ❡/
❧✬✐♥❞✐❝❡ ❞❡ ❧❛ ❧♦✐ ❞❡ ♣✉✐--❛♥❝❡ ❛ ♣♦✉* ✈❛❧❡✉* σ = 2✳ ▲❛ ❞✐-/*✐❜✉/✐♦♥ ❞❡- ♣❛*/✐❝✉❧❡-
❞❛♥- ❧✬❡-♣❛❝❡ ❞❡- ✐♠♣✉❧-✐♦♥- f (p) -✉* ❧❡ ❢*♦♥/ ❞✉ ❝❤♦❝✱ ❡-/ ❛✉--✐ ❛♣♣❡❧'❡ ✏-♣❡❝/*❡
❞✬❛❝❝'❧'*❛/✐♦♥✑✱ ♦✉ ✏-♣❡❝/*❡ -♦✉*❝❡ ❞✬❛❝❝'❧'*❛/✐♦♥ ❞❡- ❝❤♦❝- ❞❡ *❡-/❡- ❞❡ -✉♣❡*♥♦✈❛✑✳
❉✬❛✉/*❡- -♦✉*❝❡- -♦♥/ '❣❛❧❡♠❡♥/ ♣♦--✐❜❧❡-✳ F♦✉* ❧❡- '❧❡❝/*♦♥-✱ ❧❡- ♣✉❧-❛*- ❡/ ❧❡- ♥'✲
❜✉❧❡✉-❡- ❞❡ ♣✉❧-❛*- ❬✶✷❪ ❡/ ♣♦✉* ❧❡- ♣*♦/♦♥- ❡/ ♠'/❛✉①✱ ❧❡- ❛♠❛- ❞✬'/♦✐❧❡- ♠❛--✐✈❡-
❬✷✸✱ ✼✸❪✳
▲❡" "♣❡❝%&❡" ❞✉ &❛②♦♥♥❡♠❡♥% ❝♦"♠✐/✉❡
▲❡ -♣❡❝/*❡ ❞✉ *❛②♦♥♥❡♠❡♥/ ❝♦-♠✐:✉❡ -✬'/❡♥❞ -✉* ♣❧✉- ❞❡ ✶✷ ❞'❝❛❞❡- ❡♥ '♥❡*❣✐❡
-✉✐✈❛♥/ ✉♥❡ ❧♦✐ ❞❡ ♣✉✐--❛♥❝❡ N (E) dE ∝ E−pdE✱ ❛✈❡❝ ❞❡- ❝❛--✉*❡-✳ ❈❡ -♣❡❝/*❡✱
*❡♣*'-❡♥/' ✜❣✉*❡ ✸✱ ♣❡*♠❡/ ❞❡ ❝❧❛--✐✜❡* ❧❡- *❛②♦♥- ❝♦-♠✐:✉❡-✳ ❊♥ ❡✛❡/✱ ❧❡- ♣❛*/✐✲
❝✉❧❡- ❞✬'♥❡*❣✐❡ ❧❡- ♣❧✉- ❢❛✐❜❧❡-✱ ❝♦♥❝*P/❡♠❡♥/ ✐♥❢'*✐❡✉*❡- 7 ✶ ●❡❱ ♣❛* ♥✉❝❧'♦♥✱ -♦♥/
♣*✐♥❝✐♣❛❧❡♠❡♥/ ✐--✉❡- ❞❡ ♥♦/*❡ '/♦✐❧❡✱ ❞❛♥- ❝❡ :✉✐ ❝♦♥-/✐/✉❡ ❧❡ ✈❡♥/ -♦❧❛✐*❡✳ ▲❡ ❧✐❜*❡
♣❛*❝♦✉*- ♠♦②❡♥ ❞❡ ❝❡- ♣❛*/✐❝✉❧❡- ♥✬❡①❝P❞❡ ♣❛- ❧❛ /❛✐❧❧❡ ❞❡ ❧✬❤'❧✐♦-♣❤P*❡✱ ❝❡ :✉✐ ❡①✲
♣❧✐:✉❡ ♣♦✉*:✉♦✐ ✐❧ ❡-/ *❛*❡ ❞❡ ❞'/❡❝/❡* ❞❡- *❛②♦♥- ❝♦-♠✐:✉❡- ❞❡ ❢❛✐❜❧❡ '♥❡*❣✐❡ ❛✉
✈♦✐-✐♥❛❣❡ ❞❡ ❧❛ /❡**❡ :✉✐ ♥❡ -♦✐❡♥/ ♣❛- ❞✬♦*✐❣✐♥❡ -♦❧❛✐*❡✳ ❈✬❡-/ ♣♦✉*:✉♦✐ ❧❡ -♣❡❝/*❡ ❞❡
❧❛ ✜❣✉*❡ ✸ 7 ❢❛✐❜❧❡ '♥❡*❣✐❡ ✭❁✶ ●❡❱✮ ❛❞♦♣/❡ ✉♥❡ ❢♦*♠❡ ♣❧❛/❡✱ :✉✐ ♥❡ -✬❡①/*❛♣♦❧❡ ♣❛-
❛✈❡❝ ❧❡ *❡-/❡ ❞✉ -♣❡❝/*❡✳ ❖♥ ❞✐/ :✉✬❛✉① '♥❡*❣✐❡- ✐♥❢'*✐❡✉*❡- 7 ✶ ●❡❱✱ ❧❡ -♣❡❝/*❡ ❞❡-
*❛②♦♥- ❝♦-♠✐:✉❡- ❡-/ ♠♦❞✉❧' ♣❛* ❧❡ ✈❡♥/ -♦❧❛✐*❡✳
F♦✉* ❧❡- *❛②♦♥- ❝♦-♠✐:✉❡- ❞♦♥/ ❧✬'♥❡*❣✐❡ ❡-/ -✐/✉'❡ ❡♥/*❡ ✶ ●❡❱ ❡/ 106 ●❡❱✱ ❧❡ -♣❡❝/*❡
❞❡ ❧❛ ✜❣✉*❡ ✸ ♣*♦❞✉✐/ ✉♥❡ ♣❡♥/❡ p = −2.7✳ ❈❡//❡ ③♦♥❡ ❞✉ -♣❡❝/*❡ ❢✉/ ❤✐-/♦*✐:✉❡♠❡♥/
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LEAP - satellite
Proton - satellite
Yakustk - ground array
Haverah Park - ground array
Akeno - ground array
AGASA - ground array
Fly’s Eye - air fluorescence
HiRes1 mono - air fluorescence
HiRes2 mono - air fluorescence
HiRes Stereo - air fluorescence
Auger - hybrid
Cosmic Ray Spectra of Various Experiments
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(❡♥❝❡. ❛..♦❝✐,❡.✮✳ ▲❡. ❝♦✉❧❡✉(. ❡' .②♠❜♦❧❡. (❡♣(,.❡♥'❡♥' ❞✐✛,(❡♥'❡. ♠❡.✉(❡.✳ ❋✐❣✉(❡
❡①'(❛✐'❡ ❞❡ ❬✹✸❪✳
❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ✶✼
❈❡$$❡ ✜❣✉(❡ ♠♦♥$(❡ ,✉❡ ❧✬❛♥✐1♦$(♦♣✐❡ ❡1$ ❞❡ ❧✬♦(❞(❡ ❞✉ ♣♦✉(❝❡♥$ ❥✉1,✉✬6 ✶✵✵
8❡❱✳ ▲❛ ❝♦♥1<,✉❡♥❝❡ ,✉✐ ❡♥ (<1✉❧$❡ ❡1$ ,✉✬✐❧ ❡1$ ✐♠♣♦11✐❜❧❡ ❞✬❛$$(✐❜✉❡( ✉♥❡ 1♦✉(❝❡
6 ✉♥ ♣(♦$♦♥ ❞♦♥$ ❧✬<♥❡(❣✐❡ ❛♣♣❛($✐❡♥$ 6 ❝❡$$❡ ✐♥$❡(✈❛❧❧❡✳ ❈❡♣❡♥❞❛♥$✱ 6 ❞❡1 <♥❡(❣✐❡1
♣❧✉1 <❧❡✈<❡1✱ ❧❛ (✐❣✐❞✐$< ❞❡1 ♣❛($✐❝✉❧❡1 ❡1$ 1✉✣1❛♥$❡ ♣♦✉( A$(❡ ♣❡✉ ❞<✈✐<❡ ♣❛( ❧❡
❝❤❛♠♣ ♠❛❣♥<$✐,✉❡ ❞✉ ♠✐❧✐❡✉ ✐♥$❡(1$❡❧❧❛✐(❡ ❡$ ✐♥$❡(❣❛❧❛❝$✐,✉❡✳ ❆ ❝❡ ♠♦♠❡♥$✱ ✐❧ 1❡(❛✐$
<✈❡♥$✉❡❧❧❡♠❡♥$ ♣♦11✐❜❧❡ ❞✬❛$$(✐❜✉❡( ❧❡ (❛②♦♥ ❝♦1♠✐,✉❡ 6 ✉♥❡ 1♦✉(❝❡ ❬✹✾❪✳
▲❡ "❛♣♣♦"& [B/C]
❯♥❡ ❛✉$(❡ ❝♦♥❝❧✉1✐♦♥ ,✉❡ ❧✬♦♥ ♣❡✉$ $✐(❡( ❞❡ ❧❛ ✜❣✉(❡ ✺✱ ❡1$ ,✉❡ ❧❡1 (❛②♦♥1 ❝♦1✲
♠✐,✉❡1 1✉❜✐11❡♥$ ✉♥❡ ♠❛(❝❤❡ ❛❧<❛$♦✐(❡ 1♦✉1 ❧✬❛❝$✐♦♥ ❞✬✉♥ ❝❤❛♠♣ <❧❡❝$(♦♠❛❣♥<$✐,✉❡
$✉(❜✉❧❡♥$✳ ❈❡❝✐ ♥♦✉1 ♣♦✉11❡ 6 ♥♦✉1 ✐♥$❡((♦❣❡( 1✉( ❧❛ ♣❤<♥♦♠<♥♦❧♦❣✐❡ ❞✉ $(❛♥1♣♦($ ✿
❈♦♠♠❡♥$ ✉♥❡ ♣❛($✐❝✉❧❡ ❝❤❛(❣<❡ ✐♥$❡(❛❣✐$✲❡❧❧❡ ❞❛♥1 ❧❡ ♠✐❧✐❡✉ ✐♥$❡(1$❡❧❧❛✐(❡ ❄
8❧✉1✐❡✉(1 ♣(♦❝❡11✉1 1♦♥$ 6 ❧✬♦(✐❣✐♥❡ ❞❡ ❧❛ ♣❡($❡ ❞✬<♥❡(❣✐❡ ❞✬✉♥ (❛②♦♥ ❝♦1♠✐,✉❡✳
8♦✉( ❝♦♠♠❡♥❝❡(✱ ❝♦♠♠❡ $♦✉$❡1 ♣❛($✐❝✉❧❡1 ❝❤❛(❣<❡1✱ ❧❡ (❛②♦♥ ❝♦1♠✐,✉❡ <♠❡$ ✉♥
(❛②♦♥♥❡♠❡♥$ ♣❛( ✐♥$❡(❛❝$✐♦♥ ❝♦✉❧♦♠❜✐❡♥♥❡✱ ♦✉ ❜(❡♠11$(❛❤❧✉♥❣✳ ◆♦✉1 1❛✈♦♥1 <❣❛❧❡✲
♠❡♥$ ,✉❡ ❧❡1 (❛②♦♥1 ❝♦1♠✐,✉❡1 1♦♥$ 1✉❥❡$1 6 ❢❛✐(❡ ✜11✐♦♥♥❡( ❧❡1 ❛$♦♠❡1 ❞✉ ♠✐❧✐❡✉
✐♥$❡(1$❡❧❧❛✐(❡✳ ❈✬❡1$ ♥♦$❛♠♠❡♥$ ♣♦✉( ❝❡$$❡ (❛✐1♦♥ ,✉❡ ❧✬♦♥ ♦❜1❡(✈❡ ❞❛♥1 ❧❡ 1♣❡❝$(❡ ❞❡
♠❛11❡ ❞❡1 (❛②♦♥1 ❝♦1♠✐,✉❡1 ✭❝✳❢✳ ✹✮ ✉♥❡ 1✉(❛❜♦♥❞❛♥❝❡ ❞❡1 <❧<♠❡♥$1 ❧<❣❡(1✱ $❡❧1 ,✉❡
❧❡ ▲✐$❤✐✉♠✱ ❧❡ ❇<(②❧❧✐✉♠✱ ❧❡ ❇♦(❡ ♦✉ ❡♥❝♦(❡ ❧❡1 ♥♦②❛✉① ♣(<❝<❞❛♥$ ❧❡ ❋❡(✳
❆✐♥1✐✱ ✉♥ (❛②♦♥ ❝♦1♠✐,✉❡ ✐♥❝✐❞❡♥$ ❡1$ ❛♣♣❡❧< ♣(✐♠❛✐(❡✱ ❡$ ❧❡1 ♣(♦❞✉✐$1 ❞❡ ❧❛ ❞✐✛✉1✐♦♥
❞✉ (❛②♦♥ ❝♦1♠✐,✉❡ ♣(✐♠❛✐(❡ ❛✈❡❝ ✉♥ ❛$♦♠❡ ❞❡ ♥♦$(❡ ❛$♠♦1♣❤V(❡ ❡1$ ✉♥ (❛②♦♥ ❝♦1✲
♠✐,✉❡ ,✉❛❧✐✜< ❞❡ 1❡❝♦♥❞❛✐(❡✳ ▲❡ (❛♣♣♦($ ❡♥$(❡ ❧❡ ♥♦♠❜(❡ ❞❡ (❛②♦♥1 1❡❝♦♥❞❛✐(❡1 ❡$ ❧❡
♥♦♠❜(❡ ❞❡ (❛②♦♥1 ♣(✐♠❛✐(❡1 ❞♦♥♥❡ ❞❡ ♣(<❝✐❡✉1❡1 ✐♥❢♦(♠❛$✐♦♥1 1✉( ❧❡ $(❛♥1♣♦($ ❞❛♥1
❧❛ ❣❛❧❛①✐❡✳
❯♥ ❡①❡♠♣❧❡ ❞❡ (<❛❝$✐♦♥ ❞❡ 1♣❛❧❧❛$✐♦♥ ❡1$ ❞♦♥♥<❡ ♣❛(
12CRC + pMIS → 11B + p+ p.
▲❡ (❛♣♣♦($ ❡♥$(❡ ❧❡1 ❝♦♥❝❡♥$(❛$✐♦♥1 ❞❡1 1❡❝♦♥❞❛✐(❡1 ❡$ ❝❡❧❧❡1 ❞❡1 ♣(✐♠❛✐(❡1 ♣❡(♠❡$
❞✬♦❜$❡♥✐( ❧❡ ❣!❛♠♠❛❣❡✱ ♥♦$< x✳ ❊①♣(✐♠<❡ ❡♥ g · cm−2✱ ❝❡$$❡ ❣(❛♥❞❡✉( ❝♦((❡1♣♦♥❞ 6
❧❛ ,✉❛♥$✐$< ❞❡ ♠❛$✐V(❡ ♠♦②❡♥♥❡ ,✉✐ ❡1$ ♣❛11<❡ ❛✉ $(❛✈❡(1 ✉♥❡ 1✉(❢❛❝❡ ❞❡ 1 cm2✱ ❛✉
❧♦♥❣ ❞✬✉♥❡ $(❛❥❡❝$♦✐(❡ ❞❛♥1 ❧❡ ♠✐❧✐❡✉ ✐♥$❡(1$❡❧❧❛✐(❡✳
▲❡1 ♠♦❞V❧❡1 ❞❡ ♣(♦♣❛❣❛$✐♦♥ ❧❡1 ♣❧✉1 1✐♠♣❧❡1 ♥♦✉1 ❞♦♥♥❡♥$✱ 6 ♣❛($✐( ❞❡1 ♠❡1✉(❡1
❞✉ ❣(❛♠♠❛❣❡✱ ❡$ ❞✉ (❛♣♣♦($ ❞❡1 ❝♦♥❝❡♥$(❛$✐♦♥1 ❞❡1 ❛$♦♠❡1 ❞❡ ❈❛(❜♦♥❡ ❡$ ❞❡
❇♦(❡✱ ❧❡ ❧✐❜(❡ ♣❛(❝♦✉(1 ♠♦②❡♥ ❞❡1 (❛②♦♥1 ❝♦1♠✐,✉❡1✱ ❞♦♥$ ❧✬<♥❡(❣✐❡ ❡1$ ❞❡ ❧✬♦(❞(❡
❞✉ ●❡❱✴♥✉❝❧<♦♥1✱ ❛✉ 1❡✐♥ ❞❡ ❧❛ ❣❛❧❛①✐❡ λ ∼ 1Mpc✱ ❝❡ ,✉✐ ❡1$ $(♦✐1 ♦(❞(❡1 ❞❡ ❣(❛♥❞❡✉(
1✉♣<(✐❡✉(1 ❛✉ ❞✐❛♠V$(❡ ❞❡ ♥♦$(❡ ❣❛❧❛①✐❡✳ ❈❡$$❡ ♣(♦♣(✐<$< 1❡ $(❛❞✉✐$ ♣❛( ✉♥ $❡♠♣1 t
❞❡ (<1✐❞❡♥❝❡ ♠♦②❡♥ ❛✉ 1❡✐♥ ❞❡ ♥♦$(❡ ❣❛❧❛①✐❡ ♣(♦❝❤❡ ❞❡ ✸ ♠✐❧❧✐♦♥1 ❞✬❛♥♥<❡1✳
❆✐♥1✐✱ ♣♦✉( ❡①♣❧✐,✉❡( ♣♦✉(,✉♦✐ ❧❡1 (❛②♦♥1 ❝♦1♠✐,✉❡1 $(❛♥1✐$❡♥$ ❛✉11✐ ❧♦♥❣$❡♠♣1 ❞❛♥1
❧❛ ❱♦✐❡ ▲❛❝$<❡✱ ♥♦✉1 ❞❡✈♦♥1 ❝♦♥1✐❞<(❡( ✉♥❡ ♠❛(❝❤❡ ❛❧<❛$♦✐(❡ ❞❡1 (❛②♦♥1 ❝♦1♠✐,✉❡1
❞❛♥1 ❧❡ ♠✐❧✐❡✉ ✐♥$❡(1$❡❧❧❛✐(❡✳
✶✽ ❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙
▲❛ ✈❛❧❡✉( ❞✉ (❛♣♣♦(, -❡❝♦♥❞❛✐(❡ -✉( ♣(✐♠❛✐(❡ ❡-, ❞2♣❡♥❞❛♥, ❞❡ ❧✬2♥❡(❣✐❡✳ ❊♥
❞2✜♥✐--❛♥, ❧❛ (✐❣✐❞✐,2 R ❝♦♠♠❡ ❧❡ (❛♣♣♦(, ❡♥,(❡ ❧✬2♥❡(❣✐❡ ❞❡ ❧❛ ♣❛(,✐❝✉❧❡ ❡, ❧❡ ♣(♦❞✉✐,
❞❡ -❛ ❝❤❛(❣❡ ♣❛( ❧❡ ❝❤❛♠♣ ♠❛❣♥2,✐9✉❡ R = E/ZeB✱ ❧❡ ❣(❛♠♠❛❣❡ ♣❡✉, -✬❡①♣(✐♠❡(
❝♦♠♠❡
❋✐❣✉$❡ ✻ ✕ ▼❡-✉(❡- ❞✉ (❛♣♣♦(, ♣(✐♠❛✐(❡ -✉( -❡❝♦♥❞❛✐(❡✳ ▲❡- ♣♦✐♥,- (❡♣(2-❡♥,❡♥, ❧❡-
(❡❧❡✈2- ❞❛♥- ❞✐✛2(❡♥,❡- ❡①♣2(✐❡♥❝❡-✳ ▲❡- ,(❛✐,- ♣❧❡✐♥- -♦♥, ❞❡- ♠♦❞@❧❡- 9✉✐ ,❡♥,❡♥,
❞✬❛❥✉-,❡( ❧❡- ♠❡-✉(❡-✳ ❋✐❣✉(❡ ❡①,(❛✐,❡ ❞❡ ❬✼✼❪✳
x (R) =



x (R0) pour R < R0
x (R0)
(
R
R0
)−α
pour R > R0
.
▲❛ ✜❣✉(❡ ✻ ♠♦♥,(❡ ❧❡ (❛♣♣♦(, ❞❡ ❝♦♥❝❡♥,(❛,✐♦♥ ❞❡- ❛,♦♠❡- ❞❡ ❇♦(❡ ❡, ❞❡ ❈❛(❜♦♥❡✳
 ❤"♥♦♠"♥♦❧♦❣✐❡ ❞✉ ,-❛♥/♣♦-,
▲❛ ♣(♦♣❛❣❛,✐♦♥ ❞❡- (❛②♦♥- ❝♦-♠✐9✉❡- ❞❛♥- ❧❡ ♠✐❧✐❡✉ ✐♥,❡(-,❡❧❧❛✐(❡ ♣(♦❞✉✐, ❞❡-
(❛♣♣♦(,- -❡❝♦♥❞❛✐(❡ -✉( ♣(✐♠❛✐(❡ ❙✴L ❞2♣❡♥❞❛♥, ❞❡ ❧✬2♥❡(❣✐❡✱ 9✉❡ ❧❡- ♠♦❞@❧❡- ♣❤2♥♦✲
♠2♥♦❧♦❣✐9✉❡- ❞✉ ,(❛♥-♣♦(, ❝❤❡(❝❤❡♥, N ❡①♣❧✐9✉❡(✱ ❡♥ ✉,✐❧✐-❛♥, ❞❡- ❝♦♥❝❡♣,- -✐♠♣❧❡-✳
L❛(♠✐ ❝❡- ♠♦❞@❧❡-✱ ❧✬❛♣♣(♦❝❤❡ ❞❡ ✧❧❛ ❜♦P,❡ 9✉✐ ❢✉✐,✧✱ ♦✉ ❧❡❛❦②✲❜♦① ❡♥ ❛♥❣❧❛✐-✱ ❡-,
❧❡ ♠♦❞@❧❡ ❧❡ ♣❧✉- -✐♠♣❧❡ 9✉❡ ❧✬♦♥ ✉,✐❧✐-❡ ♣♦✉( ♠♦❞2❧✐-❡( ❧❡ ,(❛♥-♣♦(, ❞❡- (❛②♦♥- ❝♦-✲
♠✐9✉❡-✱ ❞❡ ❧❛ -♦✉(❝❡ N ❧❛ ,❡((❡✳ ❙✐ Sinj (E) ∝ E−δ ❡-, ❧❡ -♣❡❝,(❡ ❞✬✐♥❥❡❝,✐♦♥ ❞❡-
❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ✶✾
"❛②♦♥' ❝♦'♠✐+✉❡' ✭❝❢✳ ❧❡ ♣"❡♠✐❡" ♣❛"❛❣"❛♣❤❡ ❞❡ ❝❡66❡ ✐♥6"♦❞✉❝6✐♦♥✮ ❡6 τech ∝ E−α
❧✬9❝❤❡❧❧❡ ❞❡ 6❡♠♣' ❛✉ ❜♦✉6 ❞❡ ❧❛+✉❡❧❧❡ ✉♥ "❛②♦♥ ❝♦'♠✐+✉❡ '✬9❝❤❛♣♣❡ ❞❡ ❧❛ ❣❛❧❛①✐❡✱
❛❧♦"' ❧❡ '♣❡❝6"❡ ❞❡' "❛②♦♥' ❝♦'♠✐+✉❡' ❞❛♥' ❧❛ ❣❛❧❛①✐❡ '✬9❝"✐6 ❝♦♠♠❡ ❧❡ ♣"♦❞✉✐6 ❞❡'
❞❡✉① +✉❛♥6✐69' ♣"9❝9❞❡♥6❡'
N (E) = Sinjτech,
"9'✉❧6❛♥6 ❡♥ ✉♥❡ ❧♦✐ ❞❡ ♣✉✐''❛♥❝❡ N (E) ∝ E−α−δ✳ ▲❡ ❜✉6 ❡'6 ♠❛✐♥6❡♥❛♥6 ❞❡ 6"♦✉✈❡"
❧❡' ❝♦♠❜✐♥❛✐'♦♥' ❞❡ α ❡6 δ ♣♦✉" +✉❡ ❧❡✉" '♦♠♠❡ '♦✐6 9❣❛❧❡ ? ❝❡❧❧❡ ♦❜'❡"✈9❡ '✉" 6❡""❡ ✿
α+δ = 2.7✳ ❈✬❡'6 ✐❝✐ +✉❡ ❧❡ "❛♣♣♦"6 '❡❝♦♥❞❛✐"❡ '✉" ♣"✐♠❛✐"❡ ✐♥6❡"✈✐❡♥6✱ ♣♦✉" ❝❛❧❝✉❧❡"
❧❛ ❞9♣❡♥❞❛♥❝❡ ❡♥ 9♥❡"❣✐❡ ❞❡ ❧✬9❝❤❡❧❧❡ ❞❡ 6❡♠♣' τech✳
▲❡ ♠♦❞B❧❡ ❞❡ ✧❧❛ ❜♦D6❡ +✉✐ ❢✉✐6✧ ♣"♦♣♦'❡ ✉♥❡ ❞9♣❡♥❞❛♥❝❡ ❡♥ 9♥❡"❣✐❡ 6❡❧❧❡ +✉❡
τech ∝ E−0.5, ✭✶✮
❡♥ ❝♦♥'✐❞9"❛♥6 ❞❡' ♣"♦6♦♥' ❡♥ 6❛♥6 +✉❡ "❛②♦♥' ❝♦'♠✐+✉❡'✱ ❛②❛♥6 ✉♥❡ 9♥❡"❣✐❡ E ∈
[3 : 20] ●❡❱✳ ❈❡ "9'✉❧6❛6 ❛❝❝"9❞✐6❡"❛✐6 ❧❡ ♠♦❞B❧❡ ❞✬❛❝❝9❧9"❛6✐♦♥ ❞✐✛✉'✐✈❡ ❞❛♥' ❧❡'
❝❤♦❝'✱ ❝❡ ❞❡"♥✐❡" ♣"♦♣♦'❛♥6 δ ∼ 2 ❝♦♠♠❡ '♣❡❝6"❡ '♦✉"❝❡✳ ❊♥ ❢❛✐6✱ ❧✬❡""❡✉" ❞❡ ♠❡'✉"❡
'✉" ❧❡ ♣❛"❛♠B6"❡ α ♠♦♥6"❡ +✉❡ ❝❡ 6②♣❡ ❞❡ ♠♦❞B❧❡ ❡'6 "9'❡"✈9 ❛✉① ❝❛❧❝✉❧' ❞✬♦"❞"❡
❞❡ ❣"❛♥❞❡✉"'✱ ❡6 ❧❡ ❞9✈❡❧♦♣♣❡♠❡♥6 ❞❡ ♠♦❞B❧❡' ✉♥ ♣❡✉ ♣❧✉' "❛✣♥9' ♦♥6 ❞J ♣"❡♥❞"❡
❡♥ ❝♦♠♣6❡ ❧❛ ♠❛"❝❤❡ ❛❧9❛6♦✐"❡ ❞❡' ♣❛"6✐❝✉❧❡' ❞❛♥' ❧❡ ❝❤❛♠♣ ♠❛❣♥96✐+✉❡ 6✉"❜✉❧❡♥6
❞✉ ♠✐❧✐❡✉ ✐♥6❡"'6❡❧❧❛✐"❡✳ ❈❡' ♠♦❞B❧❡' ♣"❡♥♥❡♥6 ❡♥ ❝♦♠♣6❡ ❧❛ ❞✐✛✉'✐♦♥ ❞❡' ♣❛"6✐❝✉❧❡'
❝❤❛"❣9❡' ♣❛" ❞❡' ♠♦❞B❧❡' ♣❤9♥♦♠9♥♦❧♦❣✐+✉❡'✱ ♦✉ ♥✉♠9"✐+✉❡' ❀ ❡6 ❝❡"6❛✐♥' ❞✬❡♥6"❡ ❡✉①
♣"❡♥♥❡♥6 ❡♥ ❝♦♠♣6❡ ❧❛ "9✲❛❝❝9❧9"❛6✐♦♥ ♣❛" ❧❛ 6✉"❜✉❧❡♥❝❡ ▼❍❉✳ ❈❤❛❝✉♥ ❞✬❡♥6"❡ ❡✉①
❝❤❡"❝❤❡♥6 ? ❝♦♥'6"✉✐"❡ ✉♥ '♣❡❝6"❡ ❡♥ 9♥❡"❣✐❡ '♦✉' ❧❛ ❢♦"♠❡ ❞✬✉♥❡ ❧♦✐ ❞❡ ♣✉✐''❛♥❝❡ ❬✼✼❪✳
❆✈❡❝ ❝❡' ♠♦❞B❧❡'✱ ♥♦✉' ❛✈♦♥' ✉♥❡ ✈✉❡ ❞✬❡♥'❡♠❜❧❡ ❞❡ ❧❛ ♣"♦♣❛❣❛6✐♦♥ ❞❡♣✉✐' ❧❡'
'♦✉"❝❡' ❥✉'+✉✬? ❧❛ ❚❡""❡✳ ❈❡♣❡♥❞❛♥6✱ ❧❡' "❛②♦♥' ❝♦'♠✐+✉❡' "❡♥❝♦♥6"❡♥6 ❜❡❛✉❝♦✉♣ ❞❡
♠✐❧✐❡✉① ❞✐✛9"❡♥6' ❧♦"' ❞❡ ❧❡✉" ♣❛"❝♦✉"'✳ V♦✉" ❝♦♠♣"❡♥❞"❡ ❧❡✉"' ✐♥6❡"❛❝6✐♦♥' ❛✈❡❝
❧❡' ❞✐✛9"❡♥6❡' ♣❤❛'❡' ❞✉ ♠✐❧✐❡✉ ✐♥6❡"'6❡❧❧❛✐"❡✱ ♥♦✉' ❞❡✈♦♥' ♠♦❞9❧✐'❡" ❝❤❛❝✉♥❡' ❞❡ ❝❡'
♣❤❛'❡'✱ ❡6 ② ❛♣♣❧✐+✉❡" ❞❡' ♠♦❞B❧❡' ♣❤9♥♦♠9♥♦❧♦❣✐+✉❡' ♣♦✉" ❡♥ ❡①6"❛✐"❡ ❧❡' ♣"♦♣"✐969'
♠♦②❡♥♥❡' ❞✉ 6"❛♥'♣♦"6✳
▼✐❝#♦♣❤②(✐)✉❡ ❞✉ -#❛♥(♣♦#- ❡- -❤0♦#✐❡ )✉❛(✐✲❧✐♥0❛✐#❡
▲❛ 6❤9♦"✐❡ ❧❛ ♣❧✉' '✐♠♣❧❡ ♣♦✉" ❞9❝"✐"❡ ❧❡ 6"❛♥'♣♦"6 ❞❛♥' ❧❛ 6✉"❜✉❧❡♥❝❡ ♠❛❣♥9✲
6✐+✉❡ ❡'6 ❛♣♣❡❧9❡ ✧❧❛ 6❤9♦"✐❡ +✉❛'✐✲❧✐♥9❛✐"❡✧✳ ❊❧❧❡ ❢✉6 ❢♦"♠✉❧9❡ ❡♥ ✶✾✻✻ ♣❛" ❏♦❦✐♣✐✐
❬✹✻❪✱ ❡6 96❛✐6 ❛❝❝♦♠♣❛❣♥9❡ ❞✬❤②♣♦6❤B'❡' ❢♦"6❡'✱ ♥♦6❛♠♠❡♥6 ❝❡❧❧❡ ❞❡ ❝♦♥'✐❞9"❡" +✉❡
❧❡' ❝❡♥6"❡' ❣✉✐❞❡'
✷
❞❡' ♣❛"6✐❝✉❧❡' '✉✐✈❡♥6 ❧❡' ❧✐❣♥❡' ❞❡' ❝❤❛♠♣' 6✉"❜✉❧❡♥6'✳
❈❡66❡ ❤②♣♦6❤B'❡ ❝♦♥6"❛✐♥6 ❧❡' ✢✉❝6✉❛6✐♦♥' ♠❛❣♥96✐+✉❡' ? \6"❡ ❢❛✐❜❧❡'✱ ❡6 ❧❡ '♣❡❝6"❡
❞✬9♥❡"❣✐❡ 6✉"❜✉❧❡♥6❡ ? \6"❡ '✉✣'❛♠♠❡♥6 ❧❛"❣❡ ♣♦✉" +✉❡ ❧❛ ❢♦"❝❡ ❛❧9❛6♦✐"❡ +✉✐ "9'✉❧6❡
❞✉ ❝❤❛♠♣ 9❧❡❝6"♦♠❛❣♥96✐+✉❡ ❛✐6 ✉♥ 6❡♠♣' ❞✬❛✉6♦✲❝♦""9❧❛6✐♦♥ ❢❛✐❜❧❡ ❞❡✈❛♥6 ❧❡ 6❡♠♣'
❞❡ ❞✐✛✉'✐♦♥ ❞❡' ♣❛"6✐❝✉❧❡'✳
✷✳ ▲❡ ❝❡♥&'❡ ❣✉✐❞❡ ❡,& ❧❡ ❝❡♥&'❡ ❞❡ ❧❛ ❝♦✉'❜✉'❡ ❞❡ ❧❛ &'❛❥❡❝&♦✐'❡ ❞✬✉♥❡ ♣❛'&✐❝✉❧❡ ❝❤❛'❣5❡ ❞❛♥, ✉♥
❝❤❛♠♣ ♠❛❣♥5&✐7✉❡✳
✷✵ ❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙
▲❛ $❤&♦(✐❡ +✉❛-✐✲❧✐♥&❛✐(❡ (❡❧✐❡ ❧❛ ❞✐✛✉-✐♦♥ ❡♥$(❡ ❧❡- &❝❤❡❧❧❡- ♣❛(❛❧❧5❧❡- ❡$ ♣❡(♣❡♥✲
❞✐❝✉❧❛✐(❡- ❛✉ $(❛✈❡(- ❧❛ (❡❧❛$✐♦♥ ❬✹✻❪
D⊥
D‖
=
1
1 + λ2‖r
2
L
,
♦; λ‖ = 3D‖/v ❡-$ ❧❡ ❧✐❜(❡ ♣❛(❝♦✉(- ♠♦②❡♥ ♣❛(❛❧❧5❧❡ ❛✉ ❝❤❛♠♣ ♠❛❣♥&$✐+✉❡ ♠♦②❡♥✳
▲❡- ♣(♦❜❧5♠❡- ❞❡ ❧❛ $❤&♦(✐❡ +✉❛-✐✲❧✐♥&❛✐(❡ ♣❡✉✈❡♥$ A$(❡ (&-✉♠&- ❡♥ $(♦✐- ♣♦✐♥$-✳ ▲❡
♣(❡♠✐❡( ❡-$ ❧✬❤②♣♦$❤5-❡ -❡❧♦♥ ❧❛+✉❡❧❧❡ ❧❛ $(❛❥❡❝$♦✐(❡ -✉✐$ ✉♥❡ ♦(❜✐$❡ ♥♦♥ ♣❡($✉(❜&❡✳
❈❡$$❡ ❛✣(♠❛$✐♦♥ ❡♥$(❛F♥❡ ❧❛ ❝♦♥-❡(✈❛$✐♦♥ ❞❡ ❧✬✐♥✈❛(✐❛♥$ ❛❞✐❛❜❛$✐+✉❡ p2⊥/B✱ ❝❡ +✉✐✱
♣❛( ❞&✜♥✐$✐♦♥✱ ♥✬❡-$ ♣❛- ❧❡ ❝❛- ❧♦(-+✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥&$✐+✉❡ ✢✉❝$✉❡ ❞❡ ♠❛♥✐5(❡ ❛❧&❛✲
$♦✐(❡✳ ▲❡ ❞❡✉①✐5♠❡ ♣♦✐♥$ ✐♥$❡(✈✐❡♥$ ♣♦✉( ❧❛ ❞✐✛✉-✐♦♥ ❛✉① ❛♥❣❧❡- ❞✬❛$$❛+✉❡ ♣(♦❝❤❡-
❞❡ 90✝✿ ❧❛ $❤&♦(✐❡ +✉❛-✐✲❧✐♥&❛✐(❡ ♣(&❞✐$ ✉♥❡ ❞✐✛✉-✐♦♥ ♥✉❧❧❡ ♣♦✉( ❝❡- ❛♥❣❧❡-✱ (❡♥❞❛♥$
✐♠♣♦--✐❜❧❡ ❧✬&$❛❜❧✐--❡♠❡♥$ ❞✬✉♥ (&❣✐♠❡ ❞✐✛✉-✐❢✳ ▲❡ $(♦✐-✐5♠❡ ♣♦✐♥$ ❝♦♥-✐-$❡ N ❧✬&❝❤❡❝
❞❡ ❧❛ $❤&♦(✐❡ +✉❛-✐✲❧✐♥&❛✐(❡ ❞❛♥- ❧❛ ❞❡-❝(✐♣$✐♦♥ ❞✉ $(❛♥-♣♦($ ♣❡(♣❡♥❞✐❝✉❧❛✐(❡✳ ❈❡-
♣♦✐♥$- -❡(♦♥$ ❛❜♦(❞&- ❞❛♥- ❧❛ -❡❝$✐♦♥ ✷✳✸ ❞❡ ❝❡$$❡ $❤5-❡✳
❯♥ ❡✛♦($ ❝♦♥-✐❞&(❛❜❧❡ ❛ &$& ♠❡♥& ❞❡♣✉✐- -✉( ❧❡ $(❛♥-♣♦($ ❞❛♥- ❞❡- ❝❤❛♠♣- ♠❛❣♥&✲
$✐+✉❡- $✉(❜✉❧❡♥$-✳ ▲✬&❝❤❡❝ ❞❡ ❧❛ $❤&♦(✐❡ +✉❛-✐ ❧✐♥&❛✐(❡ ❛ -✉ ♠♦$✐✈❡( ❧❡ ❞&✈❡❧♦♣♣❡♠❡♥$
❞❡ $❤&♦(✐❡- ♥♦♥ ❧✐♥&❛✐(❡-✱ +✉❡ ♥♦✉- ❞&$❛✐❧❧❡(♦♥- ❞❛♥- ❧❛ -❡❝$✐♦♥ ✷✳✹✳ ❊♥ ✷✵✵✺✱ ❙❤❛❧❝❤✐
♣(♦♣♦-❛ ❧❛ $❤&♦(✐❡ +✉❛-✐✲❧✐♥&❛✐(❡ ❞✉ -❡❝♦♥❞ ♦(❞(❡ ❬✽✺❪✱ +✉✐ ❢✉$ (❡♣(✐-❡ ♣❛( ❚❛✉$③ ❡♥
✷✵✵✽ ♣♦✉( ❧✬❛❞❛♣$❡( ❛✉① -✐♠✉❧❛$✐♦♥- ❞❡ $✉(❜✉❧❡♥❝❡ ▼❍❉ ❬✾✼❪✳ ❈❡ ❢✉$ ❧❛ ♣(❡♠✐5(❡
$❤&♦(✐❡ ♥♦♥ ❧✐♥&❛✐(❡ ❞✉ $(❛♥-♣♦($ ❛②❛♥$ ✉♥ (&❡❧ ♥✐✈❡❛✉ ❞❡ ❝♦♥-✐-$❛♥❝❡ ❛✈❡❝ ❧❡- ♠❡✲
-✉(❡- ♥✉♠&(✐+✉❡-✳
 ❧❛♥ ❞❡ ❧❛ &❤()❡
▲✬♦❜❥❡$ ❞❡ ❝❡$$❡ $❤5-❡ ❡-$ ❞✬&$✉❞✐❡( ❧❡ $(❛♥-♣♦($ ❞❡- (❛②♦♥- ❝♦-♠✐+✉❡- ❛✉ -❡✐♥
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❞✬-❝❤❡❧❧❡ l✱ ❧❛ ❞❡✉①✐7♠❡ ❤②♣♦%❤7"❡ ❞❡ ❑♦❧♠♦❣♦/♦✈ ✐❧❧✉"%/❡✱ ❞✉/❛♥% ❝❡ %❡♠♣" ❞❡ /❡✲
%♦✉/♥❡♠❡♥%✱ ;✉✬✉♥ %♦✉/❜✐❧❧♦♥ ❞✬-❝❤❡❧❧❡ l ♣❡/❞ ✉♥❡ ❢/❛❝%✐♦♥ ❞❡ "♦♥ -♥❡/❣✐❡ ❝✐♥-%✐;✉❡
♣❛/ ❞✐""✐♣❛%✐♦♥✱ ❛❧✐♠❡♥%❛♥% ❡♥ -♥❡/❣✐❡ ❞❡" %♦✉/❜✐❧❧♦♥" ❞✬-❝❤❡❧❧❡" ✐♥❢-/✐❡✉/❡"✳
▲❡ %❛✉① ❞❡ %/❛♥"❢❡/% ❞✬-♥❡/❣✐❡ ❝✐♥-%✐;✉❡ ǫl ❡"% %❡❧ ;✉❡
ǫl =
v2l
tl
=
v3l
l
. ✭✶✳✷✮
▲✬❤②♣♦%❤7"❡ ❞✬✐♥✈❛/✐❛♥❝❡ ❞✬-❝❤❡❧❧❡ ❝♦♥❞✉✐% B ✉♥ %❛✉① ❞❡ %/❛♥"❢❡/% ❞✬-♥❡/❣✐❡ ❝✐♥-✲
%✐;✉❡ ✐♥❞-♣❡♥❞❛♥% ❞❡ ❧✬-❝❤❡❧❧❡ ǫl ≡ ǫ ✱ ❝❡ ;✉✐ ♠7♥❡ B ❧❛ ❧♦✐ ❞❡ ❑♦❧♠♦❣♦/♦✈
vl = (ǫl)
1/3 . ✭✶✳✸✮
U❛/%❛♥% ❞❡ ❧✬-;✉❛%✐♦♥ ✭✶✳✸✮✱ ✉♥❡ ❛♥❛❧②"❡ ❞✐♠❡♥"✐♦♥♥❡❧❧❡ ♥♦✉" ♣❡/♠❡% ❞✬-%❛❜❧✐/ ❧❛
❧♦✐ ❞❡ ♣✉✐""❛♥❝❡ "✉/ ❧❡ "♣❡❝%/❡ ❡♥ -♥❡/❣✐❡ ❝✐♥-%✐;✉❡ E (k) ❞❛♥" ❧✬❡"♣❛❝❡ ❞❡ ❋♦✉/✐❡/ ✿
❝✬❡"% ❧❛ ♣❤-♥♦♠-♥♦❧♦❣✐❡ ❞❡ ❑♦❧♠♦❣♦/♦✈✳ ❊♥ "✉♣♣♦"❛♥% ❧❛ ❢♦/♠❡ ❞✉ "♣❡❝%/❡
E (k) = CKǫ
αkβ, ✭✶✳✹✮
❡% ❡♥ ❝♦♥"✐❞-/❛♥% ❧❡" ❞✐♠❡♥"✐♦♥" ❞❡" ❞✐✛-/❡♥%❡" ;✉❛♥%✐%-" ✿
✶✳✸✳ ▼❆●◆➱❚❖❍❨❉❘❖❉❨◆❆▼■◗❯❊ ✷✺
✖ k ❛ ♣♦✉' ❞✐♠❡♥-✐♦♥ [L]−1
✖ E (k) ❞❡♥-✐./ -♣❡❝.'❛❧❡ ❞✬/♥❡'❣✐❡✱ ❛②❛♥. ♣♦✉' ❞✐♠❡♥-✐♦♥ [L]3 [T ]−2
✖ ǫ .❛✉① ❞❡ .'❛♥-❢❡'. ❞✬/♥❡'❣✐❡✱ ❛②❛♥. ♣♦✉' ❞✐♠❡♥-✐♦♥ [L]2 [T ]−3
❑♦❧♠♦❣♦'♦✈ ♠♦♥.'❡ :✉❡ ❧❡ -♣❡❝.'❡ ✉♥✐❞✐♠❡♥-✐♦♥♥❡❧ ❡♥ /♥❡'❣✐❡ ❝✐♥/.✐:✉❡✱ ❞❛♥- ❧❡
❝❛❞'❡ ❞✬✉♥❡ .✉'❜✉❧❡♥❝❡ ✐-♦.'♦♣❡✱ -✬/❝'✐.
E (k) = CKǫ
2/3k−5/3, ✭✶✳✺✮
♦@ CK ❡-. ❧❛ ❝♦♥-.❛♥.❡ ❞❡ ❑♦❧♠♦❣♦'♦✈✱ -❛♥- ❞✐♠❡♥-✐♦♥✳ ▲✬/:✉❛.✐♦♥ ✭✶✳✺✮ ♠♦♥.'❡
:✉❡ ❧✬/♥❡'❣✐❡ ❡-. ❡--❡♥.✐❡❧❧❡♠❡♥. ❝♦♥.❡♥✉❡ ❞❛♥- ❧❡- ❣'❛♥❞❡- /❝❤❡❧❧❡-✳ ❈❡ -♣❡❝.'❡ ❡-.
❝❛❧❝✉❧/ D ♣❛'.✐' ❞✉ -♣❡❝.'❡ ✸❉ E3D (k) ❡♥ ❞/❝♦♠♣♦-❛♥. ❧✬❡-♣❛❝❡ ❞❡ ❋♦✉'✐❡' ❡♥ -♣❤H'❡-
❝♦♥❝❡♥.'✐:✉❡- ❝❡♥.'/❡- -✉' ❧✬♦'✐❣✐♥❡✱ -♦✐.
∫ ∞
0
dk E (k) =
∫ ∞
0
dk 4πk2E3D (k) . ✭✶✳✻✮
▲❛ ✈❡'-✐♦♥ .'✐❞✐♠❡♥-✐♥♥❡❧❧❡ ❞✉ -♣❡❝.'❡ ❞/✜♥✐ ♣❛' ❧✬/:✉❛.✐♦♥ ✭✶✳✻✮ -✬/❝'✐.
E3D (k) =
CK
4π
ǫ2/3k−11/3. ✭✶✳✼✮
✶✳✸ ▼❛❣♥'(♦❤②❞-♦❞②♥❛♠✐0✉❡
▲❛ .✉'❜✉❧❡♥❝❡ ❡-. ♣❧✉- ❝♦♠♣❧❡①❡ ❧♦'-:✉❡ ❧❡ ✢✉✐❞❡ ❡-. ❝♦♠♣'❡--✐❜❧❡ ❀ ❡❧❧❡ ❧✬❡-. ♣❧✉-
❡♥❝♦'❡ ❧♦'-:✉✬♦♥ ❛❥♦✉.❡ ❧✬/:✉❛.✐♦♥ ❞✬✐♥❞✉❝.✐♦♥ ❞❛♥- ❧❡ -②-.H♠❡ ❤②❞'♦❞②♥❛♠✐:✉❡✳ ▲❛
♠❛❣♥/.♦❤②❞'♦❞②♥❛♠✐:✉❡✱ ♦✉ ▼❍❉✱ ❡-. ✉.✐❧✐-/❡ ♣♦✉' ❞/❝'✐'❡ ❧❡- ✢✉✐❞❡- ♥❡✉.'❡- ♠❛✲
❣♥/.✐-/-✳
▲❛ ♣'✐♥❝✐♣❛❧❡ ❤②♣♦.❤H-❡ ❞✬✉♥❡ .❡❧❧❡ ❞❡-❝'✐♣.✐♦♥ ❝♦♥-✐-.❡ D ❝♦♥-✐❞/'❡' ❧❡ ♣❧❛-♠❛
D ❞❡- /❝❤❡❧❧❡- -✉♣/'✐❡✉'❡- ❛✉① ❧♦♥❣✉❡✉'- ❞❡ ❉❡❜②❡
✶
✱ ❛✐♥-✐ :✉✬❛✉① '❛②♦♥- ❞❡ ▲❛'♠♦'
✭❡:✳ ✭✷✳✶✸✮✮ ❞❡- ♣❛'.✐❝✉❧❡- ❧❡ ❝♦♠♣♦-❛♥.✳ ❈❡❧❛ '❡✈✐❡♥. D ❞/❝'✐'❡ ❧❡ ♣❧❛-♠❛ ❞❛♥- -♦♥
❡♥-❡♠❜❧❡✱ ❧D ♦@ ❧❡- ❡✛❡.- ❝♦❧❧❡❝.✐❢- ❞♦♠✐♥❡♥.✳
❆ ❞❡ .❡❧❧❡- /❝❤❡❧❧❡-✱ ❧❡- ✈❛'✐❛❜❧❡- ✢✉✐❞❡- -♦♥. ♦❜.❡♥✉❡- ❡♥ ❡✛❡❝.✉❛♥. ❧❛ ♠♦②❡♥♥❡
❞❡- ❢♦♥❝.✐♦♥- ❞❡ ❞✐-.'✐❜✉.✐♦♥ ❞❡- ♣❛'.✐❝✉❧❡-✳ ❈♦♠♠❡ ❞❛♥- ❧❛ ❞❡-❝'✐♣.✐♦♥ ❤②❞'♦❞②♥❛✲
♠✐:✉❡✱ ♦♥ '❡.'♦✉✈❡ ❧❛ ❞❡♥-✐./ ❞❡ ♠❛--❡ ρ✱ ❧❛ ✈✐.❡--❡ ✢✉✐❞❡ u✱ ❡. ❧✬/♥❡'❣✐❡ .♦.❛❧❡ E✳
▲❛ ♥♦✉✈❡❧❧❡ ✈❛'✐❛❜❧❡ ❞/❝'✐. ❧❡ ❝❤❛♠♣ ♠❛❣♥/.✐:✉❡ B✳
❈❡- ✈❛'✐❛❜❧❡- -♦♥. '/❣✐❡- ♣❛' ❧❡- /:✉❛.✐♦♥- ✢✉✐❞❡- ❡①♣'✐♠❛❜❧❡- -♦✉- ❢♦'♠❡- ❝♦♥-❡'✲
✈❛.✐✈❡-✱ ❞❛♥- ❧❡- ✉♥✐./- ❈●❙ ✿
✶✳ ▲❛ ❧♦♥❣✉❡✉* ❞❡ ❉❡❜②❡ ❡/0 ✉♥❡ ❣*❛♥❞❡✉* ♠❛❝*♦/❝♦♣✐5✉❡ ❞6✜♥✐❡ ❝♦♠♠❡ λD = 7.43
√
T/ne cm✱
♦9 ❚ ❡/0 ❧❛ 0❡♠♣6*❛0✉*❡ ❞✉ ♣❧❛/♠❛ ❡♥ ❑❡❧✈✐♥✱ ❡0 ne ❧❛ ❞❡♥/✐06 6❧❡❝0*♦♥✐5✉❡ ❡♥ cm
−3
✳ ❈❡00❡ 6❝❤❡❧❧❡
❞❡ ❧♦♥❣✉❡✉* *❡♣*6/❡♥0❡ ❧❛ ❞✐/0❛♥❝❡ /✉* ❧❛5✉❡❧❧❡ ❧❡/ ❝❤❛*❣❡/ 6❧❡❝0*✐5✉❡/ 6❝*❛♥0❡♥0 ❧❡ ❝❤❛♠♣ 6❧❡❝0*♦✲
/0❛0✐5✉❡ ❞✬✉♥ ♣❧❛/♠❛✳
✷✻ ❈❍❆#■❚❘❊ ✶✳ ▲❆ ❚❯❘❇❯▲❊◆❈❊
✖ ❊$✉❛'✐♦♥ ❞❡ ❝♦♥'✐♥✉✐'.
∂ρ
∂t
+∇ · (ρu) = 0; ✭✶✳✽✮
✖ ❊$✉❛'✐♦♥ ❞✉ ♠♦✉✈❡♠❡♥'
∂ρu
∂t
+∇ ·
(
ρuu− BB
4π
)
+∇Ptot = 0; ✭✶✳✾✮
✖ ❊$✉❛'✐♦♥ ❞❡ ❧✬.♥❡9❣✐❡
∂E
∂t
+∇ ·
(
(E + Ptot)u−
1
4π
B (B · u)
)
+∇Ptot = 0; ✭✶✳✶✵✮
✖ ❊$✉❛'✐♦♥ ❞✬✐♥❞✉❝'✐♦♥
∂B
∂t
+∇ · (uB−Bu) = 0. ✭✶✳✶✶✮
◆♦✉= ❛✈♦♥= ✐♥'9♦❞✉✐' ❧❛ ♣9❡==✐♦♥ '♦'❛❧❡
Ptot = P +
B ·B
8π
, ✭✶✳✶✷✮
❡' ❧✬.♥❡9❣✐❡ '♦'❛❧❡
E = ǫint + ρ
u · u
2
+
B ·B
8π
, ✭✶✳✶✸✮
❛✈❡❝ ǫint ❧✬.♥❡9❣✐❡ ✐♥'❡9♥❡✳
▲❡= .$✉❛'✐♦♥= ✭✶✳✽✮ A ✭✶✳✶✶✮ ❝♦♥='✐'✉❡♥' ❧❡= .$✉❛'✐♦♥= ❞❡ ❧❛ ▼❍❉ ✐❞.❛❧❡
✷
✱ ❞❛♥=
❧❛$✉❡❧❧❡ ❧❡ ❝❤❛♠♣ .❧❡❝'9✐$✉❡ ❡=' ✉♥ ❝❤❛♠♣ .❧❡❝'9♦♠♦'❡✉9
E = −u
c
×B. ✭✶✳✶✹✮
▲❡ =②='I♠❡ ❞✬.$✉❛'✐♦♥ ♣9.❝.❞❡♥' ❡=' ♦✉✈❡9'✱ ♥❡ =✉✣=❛♥' ♣❛= A ❞.❝9✐9❡ ❧❡ ✢✉✐❞❡✳
❆✜♥ ❞❡ ❢❡9♠❡9 ❧❡ =②='I♠❡✱ ♥♦✉= ❞❡✈♦♥= ♣♦='✉❧❡9 ✉♥❡ 9❡❧❛'✐♦♥ ❞❡ ❢❡9♠❡'✉9❡ ❧✐❛♥' ❧❛
❞❡♥=✐'. ✢✉✐❞❡ A ❧❛ ♣9❡==✐♦♥✳ ●.♥.9❛❧❡♠❡♥' ❛♣♣❡❧.❡ .$✉❛'✐♦♥ ❞✬.'❛'✱ ❝❡''❡ ❞❡9♥✐I9❡
.$✉❛'✐♦♥ ❝♦♥'9❛✐♥' ❧✬.'❛' ❞✉ ♣❧❛=♠❛✳ ❉❛♥= ❧❛ =✉✐'❡ ❞❡ ❧✬.'✉❞❡✱ ♥♦✉= ❝♦♥=✐❞.9❡9♦♥= ❧❛
❢❡9♠❡'✉9❡ ❞✉ =②='I♠❡ ▼❍❉ ♣❛9 ❧✬.$✉❛'✐♦♥ ❞✬.'❛' ❞❡= ❣❛③ ♣❛9❢❛✐'=
P = (γg − 1) ǫ, ✭✶✳✶✺✮
♦R γg ❡=' ❧✬✐♥❞✐❝❡ ❛❞✐❛❜❛'✐$✉❡ ❞✉ ❣❛③✳
✷✳ ▲❡$ %&✉❞❡$ ♠❡♥%❡$ ❞❛♥$ ❝❡&&❡ &❤.$❡ $♦♥& ❛$$♦❝✐%❡$ 1 ❞❡$ ♣❧❛$♠❛$ ✐❞%❛✉①✱ 6✉✐ ❞%❝7✐✈❡♥& ❞❡ ❢❛:♦♥
7❡❧❛&✐✈❡♠❡♥& ❛♣♣7♦♣7✐%❡ ❧❡$ ♣❧❛$♠❛$ 6✉❡ ❧✬♦♥ &7♦✉✈❡ ❞❛♥$ ❧❡ ♠✐❧✐❡✉ ✐♥&❡7$&❡❧❧❛✐7❡✳ <❛7 ❡①❡♠♣❧❡✱ ❧❡$
%6✉❛&✐♦♥$ ❞②♥❛♠✐6✉❡$ ❞❡$ ♣❧❛$♠❛$ ✐❞%❛✉① ♥%❣❧✐❣❡♥& ❧❡$ ♣❤%♥♦♠.♥❡$ ❞❡ ❞✐$$✐♣❛&✐♦♥ ❛✉① ♣❡&✐&❡$
%❝❤❡❧❧❡$✱ ♣❤%♥♦♠.♥❡$ 6✉✐ $❡7♦♥& ❛❜♦7❞%$ ❞❛♥$ ❧❛ $❡❝&✐♦♥ ✶✳✹✳✹✳
✶✳✸✳ ▼❆●◆➱❚❖❍❨❉❘❖❉❨◆❆▼■◗❯❊ ✷✼
✶✳✸✳✶ ❖♥❞❡' ❧✐♥*❛✐,❡' ▼❍❉
▲✬✐♥&'♦❞✉❝&✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥1&✐2✉❡ ❞❛♥4 ❧❡4 12✉❛&✐♦♥4 ❤②❞'♦❞②♥❛♠✐2✉❡4 ♣'♦✲
✈♦2✉❡ ❧✬❛♣♣❛'✐&✐♦♥ ❞❡ ♥♦✉✈❡❧❧❡4 ♦♥❞❡4✱ ✉&✐❧✐4❛♥& ❧❡ ♥♦✉✈❡❛✉ ❝❤❛♠♣ ♣♦✉' 4❡ ♣'♦♣❛❣❡'✳
❊♥ ♣❛'&❛♥& ❞✬✉♥ ♣❧❛4♠❛ ❛✉ '❡♣♦4✱ ❞✬1&❛& (ρ0,u0 = 0,B0, P0)✱ ♦♥ ✐♥&'♦❞✉✐& ❞❡4
♣❡'&✉'❜❛&✐♦♥4 (δρ, δu, δB, δP ) &❡❧❧❡4 2✉❡
δX = X0e
i(k·x−ωt), ✭✶✳✶✻✮
❛✈❡❝ X ❧✬✉♥❡ ❞❡4 ✈❛'✐❛❜❧❡4 ❞②♥❛♠✐2✉❡4 ❝✐✲❞❡44✉4✳ ❊♥ ✐♥❥❡❝&❛♥& ❧❡4 ♣❡'&✉'❜❛&✐♦♥4 ❞❛♥4
❧✬12✉❛&✐♦♥ ✭✶✳✾✮ ❡& ❡♥ ♥1❣❧✐❣❡❛♥& ❧❡4 &❡'♠❡4 ❝'♦✐414 ❞✬♦'❞'❡ ❞❡✉①✱ ✐❧ ✈✐❡♥& ❧❛ '❡❧❛&✐♦♥
❞❡ ❞✐4♣❡'4✐♦♥ ❣1♥1'❛❧✐41❡ ❞❡4 ♠♦❞❡4 ❞✬♦♥❞❡4 ▼❍❉
(
ω2 − v2Ak2cos2θ
) (
ω4 − ω2k2
(
c2s + v
2
A
)
+ c2sv
2
Ak
4cos2θ
)
= 0, ✭✶✳✶✼✮
❛✈❡❝ k.B0 = kB0cosθ✱ θ 1&❛♥& ❧✬❛♥❣❧❡ ❡♥&'❡ k ❡& B0✳ ❖♥ ❛ 1❣❛❧❡♠❡♥& ❞1✜♥✐ ❧❛ ✈✐&❡44❡
❞✬❆❧❢✈1♥✱ ♠❡4✉'❛♥& ❧❡ '❛♣♣♦'& ❡♥&'❡ ❧❛ ♣'❡44✐♦♥ ♠❛❣♥1&✐2✉❡ ❡& ❧❛ ❞❡♥4✐&1 ❞❡ ♠❛44❡✱
❝♦♠♠❡
vA =
B0√
4πρ0
. ✭✶✳✶✽✮
▲❛ ✈✐&❡44❡ ❞✉ 4♦♥✱ ♠❡4✉'❛♥& ❧❡ '❛♣♣♦'& ❡♥&'❡ ❧❛ ♣'❡44✐♦♥ ❡& ❧❛ ❞❡♥4✐&1 ❞❡ ♠❛44❡
cs =
√
γgP0
ρ0
. ✭✶✳✶✾✮
▲❛ 4♦❧✉&✐♦♥ ♥♦♥✲&'✐✈✐❛❧❡ ✐♠♠1❞✐❛&❡ ❞❡ ❧✬12✉❛&✐♦♥ ✭✶✳✶✼✮ ❞♦♥♥❡ ❧✬12✉❛&✐♦♥ ❞❡ ❞✐4✲
♣❡'4✐♦♥ ❞❡4 ♦♥❞❡4 ❞✬❆❧❢✈1♥ ❞❡ ❝✐4❛✐❧❧❡♠❡♥&
ω2 = v2Ak
2cos2θ. ✭✶✳✷✵✮
▲❛ ✈✐&❡44❡ ❞❡ ♣❤❛4❡ ❞1♣❡♥❞ ❞❡ ❧❛ ❞✐'❡❝&✐♦♥ ❞❡ ♣'♦♣❛❣❛&✐♦♥✳ ■❧ ❡4& N ♥♦&❡' 2✉❡
❝❡ &②♣❡ ❞✬♦♥❞❡ ❛ ✉♥❡ ✈✐&❡44❡ ❞❡ ♣'♦♣❛❣❛&✐♦♥ ♥✉❧❧❡ ❞❛♥4 ❧❡ ♣❧❛♥ ♣❡'♣❡♥❞✐❝✉❧❛✐'❡ N
B0✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥1&✐2✉❡ ♠♦②❡♥ ✭❋✐❣✉'❡ ✶✳✶✮✳ ❈❡4 ♦♥❞❡4 ♦♥& ❞❡4 ♣❡'&✉'❜❛&✐♦♥4
♠❛❣♥1&✐2✉❡4 ❡& ❞❡4 ♣❡'&✉'❜❛&✐♦♥4 ❞❡ ✈✐&❡44❡4 ♦'&❤♦❣♦♥❛❧❡4 N B0✳
▲❛ ❞❡✉①✐Q♠❡ '❡❧❛&✐♦♥ ❞❡ ❞✐4♣❡'4✐♦♥ 2✉❡ ❧✬♦♥ ♣❡✉& ❡①&'❛✐'❡ ❞❡ ❧✬12✉❛&✐♦♥ ✭✶✳✶✼✮
❡4& ❝❡❧❧❡ '❡❧❛&✐✈❡ ❛✉① ♦♥❞❡4 ❞✐&❡4 ♠❛❣♥1&♦✲4♦♥♦'❡4
ω4 − ω2k2
(
c2s + v
2
A
)
+ c2sv
2
Ak
4cos2θ = 0, ✭✶✳✷✶✮
❞✬♦R ❧✬♦♥ ❡①&'❛✐& ❧❛ '❡❧❛&✐♦♥ ❞❡ ❞✐4♣❡'4✐♦♥ ❞❡4 ♠♦❞❡4 '❛♣✐❞❡4 ❡& ❧❡♥&4
ω2f,s = k
2 c
2
s + v
2
A
2
± 1
2
√
(c2s + v
2
A)
2 − 4c2sv2Acos2θ. ✭✶✳✷✷✮
✷✽ ❈❍❆#■❚❘❊ ✶✳ ▲❆ ❚❯❘❇❯▲❊◆❈❊
v
a
/ kω
θ
0
B
❋✐❣✉$❡ ✶✳✶ ✕ ❘❡❧❛)✐♦♥ ❞❡ ❞✐.♣❡0.✐♦♥ ♣♦✉0 ❧❡. ♦♥❞❡. ❞✬❆❧❢✈6♥
▲❡ .✐❣♥❡ ❞❛♥. ❧❛ 0❛❝✐♥❡ ❝❛006 ❞6✜♥✐) ❧✬♦♥❞❡ ✿ ✏+✑ ♣♦✉0 ❧❡. ♦♥❞❡. 0❛♣✐❞❡.✱ ❞❡
✈✐)❡..❡ ❞❡ ♣❤❛.❡ 6❧❡✈6❡✱ ❡) ✏−✑ ♣♦✉0 ❧❡. ♦♥❞❡. ❧❡♥)❡.✳ ❈❡. ❞❡0♥✐A0❡. ♦♥) ✉♥❡ ✈✐)❡..❡
❞❡ ♣0♦♣❛❣❛)✐♦♥ .✬❛♥♥✉❧❛♥) ❧♦0.B✉❡ ❧❛ ♣❡0)✉0❜❛)✐♦♥ ❡.) ♣❡0♣❡♥❞✐❝✉❧❛✐0❡ ❛✉ ❝❤❛♠♣
♠❛❣♥6)✐B✉❡ ♠♦②❡♥ B0 ✭❋✐❣✉0❡ ✶✳✷✮✳ ❈❡. ♦♥❞❡. ♦♥) ❞❡. ❝♦♠♣♦.❛♥)❡. ♣❡0)✉0❜6❡. δB
❡) δv ❧❡ ❧♦♥❣ ❞❡ B0
/ kω
s
2 2
A
(C  + V  )
1/2
θ
0B
u fu s
❋✐❣✉$❡ ✶✳✷ ✕ ❘❡❧❛)✐♦♥ ❞❡ ❞✐.♣❡0.✐♦♥ ♣♦✉0 ❧❡. ♦♥❞❡. ♠❛❣♥6)♦.♦♥✐B✉❡. 0❛♣✐❞❡. ✭ ❢❛"#✮
❡♥ 0♦✉❣❡✱ ❡) ❧❡♥)❡. ✭"❧♦✇ ✮ ❡♥ ❜❧❡✉✳
✶✳✸✳ ▼❆●◆➱❚❖❍❨❉❘❖❉❨◆❆▼■◗❯❊ ✷✾
✶✳✸✳✷ ❚✉&❜✉❧❡♥❝❡ ▼❍❉
▲❛ $✉&❜✉❧❡♥❝❡ ❞✬✉♥ ✢✉✐❞❡ ❝♦♠♣&❡33✐❜❧❡ ❡3$ ♣❧✉3 ❝♦♠♣❧❡①❡✱ ❜✐❡♥ ❞❛✈❛♥$❛❣❡ ❛✈❡❝
❧✬✐♥$&♦❞✉❝$✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥9$✐:✉❡✳ ❖♥ ❞✐3$✐♥❣✉❡ ❝❡♣❡♥❞❛♥$ ❞❡✉① &9❣✐♠❡3 ❞❡
$✉&❜✉❧❡♥❝❡ ▼❍❉✱ :✉❛❧✐✜93 A ♣❛&$✐& ❞✉ ♥♦♠❜&❡ ❞❡ ▼❛❝❤ ❆❧❢✈9♥✐:✉❡
MA =
δu
vA
, ✭✶✳✷✸✮
♦H δu ❡3$ ❧✬❛♠♣❧✐$✉❞❡ ❞❡ ❧❛ ♣❡&$✉&❜❛$✐♦♥ ❞❡ ❧❛ ✈✐$❡33❡ ✢✉✐❞❡ ❡$ vA ❧❛ ✈✐$❡33❡
❞✬❆❧❢✈9♥ ❞9✜♥✐❡ ♣❛& ❧✬9:✉❛$✐♦♥ ✭✶✳✶✽✮✳ ▲✬9:✉❛$✐♦♥ ✭✶✳✷✸✮ ♠❡3✉&❡ ❧✬✐♥$❡♥3✐$9 ❞✉ ❝❤❛♠♣
♠❛❣♥9$✐:✉❡ ♣❡&$✉&❜9✳
❚✉"❜✉❧❡♥❝❡ ❢❛✐❜❧❡ ✭MA < 1✮
❙✉♣♣♦3♦♥3 :✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥9$✐:✉❡ 3♦✐$ ❧❛ 3♦♠♠❡ ❞✬✉♥❡ ❝♦♠♣♦3❛♥$❡ ❝♦♥$✐♥✉❡
❞❡ ❣&❛♥❞❡ 9❝❤❡❧❧❡✱ ❞9♥♦♠♠9❡ ❝❤❛♠♣ ♠♦②❡♥ B0✱ ❡$ ❞✬✉♥❡ ❝♦♠♣♦3❛♥$❡ $✉&❜✉❧❡♥$❡ δB✱
$❡❧ :✉❡ B = B0 + δB ❡$ B0 >> δB✳
❈✬❡3$ ❝❡ :✉❡ ❧✬♦♥ ❞9♥♦♠♠❡ ✉♥❡ $✉&❜✉❧❡♥❝❡ ❢❛✐❜❧❡✳ ❆❧♦&3 :✉❡ ❧❡ $&❛♥3❢❡&$ ❞✬9♥❡&✲
❣✐❡✱ ❞❛♥3 ❧❡ ❝❛3 ❤②❞&♦❞②♥❛♠✐:✉❡✱ 9$❛✐$ &9❣✐ ♣❛& ❧❡ $❡&♠❡ ❞✬❛❞✈❡❝$✐♦♥ 3✉& ❧❛ ✈✐$❡33❡
✢✉✐❞❡✱ ❧❡ 3❡❝♦♥❞ $❡&♠❡ ❞❡ ❧✬9:✉❛$✐♦♥ ✭✶✳✾✮ ♠♦♥$&❡ :✉❡ ❧❡ $②♣❡ ❞✬♦♥❞❡ :✉✐ ❝♦♥$&N❧❡ ❧❡
$&❛♥3❢❡&$ ❞✬9♥❡&❣✐❡ ❝❤❛♥❣❡ ❞❡ ♥❛$✉&❡✳ ▲✬✐♥$&♦❞✉❝$✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥9$✐:✉❡ ❞❛♥3 ❧❡
$❡&♠❡ ❞✬❛❞✈❡❝$✐♦♥ &❡♥❞ ❧❡3 ♦♥❞❡3 ❞✬❆❧❢✈9♥ &❡3♣♦♥3❛❜❧❡3 ❞❡ ❝❡ $&❛♥3❢❡&$✳
❊$❛♥$ ❞♦♥♥9❡ ❧❛ ♥❛$✉&❡ ✐♥❝♦♠♣&❡33✐❜❧❡ ❞❡ ❝❡3 ♦♥❞❡3✱ ♥♦✉3 ♣♦✉✈♦♥3 ❞✬♦&❡3 ❡$ ❞9❥A
♣&9❞✐&❡ :✉❡ ❧✬9♥❡&❣✐❡ ✈❛ ♣&✐♥❝✐♣❛❧❡♠❡♥$ Q$&❡ $&❛♥3❢9&9❡ ❞❛♥3 ❧❡ ♣❧❛♥ ♣❡&♣❡♥❞✐❝✉❧❛✐&❡
❛✉ ❝❤❛♠♣ ♠❛❣♥9$✐:✉❡ ❣❧♦❜❛❧✱ ♦✉ ♠♦②❡♥✱ ✐♠♣❧✐:✉❛♥$ ❞♦♥❝ ❧❛ ♣&♦♣&✐9$9 ❞✬❛♥✐3♦$&♦♣✐❡
❞❡ ❧❛ $✉&❜✉❧❡♥❝❡✱ ❛✐♥3✐ :✉❡ ❧❛ ❜✐❞✐♠❡♥3✐♦♥♥❛❧✐3❛$✐♦♥ ❞❡ ❧❛ ❝❛3❝❛❞❡ ❞✬9♥❡&❣✐❡✳
R♦✉& $♦✉$ ♥♦♠❜&❡ ❞✬♦♥❞❡ k✱ ♦♥ ❞9✜♥✐$ ❧✬9❝❤❡❧❧❡ ♣❛&❛❧❧S❧❡ ❡$ ♣❡&♣❡♥❞✐❝✉❧❛✐&❡ ❛✉
❝❤❛♠♣ ♠❛❣♥9$✐:✉❡ ♠♦②❡♥ $❡❧ :✉❡
k‖ =
1
B20
(k.B0)B0, ✭✶✳✷✹✮
❡$
k⊥ = k− k‖. ✭✶✳✷✺✮
❆✜♥ ❞❡ ❝♦♠♣&❡♥❞&❡ ❧✬❛♥✐3♦$&♦♣✐❡ ❞✉ 3♣❡❝$&❡ ❝♦♥❝❡&♥❛♥$ ❧❛ $✉&❜✉❧❡♥❝❡ ❢❛✐❜❧❡✱
❝♦♥3✐❞9&♦♥3 ❞❡✉① ♦♥❞❡3 ❞✬❆❧❢✈9♥ ❡♥ ✐♥$❡&❛❝$✐♦♥✱ k1 ❡$ k2✳ ❙✐ ❧✬♦♥ ❝♦♥3✐❞S&❡ :✉❡ 3❡✉❧❡3
❧❡3 ♦♥❞❡3 ❞✬❆❧❢✈9♥ ❞❡ ❞✐&❡❝$✐♦♥ ❞❡ ♣&♦♣❛❣❛$✐♦♥ ♦♣♣♦39❡ ✐♥$❡&❛❣✐33❡♥$✱ ❧✬♦♥❞❡ &93✉❧✲
$❛♥$❡ k3 ❡3$ $❡❧❧❡ :✉❡
k3 = k2 + k1, ✭✶✳✷✻✮
❡$ ❝♦♠♠❡ ω3 = ω1 + ω2✱ 3♦✐$ ❞✬❛♣&S3 ❧✬9:✉❛$✐♦♥ ✭✶✳✷✵✮✱
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❡# ❧✬3♥❡%❣✐❡ ♠❛❣♥3#✐5✉❡
EK
EM
∼ M2A >> 1, ✭✶✳✹✸✮
♠♦♥#%❡ 5✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥3#✐5✉❡ ❡.# #%❛♥.♣♦%#3 ❛✈❡❝ ❧❡ ♣❧❛.♠❛✳ ❉❛♥. ❝❡ ❝❛.
❞❡ ✜❣✉%❡✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥3#✐5✉❡ ❡.# ❝♦♠♣%❡..3 ❡♥ .#%✉❝#✉%❡. ❛❧❧♦♥❣3❡. ❧❛✐..❛♥# ❞❡
❣%❛♥❞❡. ③♦♥❡. .♣❛#✐❛❧❡. ❧✐❜%❡. ❞❡ ❝❤❛♠♣ ♠❛❣♥3#✐5✉❡ #✉%❜✉❧❡♥#✳ ❊♥ ❞✬❛✉#%❡ #❡%♠❡✱
❧✬✐♥#❡%♠✐##❡♥❝❡ .♣❛#✐❛❧❡ ❛✉❣♠❡♥#❡ ❛✈❡❝ ❧❡ ♥♦♠❜%❡ ❞❡ ▼❛❝❤ ❆❧❢✈3♥✐5✉❡ ❬✶✵❪✳
❚✉"❜✉❧❡♥❝❡ ❤②❞"♦❞②♥❛♠✐3✉❡ 4✉♣❡"4♦♥✐3✉❡ ✭Ms > 1✮
▲❛ #✉%❜✉❧❡♥❝❡ ❤②❞%♦❞②♥❛♠✐5✉❡ ❛ ❢❛✐# 3❣❛❧❡♠❡♥# ❧✬♦❜❥❡# ❞✬✐♥✈❡.#✐❣❛#✐♦♥.✱ ♥♦#❛♠✲
♠❡♥# ♣♦✉% ❧❡ ❝❛. ❞❡ ♠✐❧✐❡✉① ❢♦%#❡♠❡♥# ❝♦♠♣%❡..✐❜❧❡.✱ ♦O ❧❡ ♥♦♠❜%❡ ❞❡ ▼❛❝❤ .♦♥✐5✉❡
Ms ❡.# ❣%❛♥❞✳ ❈❡ ♥♦♠❜%❡ #%❛❞✉✐# ❧✬✐♠♣♦%#❛♥❝❡ %❡❧❛#✐✈❡ ❞❡. ✢✉❝#✉❛#✐♦♥. ❞❡ ❧❛ ✈✐#❡..❡
♣❛% %❛♣♣♦%# @ ❧❛ ✈✐#❡..❡ ❞✉ .♦♥
Ms =
δv
cs
, ✭✶✳✹✹✮
♦O cs ❡.# ❧❛ ✈✐#❡..❡ ❞✉ .♦♥✱ ❞3✜♥✐❡ ♣❛% ❧✬35✉❛#✐♦♥ ✭✶✳✶✾✮✳ ❈❡. ✐♥✈❡.#✐❣❛#✐♦♥. .✬✐♥.✲
❝%✐✈❡♥# ❞❛♥. ❧✬3#✉❞❡ ❞❡. ♥✉❛❣❡. ♠♦❧3❝✉❧❛✐%❡. 5✉❡ ♥♦✉. ❞3❝%✐%♦♥. ✉♥ ♣❡✉ ♣❧✉. ❧♦✐♥
❞❛♥. ❧✬❡①♣♦.3✳
▲✬✐♥❞✐❝❡ .♣❡❝#%❛❧ ❞❡ ❧❛ ③♦♥❡ ✐♥❡%#✐❡❧❧❡ ❞❛♥. ❧❡ ❝❛❞%❡ ❞✬✉♥❡ #✉%❜✉❧❡♥❝❡ .✉♣❡%.♦♥✐5✉❡
.✬3❧♦✐❣♥❡ ❞✉ ♠♦❞8❧❡ ❞❡ ❑♦❧♠♦❣♦%♦✈ ❬✹✼❪✳ ❙❛❝❤❛♥# 5✉❡ ❧❛ #❤3♦%✐❡ ❞❡ ❑♦❧♠♦❣♦%♦✈ ❛
3#3 ❢♦%♠✉❧3❡ ♣♦✉% ❞❡. ✢✉✐❞❡. ✐♥❝♦♠♣%❡..✐❜❧❡.✱ ❝❡# 3❝❛%# ♣♦✉%%❛✐# U#%❡ ❡①♣❧✐5✉3 ♣❛%
❧❛ ♥❛#✉%❡ ❤❛✉#❡♠❡♥# ❝♦♠♣%❡..✐❜❧❡ ❞❡. ♠✐❧✐❡✉① .✉♣❡%.♦♥✐5✉❡.✳ ◆♦✉. %❡✈✐❡♥❞%♦♥. .✉%
❝❡. ❛.♣❡❝#. ❛✉ ❝❤❛♣✐#%❡ ✺✳
▲✬✐♥#%♦❞✉❝#✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥3#✐5✉❡ ❞❛♥. ❧❡. .✐♠✉❧❛#✐♦♥. .✉♣❡%.♦♥✐5✉❡. ❛♣♣❡❧❧❡
❛✉ ❝♦♥.#❛# ♣%3❝3❞❡♠♠❡♥# 3#❛❜❧✐✱ ❝✬❡.# @ ❞✐%❡ ❧✬❛❝❝❡♥#✉❛#✐♦♥ ❞❡ ❧✬❛♥✐.♦#%♦♣✐❡ ❛✈❡❝ ❧❛
❢♦%❝❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥3#✐5✉❡ ♠♦②❡♥ ❬✻✻❪✳
✶✳✹ ▼✐❧✐❡✉ ✐♥)❡*+)❡❧❧❛✐*❡
❇✐❡♥ 5✉❡ ❧❡. .✐♠✉❧❛#✐♦♥. ♥✉♠3%✐5✉❡. ❞3✈❡❧♦♣♣3❡. ❞❛♥. ❝❡ #%❛✈❛✐❧ ♥❡ .❡ %3❢8%❡♥#
♣❛. ❡①♣❧✐❝✐#❡♠❡♥# @ ✉♥❡ ♣❤❛.❡ ♣❛%#✐❝✉❧✐8%❡ ❞✉ ♠✐❧✐❡✉ ✐♥#❡%.#❡❧❧❛✐%❡✱ ❧❛ #✉%❜✉❧❡♥❝❡
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♦L x ❡#) ❧❛ ♣♦#✐)✐♦♥✱ v ❧❛ ✈✐)❡##❡✱ E ❧❡ ❝❤❛♠♣ 1❧❡❝)*✐4✉❡✱ B ❧❡ ❝❤❛♠♣ ♠❛❣♥1)✐4✉❡✳
▲❡# 4✉❛♥)✐)1# q ❡) c ♦♥) ❧❡✉*# #✐❣♥✐✜❝❛)✐♦♥# ✉#✉❡❧❧❡#✳ ❉❛♥# ✉♥ ❝❤❛♠♣ ♠❛❣♥1)✐4✉❡
✉♥✐❢♦*♠❡ B = B0ez✱ ❡) ❡♥ 1❝*✐✈❛♥) ❧❛ ✈✐)❡##❡ ❡♥ )❡*♠❡ ❞❡ ❝♦♠♣♦#❛♥)❡ ♣❛*❛❧❧5❧❡ ❡)
♣❡*♣❡♥❞✐❝✉❧❛✐*❡ ❛✉ ❝❤❛♠♣ ♠❛❣♥1)✐4✉❡ ✿
v‖ = (v.ez) ez ≡ µvez, ✭✷✳✸✮
✸✾
✹✵❈❍❆#■❚❘❊ ✷✳ ▲❊ ❚❘❆◆❙#❖❘❚❉❊❙ ❘❆❨❖◆❙ ❈❖❙▼■◗❯❊❙ ❊◆ ❚❯❘❇❯▲❊◆❈❊▼❍❉
v⊥ = v − v‖ ≡ v
√
1− µ2 ez, ✭✷✳✹✮
❛✈❡❝
µ =
v.B0
vB0
, ✭✷✳✺✮
❧❡ ❝♦-✐♥✉- ❞❡ ❧✬❛♥❣❧❡ ❡♥45❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥94✐:✉❡ ❡4 ❧❛ ✈✐4❡--❡ ❞❡ ❧❛ ♣❛54✐❝✉❧❡✳
❊♥ ♥9❣❧✐❣❡❛♥4 ❧❡ ❝❤❛♠♣ 9❧❡❝45✐:✉❡
✶
❧✬9♥❡5❣✐❡ ❡-4 ❛❧♦5- ❝♦♥-❡5✈9❡
p.
dp
dt
=
q
c
p. (v ×B) = 0. ✭✷✳✼✮
❊4 ❧❡ -②-4>♠❡ -❡ 599❝5✐4
dx0
dt
=


vx
vy
vz

 , ✭✷✳✽✮
dv0
dt
= Ω


vy
−vx
0

 . ✭✷✳✾✮
▲❛ -♦❧✉4✐♦♥ ❞❡ ❝❡ -②-4>♠❡ ♣❡✉4 -✬9❝5✐5❡
v0 =



v
√
1− µ2 · cos (φ0 − Ωt)
v
√
1− µ2 · sin (φ0 − Ωt)
µv
, ✭✷✳✶✵✮
x0 (t) =



x0 (0) +RL
√
1− µ2 [sin (φ0)− sin (φ0 − Ωt)]
y0 (0)−RL
√
1− µ2 [cos (φ0)− cos (φ0 − Ωt)]
z0 (0) + µvt
. ✭✷✳✶✶✮
❆✈❡❝ φ0 ❧❛ ♣❤❛-❡ ✐♥✐4✐❛❧❡ ❡4
Ω ≡ qB0
γmc
, ✭✷✳✶✷✮
❧❛ ♣✉❧-❛4✐♦♥ -②♥❝❤5♦45♦♥✱ ❡4
RL ≡
v
Ω
, ✭✷✳✶✸✮
✶✳ ❊♥ ♣❤②'✐)✉❡ ❞❡' ♣❧❛'♠❛'✱ ❧❡' ❝❤❛♠♣' 2❧❡❝34✐)✉❡' ❞❡ ❣4❛♥❞❡ 2❝❤❡❧❧❡ '♦♥3 ❛❜'❡♥3' ❞❡ ♣❛4 ❧❡
❝❛4❛❝384❡ ❞❡ ❢♦43❡ ❝♦♥❞✉❝3✐✈✐32 ❞❡' ♣❧❛'♠❛'✳ ❉❛♥' ❧❡' ❝❤❛♠♣' ❛'34♦♣❤②'✐)✉❡'✱ ❧❡ ❝❤❛♠♣ 2❧❡❝34✐)✉❡
❡'3 ❝❛❧❝✉❧2 ❝♦♠♠❡ ❧❡ ♣4♦❞✉✐3 ✈❡❝3♦4✐❡❧
E = −u×B
c
, ✭✷✳✻✮
❛✈❡❝ u ❧❛ ✈✐3❡''❡ ❞✉ ✢✉✐❞❡ ▼❍❉✳ ❖♥ ❛ ❞♦♥❝ E ≪ B ❞❛♥' ❧❡ 3❡4♠❡ ❞✬❛❝❝2❧24❛3✐♦♥ ❞❡ ❧✬2)✉❛3✐♦♥
❞✉ ♠♦✉✈❡♠❡♥3✱ ♣♦✉4 ❧❡' ✢✉✐❞❡' )✉❡ ♥♦✉' 4❡♥❝♦♥34♦♥' ❞❛♥' ❧❡ ♠✐❧✐❡✉ ✐♥3❡4'3❡❧❧❛✐4❡✳
✷✳✷✳ ❊▲➱▼❊◆❚❙ ❉❊ ❚❍➱❖❘■❊ ❈■◆➱❚■◗❯❊ ✹✶
❧❡ $❛②♦♥ ❞❡ ▲❛$♠♦$✳ ❈❡ ♣❛$❛♠/0$❡ ❡10 ✉♥❡ ♠❡1✉$❡ ❞✐$❡❝0❡ ❞❡ ❧✬6♥❡$❣✐❡ ❞❡ ❧❛ ♣❛$0✐❝✉❧❡✳
✷✳✷ ❊❧$♠❡♥() ❞❡ (❤$♦-✐❡ ❝✐♥$(✐0✉❡
▲✬68✉❛0✐♦♥ ❢♦♥❞❛♠❡♥0❛❧❡ ♣♦✉$ ❞6❝$✐$❡ ❧❡ 0$❛♥1♣♦$0 ❞❡1 ♣❛$0✐❝✉❧❡1 ❞❛♥1 ✉♥ ♣❧❛1♠❛
❡10 0✐$6❡ ❞❡ ❧❛ 0❤6♦$✐❡ ❝✐♥60✐8✉❡ ❞6❝$✐✈❛♥0 ❧✬6✈♦❧✉0✐♦♥ ❞✬✉♥❡ ❢♦♥❝0✐♦♥ ❛♣♣❡❧6❡ ❢♦♥❝0✐♦♥
❞❡♥1✐06 ❞❡ ♣$♦❜❛❜✐❧✐06 ❞❡ ❧✬❡1♣❛❝❡ ❞❡1 ♣❤❛1❡1 = 1✐① ❞✐♠❡♥1✐♦♥1
fc = fc (χ, t) , ✭✷✳✶✹✮
❛✈❡❝
χi ≡ {x, y, z, px, py, pz} , ✭✷✳✶✺✮
❧❡1 ❞✐♠❡♥1✐♦♥1 ❞✬❡1♣❛❝❡ ❡0 ❞✬✐♠♣✉❧1✐♦♥ $❡❧❛0✐✈✐10❡✳ ▲✬✐♥❞✐❝❡ c $❡♣$61❡♥0❡ ❧✬❡1♣/❝❡ ❞✉
❝♦1♠✐8✉❡ ❝♦♥1✐❞6$6✳ ▲❛ 8✉❛♥0✐06 fcdχ ❝♦$$❡1♣♦♥❞ ❛✉ ♥♦♠❜$❡ ❞❡ ♣❛$0✐❝✉❧❡1 1✐0✉6❡1
❞❛♥1 ❧✬✐♥0❡$✈❛❧❧❡ [χ; χ+ dχ] ❞❡ ❧✬❡1♣❛❝❡ ❞❡1 ♣❤❛1❡1 = ✻ ❞✐♠❡♥1✐♦♥1 = ✉♥ ✐♥10❛♥0 t✳
▲✬68✉❛0✐♦♥ 8✉✐ $6❣✐0 ❧✬6✈♦❧✉0✐♦♥ ❞❡ ❧❛ ❢♦♥❝0✐♦♥ ❞❡ ❞✐10$✐❜✉0✐♦♥ ❡10 ❧✬68✉❛0✐♦♥ ❞❡ ❱❧❛1♦✈
$❡❧❛0✐✈✐10❡✱
∂tfc + χ̇i∂ifc = 0, ✭✷✳✶✻✮
♦F ❧❛ ❝♦♥✈❡♥0✐♦♥ ❞❡ 1♦♠♠❛0✐♦♥ ❞✬❊✐♥10❡✐♥ ❡10 ✉0✐❧✐16❡✳ χ̇ 1✬❡①♣$✐♠❡ ♣❛$ ❧❡ 1②10/♠❡
❞✬68✉❛0✐♦♥ ✭✷✳✶✮ ❡0 ✭✷✳✷✮ ❞✉ ♠♦✉✈❡♠❡♥0 ♣♦✉$ ✉♥❡ ♣❛$0✐❝✉❧❡ ❝❤❛$❣6❡ ❞❛♥1 ❧❡ ❝❤❛♠♣
6❧❡❝0$♦♠❛❣♥60✐8✉❡ ❞✉ ♣❧❛1♠❛✳
❊♥ ♥6❣❧✐❣❡❛♥0 ❧❡1 ❝❤❛♠♣1 6❧❡❝0$✐8✉❡1 ❞❡ ❣$❛♥❞❡ 6❝❤❡❧❧❡✱ ♥♦✉1 ♣♦✉✈♦♥1 $❡❢♦$♠✉❧❡$
❧✬❡①♣$❡11✐♦♥ ❞✉ ❝❤❛♠♣ 6❧❡❝0$♦♠❛❣♥60✐8✉❡ ❝♦♠♠❡ ❧❛ 1♦♠♠❡ ❞✬✉♥❡ ♣❛$0✐❡ ❝♦♥10❛♥0❡
❡0 ✉♥✐❢♦$♠❡ B0 = B0ez ❛✈❡❝ ✉♥❡ ♣❛$0✐❡ ✢✉❝0✉❛♥0❡ δB 0❡❧ 8✉❡
B = B0 + δB (x, t) , 〈B〉 = B0, ✭✷✳✶✼✮
E = δE (x, t) , 〈E〉 = 0. ✭✷✳✶✽✮
▲❡1 ♣❛$❡♥0❤/1❡1 〈·〉 $❡♣$61❡♥0❡♥0 ❧❛ ♠♦②❡♥♥❡ ❞✬❡♥1❡♠❜❧❡ ❞❡ ❧✬❡1♣❛❝❡ ❝♦♥1✐❞6$6✳ ●$L❝❡
= ❧❛ ♥❛0✉$❡ ❣✐$❛0♦✐$❡ ❞✉ ♠♦✉✈❡♠❡♥0✱ ❡0 ♣♦✉$ ♣❧✉1 ❞❡ 1✐♠♣❧✐❝✐06✱ ♥♦✉1 ✐♥0$♦❞✉✐1♦♥1
❧❡1 ❝♦♦$❞♦♥♥6❡1 ❞✉ ❝❡♥0$❡ ❣✉✐❞❡ ❡0 ❧❡1 ❝♦♦$❞♦♥♥6❡1 1♣❤6$✐8✉❡1 ❞❛♥1 ❧✬❡1♣❛❝❡ ❞❡1
✐♠♣✉❧1✐♦♥1
X = x+
v × ez
Ω
, ✭✷✳✶✾✮
❖F Ω ❡10 ❧❛ ♣✉❧1❛0✐♦♥ 1②♥❝❤$♦0$♦♥ ❞6✜♥✐❡ ♣❛$ ❧✬68✉❛0✐♦♥ ✭✷✳✶✷✮ ❡0
px = p cosφ
√
1− µ2, py = p sinφ
√
1− µ2, pz = pµ. ✭✷✳✷✵✮
◆♦✉1 ✐♥0$♦❞✉✐1♦♥1 6❣❛❧❡♠❡♥0 ❧❡1 ❝♦♠♣♦1❛♥0❡1 ❣❛✉❝❤❡1 ❡0 ❞$♦✐0❡1 ❞❡1 ❝❤❛♠♣1
6❧❡❝0$✐8✉❡1 ❡0 ♠❛❣♥60✐8✉❡1
✹✷❈❍❆#■❚❘❊ ✷✳ ▲❊ ❚❘❆◆❙#❖❘❚❉❊❙ ❘❆❨❖◆❙ ❈❖❙▼■◗❯❊❙ ❊◆ ❚❯❘❇❯▲❊◆❈❊▼❍❉
δBL,R =
1√
2
(δBx ± iδBy) , δB‖ = δBz, ✭✷✳✷✶✮
δEL,R =
1√
2
(δEx ± iδEy) , δE‖ = δEz. ✭✷✳✷✷✮
❊♥ ✐♥❥❡❝,❛♥, ❧❡/ 0❡❧❛,✐♦♥/ ✭✷✳✷✵✮ ❞❛♥/ ✭✷✳✶✾✮✱ ✐❧ ✈✐❡♥, ❧❡/ ❡①♣0❡//✐♦♥/
X = x+
v
√
1− µ2
Ω
sinφ, Y = y − v
√
1− µ2
Ω
cosφ, Z = z, ✭✷✳✷✸✮
,0❛♥/❢♦0♠❛♥, ❧❡ /②/,=♠❡ ❞❡ ❝♦♦0❞♦♥♥>❡/ ✭✷✳✶✺✮ ❡♥
χi ≡ {X, Y, Z, p, µ, φ} . ✭✷✳✷✹✮
❊♥✜♥✱ ❡♥ ✐♥❥❡❝,❛♥, ❧❡/ 0❡❧❛,✐♦♥/ ✭✷✳✷✵✮ A ✭✷✳✷✸✮ ❞❛♥/ ✭✷✳✶✻✮✱ ♥♦✉/ ♦❜,❡♥♦♥/ ❧❛
❢♦0♠✉❧❛,✐♦♥ ❞❡ ❧✬>F✉❛,✐♦♥ ❞❡ ❱❧❛/♦✈ 0❡❧❛,✐✈✐/,❡ ❡♥ ❝♦♦0❞♦♥♥>❡ /♣❤>0✐F✉❡
∂tfc + vµ∂Zfc − Ω∂φfc +
1
p2
∂χj
(
p2gχjfc
)
= 0, ✭✷✳✷✺✮
❛✈❡❝ gχj ❧❡* +❡,♠❡* ❞❡ ❢♦,❝❡* ❣2♥2,❛❧✐*2❡* ♣,❡♥❛♥+ ❡♥ ❝♦♠♣+❡ ❧❡* ✢✉❝+✉❛+✐♦♥* ❞✉
❝❤❛♠♣ 2❧❡❝+,♦♠❛❣♥2+✐9✉❡ ❬✾✸❪✳ ▲❡* *♦❧✉+✐♦♥* ❞❡ ❧✬29✉❛+✐♦♥ ♣,2❝2❞❡♥+❡✱ ❞❛♥* ❧❡ ❝❛* ♦A
gχj = 0✱ *♦♥+ ❧❡* *♦❧✉+✐♦♥* ,❡❧❛+✐✈❡* ❛✉① +,❛❥❡❝+♦✐,❡* ♥♦♥ ♣❡,+✉,❜2❡* ♣❛, ❧❡* ✢✉❝+✉❛✲
+✐♦♥* ❞❡* ❝❤❛♠♣* 2❧❡❝+,✐9✉❡* ❡+ ♠❛❣♥2+✐9✉❡*✳ ◆♦+♦♥* G +✐+,❡ ❞✬❡①❡♠♣❧❡ ❧✬❡①♣,❡**✐♦♥
❞❡ gµ
gµ =
Ω
√
1− µ2
B0
[
c
v
√
1− µ2δE‖ +
i√
2
[
eiφ
(
δBR + iµ
c
v
δER
)
−
−e−iφ
(
δBL − iµ
c
v
δEL
)]]
. ✭✷✳✷✻✮
▲❛ ❞✐*+,✐❜✉+✐♦♥ ❞❡ ♣,♦❜❛❜✐❧✐+2 fc 2✈♦❧✉❡ ❞❡ ♠❛♥✐I,❡ ❡,,❛+✐9✉❡ *♦✉* ❧✬❛❝+✐♦♥ ❞❡*
❝❤❛♠♣* +✉,❜✉❧❡♥+*✱ ❝✬❡*+ ♣♦✉,9✉♦✐ ♥♦✉* ♥♦✉* ✐♥+2,❡**♦♥* G ❧✬2✈♦❧✉+✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉,
♠♦②❡♥♥❡ ❞❡ fc *✉, ♣❧✉*✐❡✉,* ,2❛❧✐*❛+✐♦♥* ✐♥❞2♣❡♥❞❛♥+❡*✳ ❈♦♥*✐❞2,♦♥* ✉♥ ❡♥*❡♠❜❧❡ ❞❡
,2❛❧✐*❛+✐♦♥* ♦A ❧❡* ❞✐*+,✐❜✉+✐♦♥* ❞❡ ♣,♦❜❛❜✐❧✐+2 G ✉♥ ✐♥*+❛♥+ t = t0 *♦♥+ ✐❞❡♥+✐9✉❡*✳ ❆
t > t0✱ ♦♥ ❞2✜♥✐+ ❧❛ ✈❛❧❡✉, ♠♦②❡♥♥❡
Fc (χ, t) = 〈fc (χ, t)〉 , ✭✷✳✷✼✮
♦A ❧❡* ♣❛,❡♥+❤I*❡* 〈·〉 ,❡♣,2*❡♥+❡♥+ ❞❡ ♥♦✉✈❡❛✉ ❧❛ ♠♦②❡♥♥❡ *✉, ❧✬❡♥*❡♠❜❧❡ ❞❡* ,2❛❧✐✲
*❛+✐♦♥*✳ ❙✐ ❧✬♦♥ ❞2✜♥✐+ ❧✬2❝❛,+ G ❧❛ ♠♦②❡♥♥❡ δfc
δfc = Fc − fc, ✭✷✳✷✽✮
❧✬29✉❛+✐♦♥ ❞✬2✈♦❧✉+✐♦♥ ❞❡ ❧✬2❝❛,+ G ❧❛ ♠♦②❡♥♥❡ ❡*+ ❝❛❧❝✉❧2❡ ❡♥ ❢❛✐*❛♥+ ❧❛ ♠♦②❡♥♥❡ ❞❡
❧✬29✉❛+✐♦♥ ✭✷✳✷✺✮✱ ❞♦♥♥❛♥+
∂tFc + vµ∂ZFc − Ω∂φFc +
1
p2
∂χj
〈
p2gχjδfc
〉
= 0. ✭✷✳✷✾✮
✷✳✸✳ ❚❍➱❖❘■❊ ◗❯❆❙■✲▲■◆➱❆■❘❊ ❉❯ ❚❘❆◆❙2❖❘❚ ✹✸
❊♥ $❡&$❛♥❝❤❛♥& ❧✬,-✉❛&✐♦♥ ✭✷✳✶✻✮ 7 ✭✷✳✷✾✮✱ ♦♥ ♦❜&✐❡♥&
∂tδfc + vµ∂Zδfc − Ω∂φδfc + gχj∂j (Fc + δfc)−
〈
gχj∂jfc
〉
= 0. ✭✷✳✸✵✮
❆✜♥ ❞✬❛❧❧❡$ ♣❧✉@ ❧♦✐♥ ❞❛♥@ ❧❡ ❞,✈❡❧♦♣♣❡♠❡♥&✱ ♥♦✉@ ❞❡✈♦♥@ ❢♦$♠✉❧❡$ ❞❡@ ❤②♣♦&❤E@❡@
@✉$ ❧❡@ ❝❤❛♠♣@✳ ▲❛ @❡❝&✐♦♥ @✉✐✈❛♥&❡ ✉&✐❧✐@❡ ❧❡ ❞,✈❡❧♦♣♣❡♠❡♥& ❛✉ ♣$❡♠✐❡$ ♦$❞$❡ ❞❡ ❧❛
♠,&❤♦❞❡ ❞❡@ ♣❡$&✉$❜❛&✐♦♥@ ✿ ❝✬❡@& ❧❛ &❤,♦$✐❡ -✉❛@✐✲❧✐♥,❛✐$❡ ❞✉ &$❛♥@♣♦$&✳
✷✳✸ ❚❤%♦'✐❡ *✉❛-✐✲❧✐♥%❛✐'❡ ❞✉ 2'❛♥-♣♦'2
▲❛ &❤,♦$✐❡ -✉❛@✐✲❧✐♥,❛✐$❡ ❞✉ &$❛♥@♣♦$& ❡@& ❜❛@,❡ @✉$ ❧✬❤②♣♦&❤E@❡ -✉❡ ❧❡@ ✢✉❝&✉❛✲
&✐♦♥@ ❞❡@ ❝❤❛♠♣@ ,❧❡❝&$♦♠❛❣♥,&✐-✉❡@ @♦♥& ❢❛✐❜❧❡@ ❞❡✈❛♥& ❧❡@ ❝❤❛♠♣@ ♠♦②❡♥@✱ @♦✐&
δB ≪ B0 ; δE ≪ B0. ✭✷✳✸✶✮
▲❛ ♣❡$&✉$❜❛&✐♦♥ @✉$ ❧❡@ &$❛❥❡❝&♦✐$❡@ ❞❡@ ♣❛$&✐❝✉❧❡@ ❡@& ❛❧♦$@ ❝♦♥@✐❞,$,❡ ❝♦♠♠❡
@✉✣@❛♠♠❡♥& ❢❛✐❜❧❡ ♣♦✉$ ♣♦✉✈♦✐$ ❧❡@ ♥,❣❧✐❣❡$ ❞❡✈❛♥& ❧❡@ ♦$❜✐&❡@ ♥♦♥ ♣❡$&✉$❜,❡@✳
✷✳✸✳✶ ❈♦❡✣❝✐❡♥+, ❞❡ ❞✐✛✉,✐♦♥
❊♥ ✉&✐❧✐@❛♥& ❧❛ ♠,&❤♦❞❡ ❞❡@ ♣❡$&✉$❜❛&✐♦♥@ ♣♦✉$ $,@♦✉❞$❡ ✭✷✳✸✵✮✱ ♥♦✉@ ♦❜&❡♥♦♥@
❧✬❡①♣$❡@@✐♦♥ ❛✈❡❝ ❧❡@ &❡$♠❡@ ❞❡ ♣$❡♠✐❡$ ♦$❞$❡
∂tδfc + vµ∂Zδfc − Ω∂φδfc + gχj∂jFc = 0. ✭✷✳✸✷✮
▲❛ ♠,&❤♦❞❡ ❞❡@ ❝❛$❛❝&,$✐@&✐-✉❡@ ❞♦♥♥❡ ❧❛ ❢♦$♠❡ ❞✬✉♥❡ @♦❧✉&✐♦♥ ❞❡ ✭✷✳✸✷✮✱ @♦✐&
δfc (t) = δfc (t0) +
∫ t
t0
ds
[
gχj∂χjFc
]
. ✭✷✳✸✸✮
❊♥ ✐♥❥❡❝&❛♥& ❧✬,-✉❛&✐♦♥ ✭✷✳✸✸✮ ❞❛♥@ ✭✷✳✷✾✮✱ ✐❧ ✈✐❡♥&
∂tFc + vµ∂ZFc − Ω∂φFc =
1
p2
∂χj
(
p2
∫ t
t0
ds
〈
gχj (t) gχk (s)
〉
[∂χkFc]
)
, ✭✷✳✸✹✮
-✉❡ ❧✬♦♥ $,,❝$✐& @♦✉@ ❧❛ ❢♦$♠❡ ❞❡ ❧✬,-✉❛&✐♦♥ ❞❡ ❋♦❦❦❡$✲P❧❛♥❝❦
∂tFc + vµ∂ZFc − Ω∂φFc =
1
p2
∂χj
[
p2Dχjχk∂χkFc
]
, ✭✷✳✸✺✮
❛✈❡❝ ❧❡@ ❝♦❡✣❝✐❡♥&@ ❞❡ ❞✐✛✉@✐♦♥ ❞❡ ❋♦❦❦❡$✲P❧❛♥❝❦
Dχjχk =
∫ t
t0
ds
〈
gχj (t) gχk (s)
〉
, ✭✷✳✸✻✮
-✉❡ ❧✬♦♥ ♣❡✉& $,,❝$✐$❡ ❝♦♠♠❡
✹✹❈❍❆#■❚❘❊ ✷✳ ▲❊ ❚❘❆◆❙#❖❘❚❉❊❙ ❘❆❨❖◆❙ ❈❖❙▼■◗❯❊❙ ❊◆ ❚❯❘❇❯▲❊◆❈❊▼❍❉
Dχjχk = ℜ
∫ ∞
0
dξ
〈
gχj (t) g
∗
χk
(t− ξ)
〉
, ✭✷✳✸✼✮
♦( ❧✬+,♦✐❧❡ ❞+0✐❣♥❡ ❧❡ ❝♦♠♣❧❡①❡ ❝♦♥❥✉❣✉+✳
▲❡0 ,❡:♠❡0 ❞❡ ✢✉❝,✉❛,✐♦♥ gχj 0♦♥, ❞+,❡:♠✐♥+0 ❧❡ ❧♦♥❣ ❞✬✉♥❡ ,:❛❥❡❝,♦✐:❡ ♥♦♥ ♣❡:✲
,✉:❜+❡✱ ❞♦♥♥+❡ ♣❛: ❧❡0 +@✉❛,✐♦♥0 ✭✷✳✶✶✮✳ ❈❡,,❡ ❛♣♣:♦①✐♠❛,✐♦♥✱ ❧✐+❡ ❛✉ ❞+✈❡❧♦♣♣❡♠❡♥,
D ❧✬♦:❞:❡ ✶ ❞❡ ❧✬+@✉❛,✐♦♥ ❞❡ ❱❧❛0♦✈ ✭✷✳✷✾✮✱ ♥✬❡0, ❛❝❝❡♣,❛❜❧❡ @✉❡ ❞❛♥0 ❧❛ ❧✐♠✐,❡ ❞❡0
,❡♠♣0 ❝♦✉:,0✱ ,❡❧ @✉❡
t ≪ TD, ✭✷✳✸✽✮
♦( TD ❡0, ❧❡ ,❡♠♣0 ❛✉✲❞❡❧D ❞✉@✉❡❧ ❧✬❛❝,✐♦♥ ❞❡0 ❝❤❛♠♣0 ✢✉❝,✉❛♥,0✱ ❡, ❞♦♥❝ ❞❡0 gχj ✱
✐♥✢✉❡ 0✉: ❧✬+✈♦❧✉,✐♦♥ ❞❡ ❧❛ ❞❡♥0✐,+ ❞❡ ♣:♦❜❛❜✐❧✐,+ ♠♦②❡♥♥❡ ✭+@✉❛,✐♦♥ ✭✷✳✷✼✮✮✳
▲❡ :❡♠♣❧❛❝❡♠❡♥, ❞❡ ❧❛ ❜♦:♥❡ 0✉♣+:✐❡✉:❡ ❞❡ ❧✬✐♥,+❣:❛❧❡ ❞❛♥0 ❧✬+@✉❛,✐♦♥ ✭✷✳✸✻✮ ❡0,
♠♦,✐✈+❡ ♣❛: ❧❡ ❢❛✐, @✉❡ ❝❡,,❡ ✐♥,+❣:❛❧❡ ♥❡ ❞+♣❡♥❞ @✉❡ ❞❡ ❧❛ ✈❛❧❡✉: ξ = t − s✳ ▲❡0
+❝❤❡❧❧❡0 ❞❡ ,❡♠♣0 ❝♦♥0✐❞+:+❡0 0♦♥, ,❡❧❧❡0 @✉❡ ❧✬✐♥,+❣:❛♥,
〈
gχj (t) g
∗
χk
(t− ξ)
〉
❞❡✈✐❡♥,
♥+❣❧✐❣❡❛❜❧❡✱ ❝❡ @✉✐ ♣❡:♠❡, ❧❡ ♣❛00❛❣❡ D ❧✬+@✉❛,✐♦♥ ✭✷✳✸✼✮✳
▲✬❡①♣:❡00✐♦♥ ❣+♥+:❛❧❡ ❞❡0 ❝♦❡✣❝✐❡♥,0 ❞❡ ❞✐✛✉0✐♦♥ ❡0, ❝♦♠♣❧❡①❡✱ ❡, ♣❡✉, N,:❡ ,:♦✉✲
✈+❡ ♥♦,❛♠♠❡♥, ❞❛♥0 ❧❡ ❝❤❛♣✐,:❡ ✶✷✳✷ ❞❡ ❧❛ :+❢+:❡♥❝❡ ❬✾✸❪✱ ❞♦♥, ❝❡,,❡ ♣:+0❡♥,❡ 0❡❝,✐♦♥
❡0, ❧❛:❣❡♠❡♥, ✐♥0♣✐:+❡✳
❆✜♥ ❞❡ ❝♦♠♣:❡♥❞:❡ ❧❛ ♣❤②0✐@✉❡ 0♦✉0✲❥❛❝❡♥,❡✱ ♥♦✉0 ♥♦✉0 ❧✐♠✐,❡:♦♥0 ❛✉① ❝❛0 ♦(
❧❡0 ✢✉❝,✉❛,✐♦♥0 +❧❡❝,:✐@✉❡0 ♦♥, ❞❡0 ❡✛❡,0 ♥+❣❧✐❣❡❛❜❧❡0 ❞❡✈❛♥, ❧❡0 ✢✉❝,✉❛,✐♦♥0 ♠❛❣♥+✲
,✐@✉❡0✳ ❈❡,,❡ ❤②♣♦,❤S0❡ :❛♠S♥❡ ❧✬❡①♣:❡00✐♦♥ ❞❡ ❧❛ ❢♦:❝❡ ❣+♥+:❛❧✐0+❡ ✭✷✳✷✻✮ D
gµ =
iΩ√
2B0
√
1− µ2
[
eiφ(t)δBR (x0 (t))− e−iφ(t)δBL (x0 (t))
]
. ✭✷✳✸✾✮
❊♥ ✐♥❥❡❝,❛♥, ❧✬+@✉❛,✐♦♥ ♣:+❝+❞❡♥,❡ ❞❛♥0 ❧❛ ❞+✜♥✐,✐♦♥ ✭✷✳✸✼✮✱ ♦♥ ♦❜,✐❡♥, ❧❡ ❝♦❡✣✲
❝✐❡♥, ❞❡ ❞✐✛✉0✐♦♥ ❛♥❣✉❧❛✐:❡ Dµµ
Dµµ =
Ω2 (1− µ2)
2B20
∫ ∞
0
dξ
[
RRRe
−iΩξ
− RRLei[2φ0−2Ωt+Ωξ] −RLRe−i[2φ0−2Ωt+Ωξ] +RLLeiΩξ
]
, ✭✷✳✹✵✮
♦( ❧❡0 Rlm :❡♣:+0❡♥,❡♥, ❧❡0 ❝♦::+❧❛,✐♦♥0 ♠❛❣♥+,✐@✉❡0✳ ▲❡ ❧♦♥❣ ❞❡ ❧❛ ,:❛❥❡❝,♦✐:❡ ♥♦♥
♣❡:,✉:❜+❡
RRR = 〈δBR (x0 (t) , t) δB∗R (x0 (t− ξ) , t− ξ)〉 , ✭✷✳✹✶✮
RLR = 〈δBL (x0 (t) , t) δB∗R (x0 (t− ξ) , t− ξ)〉 , ✭✷✳✹✷✮
RRL = 〈δBR (x0 (t) , t) δB∗L (x0 (t− ξ) , t− ξ)〉 , ✭✷✳✹✸✮
RLL = 〈δBL (x0 (t) , t) δB∗L (x0 (t− ξ) , t− ξ)〉 . ✭✷✳✹✹✮
✷✳✸✳ ❚❍➱❖❘■❊ ◗❯❆❙■✲▲■◆➱❆■❘❊ ❉❯ ❚❘❆◆❙2❖❘❚ ✹✺
▲❡$ %&✉❛)✐♦♥$ ✭✷✳✹✶✮ 2 ✭✷✳✹✹✮ $♦♥) 2 ❧❛ ❜❛$❡ ❞❡$ )❤%♦7✐❡$ ❞✉ )7❛♥$♣♦7) ❡♥ )✉7❜✉❧❡♥❝❡
♠❛❣♥%)✐&✉❡✳ ▲❡$ &✉❛♥)✐)%$ Rlm $♦♥) ❧❡$ )❡♥$❡✉7$ ❞❡ ❝♦77%❧❛)✐♦♥ ♠❛❣♥%)✐&✉❡ ❞✬♦7❞7❡ ✹✱
❞❡✉① ❡♥ )❡♠♣$ ❡) ❞❡✉① ❡♥ ❡$♣❛❝❡✳ ▲❡$ %&✉❛)✐♦♥$ ✭✷✳✹✶✮ 2 ✭✷✳✹✹✮ $♦♥) %❣❛❧❡♠❡♥) ✉)✐✲
❧✐$%❡$ ♣♦✉7 ❧❡$ ❝❛❧❝✉❧$ ❞❡$ ❝♦❡✣❝✐❡♥)$ ❞❡ ❞✐✛✉$✐♦♥ ❞❡$ ❧✐❣♥❡$ ❞❡ ❝❤❛♠♣ ♠❛❣♥%)✐&✉❡✳
❊♥ ✐♥)7♦❞✉✐$❛♥) ❧✬❡$♣❛❝❡ ❞❡ ❋♦✉7✐❡7
δBL,R (x0, t) =
∫ ∞
−∞
d3k δBL,R (k, t) e
ik.x0 , ✭✷✳✹✺✮
❧❡$ %&✉❛)✐♦♥$ ✭✷✳✹✶✮ 2 ✭✷✳✹✹✮ ❞❡✈✐❡♥♥❡♥)
Rlm (x0 (t) , t,x0 (t− ξ) , t− ξ) =
∫ ∞
−∞
d3keik.[x0(t)−x0(t−ξ)]Plm, ✭✷✳✹✻✮
❛✈❡❝ l,m = {L,R} ❡) ♦F ❧❛ ♣7♦♣7✐%)% ❞✬✉♥❡ )✉7❜✉❧❡♥❝❡ ❤♦♠♦❣G♥❡
〈δBl (k, t) δBm (k′, t− ξ)〉 = Plm (k, t, t− ξ) δ (k− k′) , ✭✷✳✹✼✮
❛ %)% ✉)✐❧✐$%❡✳ ❆✈❡❝ ❧❡$ ❝♦♦7❞♦♥♥%❡$ $♣❤%7✐&✉❡$ ❞❡ ❧✬❡$♣❛❝❡ ❞❡ ❋♦✉7✐❡7
kx = k⊥ cosΨ,
ky = k⊥ sinΨ,
kz = k‖. ✭✷✳✹✽✮
❊♥ ✉)✐❧✐$❛♥) ✭✷✳✶✶✮ ❡) ✭✷✳✹✽✮✱ ❡) ❡♥ ❞%✈❡❧♦♣♣❛♥) ✭✷✳✹✻✮✱ ♦♥ ♦❜)✐❡♥)
Rlm (x0 (t) , t,x0 (t− ξ) , t− ξ) =
∫ ∞
−∞
d3kPlme
iW [sin(Ψ−φ0+Ωt)−sin(Ψ−φ0+Ω(t−ξ))]+ik‖v‖ξ,
✭✷✳✹✾✮
❛✈❡❝ W = k⊥
√
1− µ2RL✳ ❊♥ ✐♥❥❡❝)❛♥) ❧❛ ♣7♦♣7✐%)% ❬✶❪✱
eix sin(α) =
∞∑
n=−∞
Jn (x) e
inα, ✭✷✳✺✵✮
❞❛♥$ ❧✬%&✉❛)✐♦♥ ✭✷✳✹✾✮✱ ❧✬%&✉❛)✐♦♥ ✭✷✳✹✵✮ ❞❡✈✐❡♥)
Dµµ =
Ω2 (1− µ2)
2B20
ℜ
∫ ∞
0
dξ
∫ ∞
−∞
d3k
∞∑
n,p=−∞
Jn (W ) Jp (W )
× ein(Ψ−φ0+Ωt)−ip(Ψ−φ0+Ω(t−ξ))+iv‖k‖ξ
×
[
PRR (k, t) e
−iΩξ − PRL (k, t) ei[2φ0−2Ωt+Ωξ]
− PLR (k, t) e−i[2φ0−2Ωt+Ωξ] + PLL (k, t) eiΩξ
]
. ✭✷✳✺✶✮
✹✻❈❍❆#■❚❘❊ ✷✳ ▲❊ ❚❘❆◆❙#❖❘❚❉❊❙ ❘❆❨❖◆❙ ❈❖❙▼■◗❯❊❙ ❊◆ ❚❯❘❇❯▲❊◆❈❊▼❍❉
❉❛♥% &♦✉&❡ ❧❛ %✉✐&❡✱ ♥♦✉% ❝♦♥%✐❞/0❡0♦♥% ❧❛ &✉0❜✉❧❡♥❝❡ ❝♦♠♠❡ %&❛&✐3✉❡✱ ♣✉✐%3✉❡ ❧❡%
♣❛0&✐❝✉❧❡% /♥❡0❣/&✐3✉❡% ♥✬♦♥& ♣❛% ❧❡ &❡♠♣% ❞❡ ✈♦✐0 ❜♦✉❣❡0 ❧❡ ❝❤❛♠♣✱ ❝❛0 ❝❡ %♦♥& ❞❡%
♣❛0&✐❝✉❧❡% ♥♦♥ &❤❡0♠✐3✉❡%✳ ❈❡&&❡ ❤②♣♦&❤<%❡ %✬/❝0✐&
|k‖v‖| ≫ ω et nΩ ∼ k‖v‖ ✭✷✳✺✷✮
❈❡&&❡ ♣0♦♣0✐/&/ %✐♠♣❧✐✜❡ ❞✬❛✈❛♥&❛❣❡ ❧✬/❝0✐&✉0❡✱ ❛✈❡❝
Plm (k, t) = Plm (k) , ✭✷✳✺✸✮
❡& ❞❛♥% ❧✬❤②♣♦&❤<%❡ ♦C ❧❛ ❣②0♦♣/0✐♦❞❡ 2π (Ω−1) ❡%& ♣❡&✐&❡ ❞❡✈❛♥& ❧❡ &❡♠♣% ❞✬✐♥&/✲
❣0❛&✐♦♥✱ ♥♦✉% ♣♦✉✈♦♥% ❢❛✐0❡ ❧❛ ♠♦②❡♥♥❡ ❞❡ ❧✬/3✉❛&✐♦♥ ✭✷✳✺✶✮ %✉0 ❧❛ ❣②0♦♣❤❛%❡ φ0 &❡❧
3✉❡
Dµµ =
Ω2 (1− µ2)
2B20
ℜ
∞∑
n=−∞
∫ ∞
−∞
d3k
[
J2n+1 (W )PRR (k) + J
2
n−1 (W )PLL (k)
− Jn−1 (W ) Jn+1 (W )
(
PRLe
2iΨ + PLRe
−2iΨ
)]
Rn (k) , ✭✷✳✺✹✮
❛✈❡❝
Rn (k) = ℜ
∫ ∞
0
dξei(v‖k‖+nΩ)ξ = πδ
(
v‖k‖ + nΩ
)
, ✭✷✳✺✺✮
❧❛ ❢♦♥❝&✐♦♥ ❞❡ 0/%♦♥❛♥❝❡ 3✉❛%✐✲❧✐♥/❛✐0❡ ❞❡ ❧❛ &✉0❜✉❧❡♥❝❡ ❡♥ 0/❣✐♠❡ ▼❍❉✳ ❉❛♥% ❧❡ ❜✉&
❞❡ ❞/❝0✐0❡ ❧❡% ❝♦❡✣❝✐❡♥&% ❞❡ ❞✐✛✉%✐♦♥ ❞❡ ♠❛♥✐<0❡ ❛♥❛❧②&✐3✉❡✱ ♣❧✉%✐❡✉0% ❣/♦♠/&0✐❡% ❞✉
&❡♥%❡✉0 ♠❛❣♥/&✐3✉❡ ♦♥& /&/ ❝♦♥%✐❞/0/❡%✱ ❧❛ ♣0❡♠✐<0❡ ❢♦✐% ♣❛0 ❏♦❦✐♣✐✐ ❡♥ ✶✾✻✻ ❬✹✻❪ 3✉✐
❛ ✉&✐❧✐%/ ✉♥ ♠♦❞<❧❡ ♦C ❧❛ &✉0❜✉❧❡♥❝❡ ♥❡ ❞/♣❡♥❞❛✐& 3✉❡ ❞❡ ❧❛ ❝♦♦0❞♦♥♥/❡ ♣❛0❛❧❧<❧❡✱
❞✐& ♠♦❞<❧❡ ✉♥✐❞✐♠❡♥%✐♦♥♥❡❧ ✭%❧❛❜ ❡♥ ❛♥❣❧❛✐%✮
δBslab (x) = δB (z) . ✭✷✳✺✻✮
❈❡&&❡ ❞❡%❝0✐♣&✐♦♥ ❡%& ❧❛ ♠❛♥✐<0❡ ❧❛ ♣❧✉% %✐♠♣❧❡ ❞❡ ❞/❝0✐0❡ ❧❡ &0❛♥%♣♦0&✳
❯♥❡ ❛✉&0❡ ❛♣♣0♦❝❤❡ ❝♦♥%✐%&❡ Q ❝♦♥%✐❞/0❡0 ❧❛ &✉0❜✉❧❡♥❝❡ ❝♦♠♠❡ /&❛♥& ❜✐❞✐♠❡♥✲
%✐♦♥♥❡❧ ❬✼✾❪✱ ♦C
δB2D (x) = δB (x, y) . ✭✷✳✺✼✮
S❧✉% ❝♦♠♣❧✐3✉/✱ ❧❛ &✉0❜✉❧❡♥❝❡ ❡%& ❞✐&❡ ❤♦♠♦❣<♥❡✱ ❧♦0%3✉❡ ❝❤❛❝✉♥❡ ❞❡% ❝♦♠♣♦✲
%❛♥&❡% ❞❡ ❧❛ &✉0❜✉❧❡♥❝❡ ❞/♣❡♥❞ ❞❡% &0♦✐% ❝♦♦0❞♦♥♥/❡% ❞❡ ❧✬❡%♣❛❝❡ ❬✸✵❪
δB (x) = δB (x, y, z) , ✭✷✳✺✽✮
❝♦♠♠❡ ❝✬❡%& ❧❡ ❝❛% ❞✉ ♠♦❞<❧❡ ❝♦♠♣♦%✐&❡ ❬✾✼✱ ✽✾✱ ✻✹❪✱ 3✉✐ ❡%& ✉♥❡ ❝♦♠❜✐♥❛✐%♦♥ ❧✐♥/❛✐0❡
❞❡% /3✉❛&✐♦♥% ✭✷✳✺✻✮ ❡& ✭✷✳✺✼✮ ♣♦✉0 ❢♦0♠❡0
δBcomp (x) = aδB2D (x, y) + bδBslab (z) , ✭✷✳✺✾✮
✷✳✸✳ ❚❍➱❖❘■❊ ◗❯❆❙■✲▲■◆➱❆■❘❊ ❉❯ ❚❘❆◆❙2❖❘❚ ✹✼
♦# a ❡% b &♦♥% ❞❡& ♥♦♠❜+❡& &❛♥& ❞✐♠❡♥&✐♦♥✳
❯♥ ❛✉%+❡ ❡①❡♠♣❧❡✱ ❝♦♥&✐&%❡ 6 ❝♦♥&✐❞7+❡+ ✉♥❡ %✉+❜✉❧❡♥❝❡ ✐&♦%+♦♣❡✱ ♦# ❧❡& ♣❡+%✉+✲
❜❛%✐♦♥& δB ♥❡ ❞7♣❡♥❞❡♥% ❞♦♥❝ 9✉❡ ❞✉ ♠♦❞✉❧❡ ‖x‖
δBiso (x) = δB (‖x‖) . ✭✷✳✻✵✮
❉❛♥& ❝❡% ❡①❡♠♣❧❡✱ ❧❛ %✉+❜✉❧❡♥❝❡ ❡&% &%❛%✐9✉❡ ❡% ✐&♦%+♦♣❡✱ ❡% ❧✬❡①♣+❡&&✐♦♥ ❞✉ ❝♦❡✣❝✐❡♥%
❞❡ ❞✐✛✉&✐♦♥ ♣❛+❛❧❧C❧❡ 9✉❛&✐✲❧✐♥7❛✐+❡ &✬7❝+✐% ❬✾✼✱ ✶✵✵❪
Dµµ = 2
(
1− µ2
)
Ω2
(
δB
B0
)2 ∫ 1
0
dη
∫ ∞
0
dkG (k)
×
∞∑
−∞
Rn (k, η)
[
η2J ′2n (w) +
n2
w2
J2n (w)
]
, ✭✷✳✻✶✮
❛✈❡❝ w = kRG
√
1− µ2
√
1− η2 ❡% η ❧❡ ❝♦&✐♥✉& ❞❡ ❧✬❛♥❣❧❡ ❡♥%+❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥7%✐9✉❡
♠♦②❡♥ B0 ❡% ❧❡ ✈❡❝%❡✉+ ❞✬♦♥❞❡ k✱ Jn ❧❡& ❢♦♥❝%✐♦♥& ❞❡ ❇❡&&❡❧ ❞❡ ♣+❡♠✐C+❡ ❡&♣C❝❡ ❡%
❧❡✉+& ❞7+✐✈7❡& J ′n✱ ❡% G (k) ❧❡ &♣❡❝%+❡ ✉♥✐❞✐♠❡♥&✐♦♥♥❡❧✱ +❡&♣♦♥&❛❜❧❡ ❞❡ ❧❛ +7♣❛+%✐%✐♦♥
❞❡ ❧✬7♥❡+❣✐❡ ❞❛♥& ❧✬❡&♣❛❝❡ ❞❡ ❋♦✉+✐❡+✳ ▲✬79✉❛%✐♦♥ ✭✷✳✻✶✮ &❡+❛ ❞✐&❝✉%7❡ ❞❛♥& ❧❡ ❝❛❞+❡
❞❡& %❤7♦+✐❡& ❞✉ %+❛♥&♣♦+% ❞❛♥& ❧❡ ♠✐❧✐❡✉ ✐♥%❡+&%❡❧❧❛✐+❡✳
❈❡♣❡♥❞❛♥%✱ ❧❛ %❤7♦+✐❡ 9✉❛&✐✲❧✐♥7❛✐+❡ 7❝❤♦✉❡ 6 ❞7❝+✐+❡ ❧❡ %+❛♥&♣♦+% ❞❡& ♣❛+%✐❝✉❧❡&
❝❤❛+❣7❡& ❞❛♥& ❝❡+%❛✐♥❡& ❝♦♥✜❣✉+❛%✐♦♥&✱ ♥♦%❛♠♠❡♥% ♣♦✉+ ❞7❝+✐+❡ ❧❡ %+❛♥&♣♦+% ♣❡+✲
♣❡♥❞✐❝✉❧❛✐+❡ ❡% ❧❛ ❞✐✛✉&✐♦♥ ♣❛+❛❧❧C❧❡ ❞❛♥& ❧❡& ♠♦❞C❧❡& ❞❡ %✉+❜✉❧❡♥❝❡ ❛✉%+❡& 9✉✬✉♥✐✲
❞✐♠❡♥&✐♦♥♥❡❧&✳ ▲❡& ♣+♦❜❧C♠❡& &❡ +7&✉♠❡♥% ❡♥ %+♦✐& ♣♦✐♥%& ✿
✶✳ ▲❡ ♣+♦❜❧C♠❡ ❞❡ ❧❛ ❞✐✛✉&✐♦♥ 6 ✾✵✝ ✿
❆ µ = 0✱ ❧❛ %❤7♦+✐❡ 9✉❛&✐✲❧✐♥7❛✐+❡ ❡&% ✐♥❝♦❤7+❡♥%❡✱ ♥♦%❛♠♠❡♥% 6 ❝❛✉&❡ ❞✉
❝♦❡✣❝✐❡♥% ❞❡ ❞✐✛✉&✐♦♥ ❛♥❣✉❧❛✐+❡✱ 9✉✐ ❡&% ♦❜%❡♥✉ 6 ♣❛+%✐+ ❞❡ ❧✬❤②♣♦%❤C&❡ ♦#
❧❡& ♣❛+%✐❝✉❧❡& &✉✐✈❡♥% ❞❡& %+❛❥❡❝%♦✐+❡& ♥♦♥ ♣❡+%✉+❜7❡&✱ &❛♥& %❡♥✐+ ❝♦♠♣%❡ ❞❡
❧❡✉+ ✈✐%❡&&❡ ♣❛+❛❧❧C❧❡✳ ▲✬79✉❛%✐♦♥ ✭✷✳✺✷✮ ♥✬❡&% ❛✉ ❞❡♠❡✉+❛♥% ♣❧✉& ✈❛❧❛❜❧❡✳ ❊✈✐✲
❞❡♠❡♥%✱ ❝❡%%❡ ❤②♣♦%❤C&❡ ❡&% ❞✬❛✉%❛♥% ♣❧✉& ❢❛✉&&❡ 9✉❡ ❧❡ %❡♠♣& ❛✉❣♠❡♥%❡ ✿ ❧❛
♣❛+%✐❝✉❧❡ &✬7❧♦✐❣♥❡ ❞❡ ♣❧✉& ❡♥ ♣❧✉& ❞❡ &♦♥ ♦+❜✐%❡ ♥♦♥ ♣❡+%✉+❜7❡✳ ❉❡ ♣❧✉&✱ &✐ ❧❡
❝♦❡✣❝✐❡♥% ❞❡ ❞✐✛✉&✐♦♥ ❛♥❣✉❧❛✐+❡ ❡&% ♥✉❧ 6 µ = 0✱ ❝❡❧❛ &✐❣♥✐✜❡ 9✉❡ ❧❡& ♣❛+%✐✲
❝✉❧❡& ❞♦♥% ❧❛ ✈✐%❡&&❡ ❡&% ♦+%❤♦❣♦♥❛❧❡ ❛✈❡❝ ❧❡ ❝❤❛♠♣ ♠❛❣♥7%✐9✉❡ &❡+♦♥% ♣✐7❣7❡&
❞❛♥& ❝❡% 7%❛%✳ ❈✬❡&% ❝❡ 9✉❡ ❧❛ ❝♦♠♠✉♥❛✉%7 &❝✐❡♥%✐✜9✉❡ ❛♣♣❡❧❧❡ ❧❡ ♣#♦❜❧&♠❡
❞❡) ✾✵✝ ✭❬✶✵✼✱ ✶✵✽✱ ✾✼✱ ✶✵✵❪✮✳ ▲❡& ♣+♦❝7❞✉+❡& ❞❡ ❞7+✐✈❛%✐♦♥ ♥♦♥✲❧✐♥7❛✐+❡ ❞❡&
❝♦❡✣❝✐❡♥%& ❞❡ ❞✐✛✉&✐♦♥ &♦♥% ❞♦♥❝ ❛♣♣❛+✉❡&✱ ❛✜♥ ❞❡ ❧❡✈❡+ ❝❡%%❡ ❞✐✣❝✉❧%7 ❬✶✵✸❪✳
✷✳ ▲❡ ♣+♦❜❧C♠❡ ❞❡ ❧❛ ❞✐✛✉&✐♦♥ ♣❡+♣❡♥❞✐❝✉❧❛✐+❡ ✿ ❧❛ %❤7♦+✐❡ 9✉❛&✐✲❧✐♥7❛✐+❡ ♥❡ ♣❡✉%
♣❛& ❞7❝+✐+❡ ❧❡ %+❛♥&♣♦+% ♣❡+♣❡♥❞✐❝✉❧❛✐+❡ ❛✉ ❝❤❛♠♣ ♠❛❣♥7%✐9✉❡ ♠♦②❡♥ B0✳
❆❧♦+& 9✉❡ ❧❡& &✐♠✉❧❛%✐♦♥& ♥✉♠7+✐9✉❡& ❬✸✵❪ ♣+7✈♦✐❡♥% ❞❡& ❝♦♠♣♦+%❡♠❡♥% &✉❜✲
❞✐✛✉&✐❢& ♣♦✉+ ✉♥❡ ❣7♦♠7%+✐❡ ✉♥✐❞✐♠❡♥&✐♦♥♥❡❧❧❡ ✭79✉❛%✐♦♥ ✷✳✺✻✮✱ ❡% ❞❡& ❝♦♠✲
♣♦+%❡♠❡♥%& ❞✐✛✉&✐❢& ♣♦✉+ ❧❡& ♠♦❞C❧❡& ❝♦♠♣♦&✐%❡& ✭79✉❛%✐♦♥ ✷✳✺✾✮✱ ❧❛ %❤7♦+✐❡
9✉❛&✐✲❧✐♥7❛✐+❡ 7❝❤♦✉❡ ❞❛♥& ❧❡& ❞❡✉① ❝❛& 6 ♦❜%❡♥✐+ ❝❡& +7❣✐♠❡& %❡♠♣♦+❡❧& ❬✽✽❪✳
✹✽❈❍❆#■❚❘❊ ✷✳ ▲❊ ❚❘❆◆❙#❖❘❚❉❊❙ ❘❆❨❖◆❙ ❈❖❙▼■◗❯❊❙ ❊◆ ❚❯❘❇❯▲❊◆❈❊▼❍❉
✸✳ ▲❡ ♣'♦❜❧+♠❡ ❞❡ ❧❛ ❣0♦♠01'✐❡ ✿
▲❛ 1❤0♦'✐❡ 5✉❛7✐✲❧✐♥0❛✐'❡ ❡71 ✐♥❝❛♣❛❜❧❡ ❞❡ ♣'0❞✐'❡ ❧❡ 1'❛♥7♣♦'1 ♣❛'❛❧❧+❧❡ ❞❛♥7
❧❡ ❝❛7 ♦; ❧❛ ❣0♦♠01'✐❡ ❝♦♥7✐❞0'0❡ ♥✬❡71 ♣❛7 ✉♥✐❞✐♠❡♥7✐♦♥♥❡❧❧❡✳ ❈❡ ♣'♦❜❧+♠❡
❢✉1 0❣❛❧❡♠❡♥1 '07♦❧✉ ♣❛' ❧✬✐♥1'♦❞✉❝1✐♦♥ ❞❡7 1❤0♦'✐❡7 ♥♦♥✲❧✐♥0❛✐'❡7 ❞✉ 1'❛♥7♣♦'1
❬✽✽❪✳
▲❡7 1'♦✐7 ♣'♦❜❧+♠❡7 ♣'0❝0❞❡♠♠❡♥1 0♥✉♠0'07 ♦♥1 ♠♦1✐✈0 ❧❡ ❞0✈❡❧♦♣♣❡♠❡♥1 ❞❡7
1❤0♦'✐❡7 ♥♦♥ ❧✐♥0❛✐'❡7✱ 5✉✐ ♦♥1 ❝♦♠♠❡♥❝0 C ❛♣♣❛'❛D1'❡ ❞❛♥7 ❧❡7 ❛♥♥0❡7 ✼✵✳ ▲❛ 7❡❝1✐♦♥
7✉✐✈❛♥1❡ ❞'❡77❡ ✉♥❡ ❧✐71❡ ♥♦♥ ❡①❤❛✉71✐✈❡ ❞❡7 ❞✐✛0'❡♥1❡7 1❤0♦'✐❡7 ❞0✈❡❧♦♣♣0❡7 ❞❡♣✉✐7
✶✾✻✻✳
✷✳✸✳✷ ❘$%♦♥❛♥❝❡% %✉, ❧❡% ♦♥❞❡% ▼❍❉
▲❛ ❢♦♥❝1✐♦♥ ❞❡ '07♦♥❛♥❝❡ ✭✷✳✺✺✮ 70❧❡❝1✐♦♥♥❡ ❧❡7 ♦♥❞❡7 ❞✉ 7♣❡❝1'❡ 5✉✐ '07♦♥♥❡♥1
♣♦✉' ✉♥❡ ✈✐1❡77❡ ❞❡ ♣❛'1✐❝✉❧❡7 ❞♦♥♥0❡✳ ▲❛ ✈❡'7✐♦♥ ❡♥ 1✉'❜✉❧❡♥❝❡ ❞②♥❛♠✐5✉❡ ❛❥♦✉1❡ ❧❛
♣✉❧7❛1✐♦♥ ❞❡ ❧✬♦♥❞❡ ❞❛♥7 ❧✬❛'❣✉♠❡♥1 ❞❡ ❧❛ ❞✐71'✐❜✉1✐♦♥ ❞❡ ❉✐'❛❝ ❞✉ 1❡'♠❡ ❞❡ ❞'♦✐1❡✳
S♦✉' n = 0✱ ❞❛♥7 ❧❡ '0❢0'❡♥1✐❡❧ 7❡ ❞0♣❧❛T❛♥1 C v = v‖ ♣❛' '❛♣♣♦'1 ❛✉ ❧❛❜♦'❛1♦✐'❡✱
❧❡7 ♦♥❞❡7 ♦♥1 ✉♥❡ ❢'05✉❡♥❝❡ ♥✉❧❧❡✳ ❉❛♥7 ❝❡ '0❢0'❡♥1✐❡❧✱ ✉♥❡ ♣❛'1✐❝✉❧❡ '07♦♥♥❡ ❛✈❡7 ❝❡7
♦♥❞❡7 5✉✬❡❧❧❡ ✈♦✐1✳
❈❡1 ❡✛❡1 ❡71 ❝♦♥♥✉ 7♦✉7 ❧❡ ♥♦♠ ❞❡ ♠✐'♦✐' ♠❛❣♥01✐5✉❡✱ ♦✉ '07♦♥❛♥❝❡ ❈❤0'❡♥❦♦✈✱
❡1 '❡5✉✐❡'1 ❞❡7 ♣❡'1✉'❜❛1✐♦♥7 ❝♦♠♣'❡77✐❜❧❡7 ❞✉ ❝❤❛♠♣ ♠❛❣♥01✐5✉❡✳ ▲❡ ♣'✐♥❝✐♣❡ ❞❡
❝❡11❡ '07♦♥❛♥❝❡ ❡71 ❜❛70❡ 7✉' ❧❛ ❝♦♥7❡'✈❛1✐♦♥ ❞❡ 7♦♥ ✐♥✈❛'✐❛♥1 ❛❞✐❛❜❛1✐5✉❡
p2⊥
B
= cst. ✭✷✳✻✷✮
❈❡11❡ ❝♦♥❞✐1✐♦♥ ❡71 ✈0'✐✜0❡ 7✐ ❧❛ ♣❡'1✉'❜❛1✐♦♥ ♠❛❣♥01✐5✉❡ ♣♦77+❞❡ ✉♥❡ 0❝❤❡❧❧❡ 7✉✲
♣0'✐❡✉'❡ ❛✉ '❛②♦♥ ❞❡ ▲❛'♠♦' ❞❡ ❧❛ ♣❛'1✐❝✉❧❡✳ ▲♦'75✉❡ ❧❛ ❝♦♠♣♦7❛♥1❡ ♣❛'❛❧❧+❧❡ ❞❡ ❧❛
✈✐1❡77❡ ❞❡ ❧❛ ♣❛'1✐❝✉❧❡ 7✬❛♥♥✉❧❡✱ ❧❛ ❢♦'❝❡ ♠❛❣♥01✐5✉❡ 7✉' ❧❛ ♣❛'1✐❝✉❧❡ ✐♥✈❡'7❡ ❧❡ 7✐❣♥❡
❞❡ µ✱ ❡1 ❧❛ ♣❛'1✐❝✉❧❡ '❡♣❛'1 ❡♥ 7❡♥7 ✐♥✈❡'7❡✳ ❈❡ ♣'♦❝❡77✉7 ❡♥1'❛D♥❡ ✉♥❡ ❞✐✛✉7✐♦♥ ❞❛♥7
❧✬❡7♣❛❝❡ ❞❡7 µ 1'+7 ❡✣❝❛❝❡ ♣❛' ❧❡7 ♦♥❞❡7 ♠❛❣♥01♦✲7♦♥✐5✉❡7 ❬✺✹✱ ✶✵✽❪✳ ❖♥ ❞✐1 5✉❡
❧✬✐♥1❡'❛❝1✐♦♥ ♥✬✐♥1❡'✈✐❡♥1 5✉❡ ♣♦✉' ❞❡7 µ ♣'♦❝❤❡7 ❞❡ ③0'♦✳ ❈❡11❡ '07♦♥❛♥❝❡ ♣♦'1❡ ❧❡
♥♦♠ ❞❡ 1'❛♥7✐1 1✐♠❡ ❞❛♠♣✐♥❣ ♦✉ ❚❚❉✳
S♦✉' n 6= 0✱ ✉♥❡ ♣❛'1✐❝✉❧❡ '07♦♥♥❡ ❛✈❡❝ ❧❡7 ♦♥❞❡7 5✉✬❡❧❧❡ ✈♦✐1 C 7❛ ❢'05✉❡♥❝❡ ❞❡
❣✐'❛1✐♦♥ Ω ♦✉ C ✉♥ ♠✉❧1✐♣❧❡ ✿ ❝✬❡71 ❧❛ ❣②'♦✲'07♦♥❛♥❝❡✳
✷✳✸✳✸ ❉$2❡,♠✐♥❛2✐♦♥ ❞❡% %♣❡❝2,❡% ❞❡ ●♦❧❞,❡✐❝❤✲❙,✐❞❤❛,
▲❡ 7♣❡❝1'❡ ❞❡ ●♦❧❞'❡✐❝❤✲❙'✐❞❤❛' 1'✐❞✐♠❡♥7✐♦♥♥❡❧ E3D
(
k⊥, k‖
)
7✬0❝'✐1 ✭❝❢✳ ❡5✉❛1✐♦♥
✭✶✳✸✼✮✮
E3D
(
k⊥, k‖
)
∝ k−10/3⊥ g
(
k‖/k
2/3
⊥
)
, ✭✷✳✻✸✮
♦; g ❡71 ✉♥❡ ❢♦♥❝1✐♦♥ ❛'❜✐1'❛✐'❡ ♥♦♥ ❞0✜♥✐❡✱ ❞♦♥♥❛♥1 ❧❛ '0♣❛'1✐1✐♦♥ ❞❡ ❧✬0♥❡'❣✐❡ ❞❛♥7
❧❛ ❞✐'❡❝1✐♦♥ ❞❡ k‖ ❞❛♥7 ❧✬❡7♣❛❝❡ ❞❡ ❋♦✉'✐❡'✳ ▲❛ ❢♦'♠❡ ❞❡ g ❛ 010 ❞01❡'♠✐♥0❡ C ♣❛'1✐'
❞✉ ✜1 ❞❡ ❧❛ ❢♦♥❝1✐♦♥ ❞❡ 71'✉❝1✉'❡ ❞❡7 ✈✐1❡77❡7 ❞❡ ❞❡✉①✐+♠❡ ♦'❞'❡
✷✳✸✳ ❚❍➱❖❘■❊ ◗❯❆❙■✲▲■◆➱❆■❘❊ ❉❯ ❚❘❆◆❙2❖❘❚ ✹✾
SKij =
〈
ṽi (k) ṽ
⋆
j (k)
〉
, ✭✷✳✻✹✮
❞✬✉♥❡ ,✐♠✉❧❛1✐♦♥ ▼❍❉ ✐♥❝♦♠♣8❡,,✐❜❧❡✳
❋✐❣✉$❡ ✷✳✶ ✕ ❋♦♥❝1✐♦♥ ❞❡ ,18✉❝1✉8❡ ❞❡ ❞❡✉①✐>♠❡ ♦8❞8❡ ❞❡, ✈✐1❡,,❡,✳ ❊♥ ❤❛✉1✱
❝♦♥,18✉❝1✐♦♥ ♥✉♠C8✐D✉❡ ♣♦✉8 ✉♥❡ ,✐♠✉❧❛1✐♦♥ ✐♥❝♦♠♣8❡,,✐❜❧❡ 2563✳ ❊♥ ❜❛,✱ ❢♦♥❝1✐♦♥
❞❡ ,18✉❝1✉8❡ ❝❛❧❝✉❧C❡ F ♣❛81✐8 ❞✉ ♣8♦✜❧ ❡①♣♦♥❡♥1✐❡❧ ❞♦♥♥C ♣❛8 ❧✬CD✉❛1✐♦♥ ✭✷✳✻✺✮✳ ❋✐✲
❣✉8❡ ❡①18❛✐1❡ ❞❡ ❬✶✽❪✳
▲❡ 8C,✉❧1❛1 ❞❛♥, ❧❡ ❝❛, ❞✬✉♥❡ 1✉8❜✉❧❡♥❝❡ 18❛♥,✲❛❧❢✈C♥✐D✉❡ ♦O δu ∼ vA✱ ✐❧❧✉,18C
✜❣✉8❡ ✷✳✶✱ ,✬C❝8✐1 ❬✶✽❪
E3D
(
k⊥, k‖
)
=
B0
L1/3
k
−10/3
⊥ e
(
−L1/3k‖/k
2/3
⊥
)
. ✭✷✳✻✺✮
❈❡ 8C,✉❧1❛1 ❡,1 ♠❛✐♥1❡♥❛♥1 ✉1✐❧✐,C ♣♦✉8 ❝❛❧❝✉❧❡8 ❧❡ ❝♦❡✣❝✐❡♥1 ❞❡ ❞✐✛✉,✐♦♥ ❛♥❣✉✲
❧❛✐8❡ Dµµ✱ ❡1 ❛✈❡❝ ❧✉✐ ❧❛ ❢8CD✉❡♥❝❡ ❞❡ ❞✐✛✉,✐♦♥ ν ❞C1❡8♠✐♥C❡ ♣❛8
ν = 2
Dµµ
1− µ2 . ✭✷✳✻✻✮
✺✵❈❍❆#■❚❘❊ ✷✳ ▲❊ ❚❘❆◆❙#❖❘❚❉❊❙ ❘❆❨❖◆❙ ❈❖❙▼■◗❯❊❙ ❊◆ ❚❯❘❇❯▲❊◆❈❊▼❍❉
✷✳✸✳✹ ❘%&✉❧)❛)& +✉❛&✐✲❧✐♥%❛✐/❡ ♣♦✉/ ❧❡& ❞✐✛%/❡♥)& ♠♦❞❡& ❞✬♦♥❞❡
▲✬$%✉❞❡ ❞❡) ✐♥%❡,❛❝%✐♦♥) ❛✈❡❝ ❧❡) ❞✐✛$,❡♥%) ♠♦❞❡) ❞✬♦♥❞❡ ❝♦♠♣♦)❛♥% ❧❛ %✉,❜✉✲
❧❡♥❝❡ ▼❍❉ ❡)% ✉%✐❧❡ ♣♦✉, ❞$%❡,♠✐♥❡, ❧❡) ❝♦❡✣❝✐❡♥%) ❞❡ ❞✐✛✉)✐♦♥ ❞❛♥) ❧❡) ❞✐✛$,❡♥%❡)
♣❤❛)❡) ❞✉ ♠✐❧✐❡✉ ✐♥%❡,)%❡❧❧❛✐,❡✳ ❖♥ )❛✐% >✉❡ ❧❛ %✉,❜✉❧❡♥❝❡ ▼❍❉ ♣❡✉% ?%,❡ ❞$❝♦♠♣♦✲
)$❡ )✉, ❧❡) ♠♦❞❡) ❞✬♦♥❞❡ ❞✬❆❧❢✈$♥ ❡% ♠❛❣♥$%♦✲)♦♥♦,❡) ❬✶✽✱ ✷✵❪✳
▲❡) ♦♥❞❡) ❞✬❆❧❢✈$♥ ♦♥% ✉♥ )♣❡❝%,❡ ❡♥ $♥❡,❣✐❡ ❛♥✐)♦%,♦♣❡ ❬✸✷✱ ✶✵✻❪ )✉✐✈❛♥% ✉♥❡ ❧♦✐
❞❡ ●♦❧❞,❡✐❝❤✲❙,✐❞❤❛, ✭$>✉❛%✐♦♥ ✭✷✳✻✺✮✮✱ ❧✬❡))❡♥%✐❡❧ ❞❡ ❧✬$♥❡,❣✐❡ ❡)% )%♦❝❦$❡ ❞❛♥) ❧❡)
♠♦❞❡) ♣❡,♣❡♥❞✐❝✉❧❛✐,❡) k⊥✳ ❉❡✉① ❝♦♥)$>✉❡♥❝❡) )❡ ❞$❣❛❣❡♥% ❞❡ ❝❡%%❡ ♣,♦♣,✐$%$✳ ▲❛
♣,❡♠✐Q,❡ ❡)% >✉❡ ❧❡) ✐♥%❡,❛❝%✐♦♥) )♦♥% ❡))❡♥%✐❡❧❧❡♠❡♥% ❞❡ ♥❛%✉,❡ ❣✐,❛%♦✐,❡✱ ♣✉✐)>✉❡
❧❡) ✐♥%❡,❛❝%✐♦♥) ❚❚❉ ♥$❝❡))✐%❡♥% ❞❡) ♣❡,%✉,❜❛%✐♦♥) ❝♦♠♣,❡))✐❜❧❡)✳ ▲❛ )❡❝♦♥❞❡ ❝♦♥)$✲
>✉❡♥❝❡ ❡)% >✉❡ ❧❡) ♣❛,%✐❝✉❧❡) )❛%✐)❢❛✐)❛♥% k‖rL ∼ 1 ✈$,✐✜❡♥% ❛✉))✐ k⊥ ≫ r−1L ✳ ❈❡❝✐
✐♠♣❧✐>✉❡ >✉❡ ❧♦,) ❞✬✉♥❡ ❣✐,❛%✐♦♥✱ ✉♥❡ ♣❛,%✐❝✉❧❡ ✈❛ ✐♥%$,❛❣✐, ❛✈❡❝ ♣❧✉)✐❡✉,) %♦✉,❜✐❧❧♦♥)
❞$❝♦,,$❧$) ❧❡) ✉♥) ❞❡) ❛✉%,❡)✱ ❞✐♠✐♥✉❛♥% ❧✬❡✣❝❛❝✐%$ ❞❡ ❧❛ ❞✐✛✉)✐♦♥ ❛♥❣✉❧❛✐,❡ ✭❝❢✳ ✜✲
❣✉,❡ ✷✳✷✮ ❬✶✵✻✱ ✶✵✼❪✳
▲❡) ♠♦❞❡) ♠❛❣♥$%♦✲)♦♥♦,❡) ,❛♣✐❞❡) )✉✐✈❡♥% >✉❛♥% V ❡✉① ✉♥ )♣❡❝%,❡ ✐)♦%,♦♣❡✱ )✉✐✲
✈❛♥% ✉♥❡ ❧♦✐ ❞❡ ❑,❛✐❝❤♠❛♥ ❬✷✵❪✳ ❈✬❡)% ❞❛♥) ❝❡%%❡ %✉,❜✉❧❡♥❝❡ ❞✬♦♥❞❡ >✉❡ ❧✬♦♥ %,♦✉✈❡,❛
❧❡ ❝♦♥❝♦✉,) ❞❡) ✐♥%❡,❛❝%✐♦♥) ❣✐,❛%♦✐,❡) ❡% ❚❚❉ ❛✉ ❝♦❡✣❝✐❡♥% ❞❡ ❞✐✛✉)✐♦♥ ❛♥❣✉❧❛✐,❡✳
▲❡ ❝♦❡✣❝✐❡♥% ❞❡ ❞✐✛✉)✐♦♥ ❛♥❣✉❧❛✐,❡ ❞❛♥) ❧❡ ❝❛❞,❡ ❞✬✉♥❡ ❞✐✛✉)✐♦♥ )✉, ❧❡) ♠♦❞❡)
❞✬❆❧❢✈$♥ DG,Aµµ )✬$❝,✐% ❬✶✵✻✱ ✶✵✼❪
DG,Aµµ =
v2.5µ5.5
ω1.5L2.5 (1− µ2)0.5
Γ
[
6.5, k
−2/3
d k‖L
1/3
]
, ✭✷✳✻✼✮
♦X Γ [a, z] ❡)% ❧❛ ❞✐)%,✐❜✉%✐♦♥ ❣❛♠♠❛ ✐♥❝♦♠♣❧Q%❡✱ kd ❡)% ❧✬$❝❤❡❧❧❡ ❞❡ ❞✐))✐♣❛%✐♦♥✱ L
❧✬$❝❤❡❧❧❡ ❞❡ ❝♦❤$,❡♥❝❡ ❞❡ ❧❛ %✉,❜✉❧❡♥❝❡ ❡% v ❧❛ ✈✐%❡))❡ ❞❡) ♣❛,%✐❝✉❧❡)✳ ▲✬$>✉❛%✐♦♥
✭✷✳✻✼✮ ❡)% ✈❛❧❛❜❧❡ ♣♦✉, ❧❡) ❛♥❣❧❡) ❞✬❛%%❛>✉❡ ♥♦♥ ♣,♦❝❤❡) ❞❡ ③$,♦✳ ❊♥ ✉%✐❧✐)❛♥% ❧✬$>✉❛✲
%✐♦♥ ✭✷✳✻✼✮ ♣♦✉, ❞$%❡,♠✐♥❡, ❧❛ ❢,$>✉❡♥❝❡ ❞❡ ❞✐✛✉)✐♦♥ ❡①♣,✐♠$❡ ♣❛, ❧✬$>✉❛%✐♦♥ ✭✷✳✻✻✮✱
✐❧ ❛ $%$ ❞$♠♦♥%,$ ❬✶✵✻✱ ✶✵✼❪ >✉❡ ❧❡) ,$)✉❧%❛%) )♦♥% ❜✐❡♥ ❡♥ ❞❡))♦✉) ❞❡ ❝❡✉① ❡)%✐♠$)
❞❛♥) ❧❡ ❝❛❞,❡ ❞✬✉♥❡ ❞✐✛✉)✐♦♥ ❞❛♥) ✉♥❡ %✉,❜✉❧❡♥❝❡ ✐)♦%,♦♣❡ ❡% )❧❛❜✳ ❈❡ ❝♦♠♣♦,%❡♠❡♥%
❡)% ❞[ V ❧❛ ❞✐)%,✐❜✉%✐♦♥ ❣❛♠♠❛ ✐♥❝♦♠♣❧Q%❡✱ >✉✐ ❞✐♠✐♥✉❡ ❧❡) ✈❛❧❡✉,) ❞❡) ❝♦❡✣❝✐❡♥%)
❞❡ ❞✐✛✉)✐♦♥✳
▲❡ ❝♦❡✣❝✐❡♥% ❞❡ ❞✐✛✉)✐♦♥ ❛♥❣✉❧❛✐,❡ ♣♦✉, ❧❡) ♠♦❞❡) ❞✬♦♥❞❡ ♠❛❣♥$%♦)♦♥✐>✉❡ ,❛♣✐❞❡
,$)✉❧%❛♥% ❞❡ ❧✬✐♥%❡,❛❝%✐♦♥ ❈❤❡,❡♥❦♦✈✱ ♦✉ ❚❚❉✱ )✬$❝,✐% ❬✶✵✼❪
DTTD,Fµµ =
π (Ωvµ)0.5 (1− µ2)
14L0.5
(
1−
[(
k⊥/k‖
)2
+ 1
]−7/4)
. ✭✷✳✻✽✮
■❝✐✱ ❧❛ ❞✐✛$,❡♥❝❡ ❛✈❡❝ ❧✬$>✉❛%✐♦♥ ✭✷✳✻✼✮ ✈✐❡♥% ❞❡ ❧❛ ❢♦♥❝%✐♦♥ ❞❡ ,$)♦♥❛♥❝❡ ✉%✐❧✐)$❡
♣♦✉, ❧❡ ❝❛❧❝✉❧ ❞✉ ❝♦❡✣❝✐❡♥% ❞❡ ❞✐✛✉)✐♦♥ ❛♥❣✉❧❛✐,❡✳ ❈♦♥%,❛✐,❡♠❡♥% V )♦♥ ❛♥❛❧♦❣✉❡
✷✳✹✳ ▲❊❙ ❚❍➱❖❘■❊❙ ◆❖◆ ▲■◆➱❆■❘❊❙ ✺✶
❛❧❢✈&♥✐)✉❡✱ ❧❛ ❢♦♥❝/✐♦♥ ❞❡ 1&2♦♥❛♥❝❡ ❡2/ &❧❛1❣✐❡ ♠5♠❡ ♣♦✉1 ❧❡2 µ ♣1♦❝❤❡2 ❞❡ ③&1♦✱ ❝❡
)✉✐ ❝♦♥2/✐/✉❡ ❞&❥: ✉♥❡ ❝♦11❡❝/✐♦♥ : ❧❛ /❤&♦1✐❡ )✉❛2✐✲❧✐♥&❛✐1❡ ❬✶✵✼❪✳ ▲✬&)✉❛/✐♦♥ ✭✷✳✻✽✮
❡2/ ❞♦♥❝ ✈❛❧❛❜❧❡ 2✉1 ❧✬❡♥2❡♠❜❧❡ ❞❡2 ✈❛❧❡✉12 ❞❡ µ✳ ▲❛ ✜❣✉1❡ ✷✳✷ ❝♦♠♣❛1❡ ❧❡2 1&2✉❧/❛/2
♦❜/❡♥✉2 ♣♦✉1 ❧❡ /❛✉① ❞❡ ❞✐✛✉2✐♦♥ ❞&✜♥✐ ♣❛1 ❧✬&)✉❛/✐♦♥ ✷✳✻✻ ♣♦✉1 ❞❡✉① ♣❤❛2❡2 ❞✉
♠✐❧✐❡✉ ✐♥/❡12/❡❧❧❛✐1❡✱ ❧❡ ❤❛❧♦ ❣❛❧❛❝/✐)✉❡✱ ❡/ ❧❡ ❲■▼✳ ❊❧❧❡ ✐❧❧✉2/1❡ ❧❛ ❞&♣❡♥❞❛♥❝❡ ❞❡ ❧❛
❢1&)✉❡♥❝❡ ❞❡ ❞✐✛✉2✐♦♥ ❛♥❣✉❧❛✐1❡ ❛✈❡❝ ❧✬&♥❡1❣✐❡ ❞❡ ❧❛ ♣❛1/✐❝✉❧❡ ❡/ ❧❡ ❝♦2✐♥✉2 ❞❡ ❧✬❛♥❣❧❡
❞✬❛//❛)✉❡ µ ♣♦✉1 ✉♥❡ &♥❡1❣✐❡ ❞❡ ♣❛1/✐❝✉❧❡ Epart = 1 GeV✳ ▲❡ 1&2✉❧/❛/ ❡2/ ❝♦♠♠✉♥
♣♦✉1 ❧❡2 ❞❡✉① ♣❤❛2❡2 &/✉❞✐&❡2 ✿ ❧❛ ❝♦♥/1✐❜✉/✐♦♥ ❞✉ ❚❚❉ ❞❛♥2 ❧❛ ❢1&)✉❡♥❝❡ ❞❡ ❞✐✛✉2✐♦♥
❡2/ ♥&❣❧✐❣❡❛❜❧❡ ♣♦✉1 ❞❡2 ♣❛1/✐❝✉❧❡2 ❞❡ ❤❛✉/❡ &♥❡1❣✐❡ ❡/ ♣♦✉1 ❞❡2 µ ∈ [0.2 : 1]✳ S♦✉1
❧❡2 µ . 0.2✱ ❧❛ ❝♦♥/1✐❜✉/✐♦♥ ❞✉ ❚❚❉ ❛✉ ❝♦❡✣❝✐❡♥/ ❞❡ ❞✐✛✉2✐♦♥ ❛♥❣✉❧❛✐1❡ ❞❡✈✐❡♥/
2✉♣&1✐❡✉1❡✱ ♠♦♥/1❛♥/ )✉❡ ❧✬❡✛❡/ ❞❡ ♠✐1♦✐1 ♠❛❣♥&/✐)✉❡ ❞♦♠✐♥❡ ❧❛ ❞✐✛✉2✐♦♥✳
❈❡2 1&2✉❧/❛/2 2❡1♦♥/ ❝♦♠♣❛1&2 ❛✉① 1&2✉❧/❛/2 ♥♦♥✲❧✐♥&❛✐1❡2 ❞&✈❡❧♦♣♣&2 ❞❛♥2 ❧❛ 2❡❝✲
/✐♦♥ 2✉✐✈❛♥/❡✳
✷✳✹ ▲❡% &❤(♦*✐❡% ♥♦♥ ❧✐♥(❛✐*❡%
▲❡2 /❤&♦1✐❡2 ♥♦♥ ❧✐♥&❛✐1❡2 ❞✉ /1❛♥2♣♦1/ 2♦♥/ ❛♣♣❛1✉❡2 ❛✈❡❝ ❧✬&❝❤❡❝ ❞❡ ❧❛ /❤&♦1✐❡
)✉❛2✐✲❧✐♥&❛✐1❡ ❞❡ ❞&❝1✐1❡ ❞❛♥2 ❝❡1/❛✐♥2 2❝&♥❛1✐♦2 ❧❡2 /1❛♥2♣♦1/2 ♣❡1♣❡♥❞✐❝✉❧❛✐1❡2 ❡/
♣❛1❛❧❧V❧❡2 ❞❡2 1❛②♦♥2 ❝♦2♠✐)✉❡2✳
▲❛ ♣1✐2❡ ❡♥ ❝♦♠♣/❡ ❞❡2 ♥♦♥ ❧✐♥&❛1✐/&2 ✐♥/❡1✈✐❡♥/ : ♣❛1/✐1 ❞❡ ❧✬&)✉❛/✐♦♥ ✭✷✳✸✵✮ ♣♦✉1
1&2♦✉❞1❡ ❧✬&)✉❛/✐♦♥ ✭✷✳✷✾✮✳ ▲❡ ❞&✈❡❧♦♣♣❡♠❡♥/ ❢❛✐/ 1❛♣✐❞❡♠❡♥/ ✐♥/❡1✈❡♥✐1 ✉♥❡ ❛❧❣V❜1❡
❧♦✉1❞❡✱ ❛✉22✐ ✐❧ ❡2/ ❛❞♠✐2 )✉❡ ❧✬❛♣♣♦1/ ❞❡ ❧❛ ♥♦♥ ❧✐♥&❛1✐/& ♣❡✉/ 5/1❡ ❛♠❡♥& ✈✐❛ ❧❛
♠♦❞✐✜❝❛/✐♦♥ ❞❡ ❧❛ ❢♦♥❝/✐♦♥ ❞❡ 1&2♦♥❛♥❝❡ ✭&)✉❛/✐♦♥ ✭✷✳✺✺✮✮ ❬✾✻❪✳
❈❡❝✐ ♣❡✉/ 2❡ ❝♦♠♣1❡♥❞1❡ ♣❛1 ❧❡ ❢❛✐/ )✉❡ ❧✬❛♣♣1♦①✐♠❛/✐♦♥ 2❡❧♦♥ ❧❛)✉❡❧❧❡ ❧❛ ♣❛1/✐❝✉❧❡
2✉✐/ ✉♥❡ /1❛❥❡❝/♦✐1❡ ♥♦♥ ♣❡1/✉1❜&❡ ♥✬❡2/ ♣❛2 2❛/✐2❢❛✐2❛♥/❡✱ ♣✉✐2)✉❡ ❧✬❛♥❣❧❡ ❞✬❛//❛)✉❡
❞❡ ❧❛ ♣❛1/✐❝✉❧❡ ✈❛1✐❡ ❣1❛❞✉❡❧❧❡♠❡♥/ ❛✈❡❝ ❧❡ ❝❤❛♠♣ ♠❛❣♥&/✐)✉❡ ❛✉ /1❛✈❡12 ❞❡ ❧✬✐♥✈❛✲
1✐❛♥/ ❛❞✐❛❜❛/✐)✉❡ ✭&)✉❛/✐♦♥ ✭✷✳✻✷✮✮✱ &❧❛1❣✐22❛♥/ ❞❡ ❝❡ ❢❛✐/ ❧❛ ❢♦♥❝/✐♦♥ ❞❡ ❞✐2/1✐❜✉/✐♦♥
1❡❧❛/✐✈❡ : ❧❛ 1&2♦♥❛♥❝❡ ♦♥❞❡✲♣❛1/✐❝✉❧❡✳
✷✳✹✳✶ ❊❧❛'❣✐**❡♠❡♥. ❞❡ ❧❛ ❢♦♥❝.✐♦♥ ❞❡ '3*♦♥❛♥❝❡
S❧✉2✐❡✉12 /❤&♦1✐❡2 ♦♥/ &/& ❞&1✐✈&❡2 ♣♦✉1 ♣❛❧❧✐❡1 ❛✉① ♣1♦❜❧V♠❡2 ❞❡ ❧❛ /❤&♦1✐❡ )✉❛2✐✲
❧✐♥&❛✐1❡✳
▲❛ ✇❡❛❦❧② ♥♦♥ ❧✐♥❡❛* +❤❡♦*② ✭❲◆▲❚✮ ❬✽✹❪✳ ❉❛♥2 ❝❡//❡ /❤&♦1✐❡✱ ❧❛ ❢♦♥❝/✐♦♥ ❞❡ 1&2♦✲
♥❛♥❝❡ ✭✷✳✺✺✮ ❡2/ 1❡♠♣❧❛❝&❡ ♣❛1
Rn
(
k‖v‖ + nΩ
)
=
D⊥k
2
⊥ + ν
(D⊥k2⊥ + ν)
2
+
(
k‖v‖ + nΩ
)2 , ✭✷✳✻✾✮
❛✈❡❝ ν = 2Dµµ/ (1− µ2) ♣♦✉1 ❧❛ ❞✐✛✉2✐♦♥ ♣❡1♣❡♥❞✐❝✉❧❛✐1❡ ❡/ ν = 0 ♣♦✉1 ❧❛ ❞✐✛✉2✐♦♥
❞❡ ❧✬❛♥❣❧❡ ❞✬❛//❛)✉❡ µ✳ ❉❛♥2 ❝❡//❡ /❤&♦1✐❡✱ ❧✬&❧❛1❣✐22❡♠❡♥/ ❞❡ ❧❛ 1&2♦♥❛♥❝❡ ♣1♦✈✐❡♥/
✺✷❈❍❆#■❚❘❊ ✷✳ ▲❊ ❚❘❆◆❙#❖❘❚❉❊❙ ❘❆❨❖◆❙ ❈❖❙▼■◗❯❊❙ ❊◆ ❚❯❘❇❯▲❊◆❈❊▼❍❉
❞❡ ❧❛ ❞✐✛✉)✐♦♥ ♣❡-♣❡♥❞✐❝✉❧❛✐-❡ ❡/ ❞❡ ❧❛ ❞✐✛✉)✐♦♥ ❞❛♥) ❧❡) ❛♥❣❧❡) ❞✬❛//❛2✉❡ ❬✽✽❪✳
▲❛ "❤$♦&✐❡ )✉❛+✐✲❧✐♥$❛✐&❡ ❞❡ +❡❝♦♥❞ ♦&❞&❡✱ 8 ❧❛ ❞✐✛9-❡♥❝❡ ❞❡ ❧❛ /❤9♦-✐❡ 2✉❛)✐✲
❧✐♥9❛✐-❡✱ ❧❛ /❤9♦-✐❡ ❞✉ )❡❝♦♥❞ ♦-❞-❡ ❧<✈❡ ❧❛ ❝♦♥/-❛✐♥/❡ ❞✉ ❝❛❧❝✉❧ ❧❡ ❧♦♥❣ ❞❡ ❧✬♦-❜✐/❡
♥♦♥ ♣❡-/✉-❜9❡ ❬✽✺❪✳ ▲❛ ❢♦♥❝/✐♦♥ ❞❡ -9)♦♥❛♥❝❡ ✭✷✳✺✺✮ ❞❡✈✐❡♥/
R(2)n =
∫ ∞
0
dt cos
[(
vk‖µ+ nΩ
)
t
]
e−v
2k2
‖
∫ t
0
dτ[τ2Dµµ(τ)], ✭✷✳✼✵✮
❡♥ ♣-❡♥❛♥/ ❧✬❡①♣-❡))✐♦♥ ❞✉ Dµµ 2✉❛)✐✲❧✐♥9❛✐-❡✳ ❈❡♣❡♥❞❛♥/✱ ❧✬92✉❛/✐♦♥ ✭✷✳✼✵✮ ❛ 9/9
❝-99❡ ♣♦✉- ✉♥❡ ❣9♦♠9/-✐❡ ❞❡ /✉-❜✉❧❡♥❝❡ ✉♥✐❞✐-❡❝/✐♦♥♥❡❧❧❡ ❬✽✽❪✳ ▲❛ ❢♦-♠✉❧❛/✐♦♥ ❞❛♥)
❧❡ ❝❛❞-❡ ❞✬✉♥❡ /✉-❜✉❧❡♥❝❡ ✐)♦/-♦♣❡ ❡)/ ❬✾✼❪
R(2)n =
∫ ∞
0
dt cos
[(
vk‖µη + nΩ
)
t
]
e−v
2k2
‖
∫ t
0
dτ[τ2Dµµ(τ)], ✭✷✳✼✶✮
♦J η ❡)/ ❧❡ ❝♦)✐♥✉) ❞❡ ❧✬❛♥❣❧❡ ❡♥/-❡ ❧❡ ✈❡❝/❡✉- ❞✬♦♥❞❡ k ❡/ B0✳
▲❛ ✜❣✉-❡ ✷✳✸ -❡♣-9)❡♥/❡ ❧❡) ♠❡)✉-❡) ♥✉♠9-✐2✉❡) ❞❛♥) ✉♥❡ /✉-❜✉❧❡♥❝❡ ❤♦♠♦❣<♥❡ ❡/
✐)♦/-♦♣❡ ❛✈❡❝ ✉♥ ♥✐✈❡❛✉ ❞❡ /✉-❜✉❧❡♥❝❡ δB/B0 = 0.03✳ ❉❛♥) ❝❡//❡ ✜❣✉-❡✱ ❧❡ ♣-♦❜❧<♠❡
❞❡ ❧❛ ❞✐✛✉)✐♦♥ 8 90◦ ❡)/ ❝♦--✐❣9✳
▲❡) ❢♦♥❝/✐♦♥) ❞❡ -9)♦♥❛♥❝❡ ❛✉/♦-✐)❡♥/ ❝❡-/❛✐♥❡) ♣❛-/✐❡) ❞❡ ❧✬❡)♣❛❝❡ ❞❡) ♠♦❞❡) ❞❡
❋♦✉-✐❡- 8 -9)♦♥♥❡- ❛✈❡❝ ❧❡) ♣❛-/✐❝✉❧❡)✳ ❈✬❡)/ ♣♦✉-2✉♦✐ ❧❡ )♣❡❝/-❡ ♦♥❞✉❧❛/♦✐-❡✱ ❛✐♥)✐ 2✉❡
❧❡ /②♣❡ ❞✬♦♥❞❡ ❝♦♥/❡♥✉❡ ❞❛♥) ❧❛ /✉-❜✉❧❡♥❝❡ ❥♦✉❡ ✉♥ -Q❧❡ ♣-9❞♦♠✐♥❛♥/ ❞❛♥) ❧✬❡✣❝❛❝✐/9
❞❡ ❧❛ ❞✐✛✉)✐♦♥ ❛♥❣✉❧❛✐-❡✳
✷✳✹✳✷ ❚❤%♦'✐❡ ♥♦♥ ❧✐♥%❛✐'❡ ❞✉ ❝❡♥0'❡ ❣✉✐❞❡
S♦✉- 9/❛❜❧✐- ✉♥ ♠♦❞<❧❡ /❤9♦-✐2✉❡ )✉- ❧❛ ❞✐✛✉)✐♦♥ ❞❡) -❛②♦♥) ❝♦)♠✐2✉❡)✱ ✐❧ ❡)/ ♥9✲
❝❡))❛✐-❡ ❞❡ ❞9✜♥✐- ❧❡ )♣❡❝/-❡ ❞❡) ✢✉❝/✉❛/✐♦♥)✳ ▲❡) ❞9✈❡❧♦♣♣❡♠❡♥/) ❞❡ /❤9♦-✐❡) ♥♦♥✲
❧✐♥9❛✐-❡) ♣❡-♠❡//❡♥/ ❞✬❡①♣-✐♠❡- ❧❡) ❝♦❡✣❝✐❡♥/) ❞❡ ❞✐✛✉)✐♦♥✱ ❡/ ❛✈❡❝ ❡✉① ❧❡) ❧✐❜-❡)
♣❛-❝♦✉-) ♠♦②❡♥)✳
• ▲❛ "❤$♦&✐❡ ♥♦♥ ❧✐♥$❛✐&❡ ❞✉ ❝❡♥"&❡ ❣✉✐❞❡❬✻✹✱ ✾✶❪ ♣♦)/✉❧❡ 2✉❡ ❧❡ ❝❡♥/-❡ ❣✉✐❞❡ )✉✐/ ❧❡)
❧✐❣♥❡) ❞❡ ❝❤❛♠♣ ♠❛❣♥9/✐2✉❡✳ ❊❧❧❡ ✉/✐❧✐)❡ ✉♥❡ /✉-❜✉❧❡♥❝❡ ❛①✐✲)②♠9/-✐2✉❡✱ ❝♦♠❜✐♥9❡
❛✈❡❝ ❧❛ ❢♦-♠✉❧❛/✐♦♥ ❞❡ ❚❛②❧♦-✲●-❡❡♥✲❑✉❜♦ ✭❚●❑✮✱ 2✉✐ ❡①♣-✐♠❡ ❧❡ ❧✐❜-❡ ♣❛-❝♦✉-)
♠♦②❡♥ ❞❛♥) ❧❛ ❞✐-❡❝/✐♦♥ x ❝♦♠♠❡
λxx =
3
v
∫ ∞
0
dt 〈vx (0) vx (t)〉 . ✭✷✳✼✷✮
❉❛♥) ✉♥ ♠♦❞<❧❡ ♦J ❧❡ ❝❤❛♠♣ ♠❛❣♥9/✐2✉❡ /✉-❜✉❧❡♥/ ♥✬❛ ♣❛) ❞❡ ❝♦♠♣♦)❛♥/❡ ♣❛-❛❧❧<❧❡
δB.B0 = 0, ✭✷✳✼✸✮
❡/ ♦J ❧❡ ❝❡♥/-❡ ❣✉✐❞❡ )✉✐/ ❧❡) ❧✐❣♥❡) ❞❡ ❝❤❛♠♣ ♠❛❣♥9/✐2✉❡✱ ❧✬92✉❛/✐♦♥ ❞✉ ♠♦✉✈❡♠❡♥/
❞❡) ♣❛-/✐❝✉❧❡) ❞❛♥) ❧❛ ❞✐-❡❝/✐♦♥ ♣❡-♣❡♥❞✐❝✉❧❛✐-❡ )✬9❝-✐/ ❬✻✹❪
vx (t) = avz (t) δBx [x (t) , t] /B0, ✭✷✳✼✹✮
✷✳✹✳ ▲❊❙ ❚❍➱❖❘■❊❙ ◆❖◆ ▲■◆➱❆■❘❊❙ ✺✸
♦# ❛ ❡&' ✉♥ ♣❛+❛♠-'+❡✱ '❡❧ 0✉❡ &✐ a = 1✱ ❧❛ ♣❛+'✐❝✉❧❡ &✉✐✈+❛ ❡①❛❝'❡♠❡♥' ❧❡& ❧✐❣♥❡&
❞❡ ❝❤❛♠♣ ♠❛❣♥8'✐0✉❡✳ ❊♥ ✐♥❥❡❝'❛♥' ❧✬80✉❛'✐♦♥ ✭✷✳✼✹✮ ❞❛♥& ❧✬80✉❛'✐♦♥ ✭✷✳✼✷✮✱ ♦♥ ❢❛✐'
❛♣♣❛+❛C'+❡ ❧❛ ❢♦♥❝'✐♦♥ ❞❡ ❝♦++8❧❛'✐♦♥ ❞✬♦+❞+❡ ✹ ✿
λxx =
3a2
vB0
∫ ∞
0
dt 〈vz (t) v (0) δBx [x (t) , t] δBx [x (0) , 0]〉 . ✭✷✳✼✺✮
❆ ♣❛+'✐+ ❞❡ ❧✬80✉❛'✐♦♥ ✭✷✳✼✺✮✱ ❧✬❤②♣♦'❤-&❡ ❞❡ ❈♦++&✐♥ ❬✻✹✱ ✽✽❪ ❡&' ❤❛❜✐'✉❡❧❧❡♠❡♥'
✉'✐❧✐&8❡✱ ♦# ❧✬♦♥ '+❛♥&❢♦+♠❡ ❧❛ ❝♦++8❧❛'✐♦♥ ❞✬♦+❞+❡ ✹ ❡♥ ✉♥ ♣+♦❞✉✐' ❞❡ ❞❡✉① ❝♦++8❧❛'✐♦♥&
❞✬♦+❞+❡ ✷
λxx =
3a2
vB0
∫ ∞
0
dt 〈vz (t) v (0)〉 〈δBx [x (t) , t] δBx [x (0) , 0]〉 . ✭✷✳✼✻✮
❙♦✉& ❝❡''❡ ❝♦♥❞✐'✐♦♥✱ ❧❛ '❤8♦+✐❡ ♥♦♥ ❧✐♥8❛✐+❡ ❞✉ ❝❡♥'+❡ ❣✉✐❞❡ ♦❜'✐❡♥' ❞❡& +8&✉❧'❛'&
❡♥ ❝♦♥'+❛❞✐❝'✐♦♥ ❛✈❡❝ ❝❡✉① ♣+8❝8❞❡♠♠❡♥' ♦❜'❡♥✉&✱ ❝♦♠♠❡ ✉♥ ❝♦♠♣♦+'❡♠❡♥' ❞✐✛✉&✐❢
❞❡& ♣❛+'✐❝✉❧❡& ❞❛♥& ❧❛ ❞✐+❡❝'✐♦♥ ♣❡+♣❡♥❞✐❝✉❧❛✐+❡✱ ❛❧♦+& 0✉❡ ❧❛ ❝♦♠♠✉♥❛✉'8 '+♦✉✈❡ ✉♥
❝♦♠♣♦+'❡♠❡♥' &✉❜✲❞✐✛✉&✐❢✳ ❯♥❡ ❛✉'+❡ &♦✉+❝❡ ❞❡ ❞✐&❝✉&&✐♦♥ ❡&' ❧✐8❡ ❛✉ ♣❛+❛♠-'+❡ a
❞❡ ❧✬80✉❛'✐♦♥ ✭✷✳✼✹✮ ✿ &✐ a = 1✱ ❧❛ ❧✐♠✐'❡ ❞❡ ❧❛ ❞✐✛✉&✐♦♥ ❞❡& ❧✐❣♥❡& ❞❡ ❝❤❛♠♣ ♥✬❡&' ♣❛&
♦❜'❡♥✉❡✱ ❝❡ 0✉✐ ❡&' ❡♥ ❝♦♥'+❛❞✐❝'✐♦♥ ❞✐+❡❝'❡ ❛✈❡❝ ❧❡& ❤②♣♦'❤-&❡& ❞❡ ❞8♣❛+' ❞❡ ❝❡''❡
'❤8♦+✐❡ ❬✽✾❪✳
❯♥❡ ✈❡+&✐♦♥ ❛♠8❧✐♦+8❡ ❞❡ ❝❡''❡ '❤8♦+✐❡ +❡♣+❡♥❞ ❧✬80✉❛'✐♦♥ ✭✷✳✼✺✮ ❡' ♥❡ +❡'✐❡♥'
♣❛& ❧✬❤②♣♦'❤-&❡ ❞❡ ❈♦++&✐♥ ✭80✉❛'✐♦♥ ✭✷✳✼✻✮✮✳ ❈❡''❡ ♥♦✉✈❡❧❧❡ ❢♦+♠✉❧❛'✐♦♥ ♣❡+♠❡' ❞❡
❝♦++✐❣❡+ ❧❡& ❞8❢❛✉'& ♣+8❝8❞❡♥'&✱ ❡' &✐ ♦♥ ❝♦♥&✐❞-+❡ ✉♥❡ '✉+❜✉❧❡♥❝❡ ❛①✐✲&②♠8'+✐0✉❡
✭λxx = λyy = λ⊥✮✱ ❧❡ ❧✐❜+❡ ♣❛+❝♦✉+& ♠♦②❡♥ ♣❡+♣❡♥❞✐❝✉❧❛✐+❡ ❞❡✈✐❡♥' ❬✽✾❪
λ⊥
λ‖
= 2a2
Γ
(
s+q
2
)
Γ
(
s−1
2
)
Γ
(
q+1
2
)
(
δB⊥
B0
)2
×
∫ ∞
0
dx⊥
xq⊥
(1 + x2⊥)
(s+q)/2
1(
4λ‖λ⊥x2⊥
)
/ (9L2) + 1
, ✭✷✳✼✼✮
♦# s ❡&' ❧✬✐♥❞✐❝❡ &♣❡❝'+❛❧ ❞❡ ❧❛ ③♦♥❡ ✐♥❡+'✐❡❧❧❡✱ q ❡&' ❧✬✐♥❞✐❝❡ &♣❡❝'+❛❧ ❞❡ ❧❛ ③♦♥❡ ❞✬✐♥✲
❥❡❝'✐♦♥ ❞❡ ❧✬8♥❡+❣✐❡ ❬✽✾❪✳
• ❚❤"♦$✐❡ ◆♦♥ ❧✐♥"❛✐$❡ ♣♦✉$ ✉♥❡ -✉$❜✉❧❡♥❝❡ ❞❡ ●♦❧❞$❡✐❝❤✲❙$✐❞❤❛$
▲❡ -❡♥5❡✉$ ❞❡ ❞✐✛✉5✐♦♥ ♣❡$♣❡♥❞✐❝✉❧❛✐$❡ ❞❡ ❈❤♦✱ ▲❛③❛$✐❛♥ ❡- ❱✐5❤♥✐❛❝ ❬✶✽❪ ❛ 8'8
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❧❡✉+ '❡♥&❡✉+✱ '+♦✉✈❛♥' ✉♥❡ ❝♦++❡&♣♦♥❞❛♥❝❡ &✉✣&❛♥'❡ ♣♦✉+ Y'+❡ ❡①♣❧♦✐'8❡ ♣❛+ ❧❛ &✉✐'❡
❬✶✵✼✱ ✶✵✽✱ ✽✾❪✳
✺✹❈❍❆#■❚❘❊ ✷✳ ▲❊ ❚❘❆◆❙#❖❘❚❉❊❙ ❘❆❨❖◆❙ ❈❖❙▼■◗❯❊❙ ❊◆ ❚❯❘❇❯▲❊◆❈❊▼❍❉
▲❡ $❡♥&❡✉( ♣❡(♠❡$ ❞❡ (❡❧✐❡( ❧❡ ❧✐❜(❡ ♣❛(❝♦✉(& ♠♦②❡♥ ♣❛(❛❧❧3❧❡ ❡$ ♣❡(♣❡♥❞✐❝✉❧❛✐(❡
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. ✭✷✳✼✽✮
▲❛ ✜❣✉(❡ ✷✳✹ (❡♣(<&❡♥$❡ ❧❡& <=✉❛$✐♦♥& ✭✷✳✼✼✮ ❡$ ✭✷✳✼✽✮✳ ❊❧❧❡ ♠♦♥$(❡ ✉♥ ❢❛❝$❡✉( ✺
❡♥$(❡ ❧❡ ❝❛❧❝✉❧ ❛✈❡❝ ❧❡ $❡♥&❡✉( ❡♠♣✐(✐=✉❡ ❡$ ❧❡ ♠♦❞3❧❡ ♥♦♥ ❧✐♥<❛✐(❡ <$❛❜❧✐ ♣♦✉( ✉♥❡
$✉(❜✉❧❡♥❝❡ ❝♦♠♣♦&✐$❡ ✷❉✴&❧❛❜✳
■❧ ❡&$ <❣❛❧❡♠❡♥$ ♣♦&&✐❜❧❡ ❞❡ ♠❡&✉(❡( ❧❡& ❝♦♥$(✐❜✉$✐♦♥& (❡&♣❡❝$✐✈❡& ❞❡& ♠♦❞❡& ❡♥
✐♥$❡(❛❝$✐♦♥✳ ❊♥ ✉$✐❧✐&❛♥$ ❧❛ ❢♦♥❝$✐♦♥ ❞❡ (<&♦♥❛♥❝❡ ♥♦♥ ❧✐♥<❛✐(❡ ❬✶✵✽❪
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✭✷✳✼✾✮
=✉✐ ❞<❝♦✉❧❡ ❞❡ ❧✬❤②♣♦$❤3&❡ ♦K ❧❡& ❝❡♥$(❡& ❣✉✐❞❡& ❞❡& ♣❛($✐❝✉❧❡& ♦♥$ ✉♥❡ ❞✐&$(✐❜✉$✐♦♥
❣❛✉&&✐❡♥♥❡ ❛✉$♦✉( ❞❡& ❧✐❣♥❡& ❞❡ ❝❤❛♠♣ ♠❛❣♥<$✐=✉❡✱ ❧❡& ❝♦♥$(✐❜✉$✐♦♥& ❞❡& (<&♦♥❛♥❝❡&
❣✐(❛$♦✐(❡& ✭n = 1✮ (❡$(♦✉✈❡♥$ ❧❡& (<&✉❧$❛$& =✉❛&✐✲❧✐♥<❛✐(❡& ❞❛♥& ❧❛ ❧✐♠✐$❡ ♦K µ = 1✱
❝♦♥$(❛✐(❡♠❡♥$ N ❧❛ ♣(<❞✐❝$✐♦♥ ♣♦✉( ❧❛ ❞✐✛✉&✐♦♥ N µ = 0✱ =✉✐ ❞✐✛3(❡♥$ ❞❡ ❧❛ $❤<♦(✐❡
=✉❛&✐✲❧✐♥<❛✐(❡ ✭✜❣✉(❡ ✷✳✺✱ N ❞(♦✐$❡✮✳ ▲❡ ❝♦❡✣❝✐❡♥$ ❞❡ ❞✐✛✉&✐♦♥ ❛&&♦❝✐< ❛✉① ✐♥$❡(❛❝$✐♦♥&
❣✐(❛$♦✐(❡& ♣(♦❞✉✐$❡& ♣❛( ❧❡& ♦♥❞❡& ❞✬❆❧❢✈<♥ &✬<❝(✐$
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▲❡# $%✉❛(✐♦♥# ✭✷✳✽✶✮ ❡( ✭✷✳✽✵✮ #♦♥( ✈❛❧❛❜❧❡# ♣♦✉7 ❞❡# 7$❣✐♠❡# ❞❡ (✉7❜✉❧❡♥❝❡ (7❛♥#✲
❛❧❢✈$♥✐%✉❡✱ ♦? MA ∼ 1✱ ❡( #♦♥( @ ❝♦♠♣❛7❡7 ❛✉① $%✉❛(✐♦♥# ✭✷✳✻✼✮ ❡( ✭✷✳✻✽✮ 7❡#♣❡❝(✐✲
✈❡♠❡♥(✳ ▲❛ ✜❣✉7❡ ✷✳✺ @ ❣❛✉❝❤❡ ♠♦♥(7❡ ❧❡# ❝♦♥(7✐❜✉(✐♦♥# ✐##✉❡# ❞❡# ❞❡✉① $%✉❛(✐♦♥#
♣7$❝$❞❡♥(❡#✱ ❡( @ ❞7♦✐(❡✱ ❝♦♠♣❛7❡ ❧❡# 7$#✉❧(❛(# ✐##✉# ❞❡ ❧❛ (❤$♦7✐❡ %✉❛#✐✲❧✐♥$❛✐7❡ ❛✈❡❝
❝❡✉① ✐##✉# ❞❡ ❧❛ ❢♦♥❝(✐♦♥ ❞❡ 7$#♦♥❛♥❝❡ ✭✷✳✼✾✮✳
❉❡ (♦✉(❡ $✈✐❞❡♥❝❡✱ $(❛❜❧✐7 ✉♥❡ (❤$♦7✐❡ ♥♦♥✲❧✐♥$❛✐7❡ ❡#( ✉♥❡ ❝❤♦#❡ ❛##❡③ ❞$❧✐❝❛(❡✱
♠❛✐# ♥$❝❡##❛✐7❡ ❝♦♠♣(❡ (❡♥✉ ❞❡ ❧✬$❝❤❡❝ ❞❡ ❧❛ (❤$♦7✐❡ %✉❛#✐✲❧✐♥$❛✐7❡ @ ♣7$❞✐7❡ ❧❡#
7$#✉❧(❛(# #✉7 ❧❡# ❣7❛♥❞❡✉7# ❝❛7❛❝($7✐#(✐%✉❡# ❞✉ (7❛♥#♣♦7(✳ ❈✬❡#( ❞❛♥# ❝❡ ❝♦♥(❡①(❡ %✉❡
#❡ #✐(✉❡ ♥♦(7❡ ♣7$#❡♥(❡ $(✉❞❡✱ ❡( ♥♦✉# ❞$(❛✐❧❧❡7♦♥# %✉❡❧❧❡ ❛ $($ ♥♦(7❡ ❞$♠❛7❝❤❡ ♣♦✉7
❡♥%✉K(❡7 #✉7 ❝❡ ♣7♦❜❧L♠❡✳
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❋✐❣✉$❡ ✷✳✷ ✕ ❚❛✉① ❞❡ ❞✐✛✉-✐♦♥ ❛♥❣✉❧❛✐2❡ ♣♦✉2 ❧❡- ✐♥4❡2❛❝4✐♦♥- ❞❡ ❣②2♦✲28-♦♥❛♥❝❡
✭42❛✐4 ♣❧❡✐♥✮ ❡4 ❚❚❉ ✭❧✐❣♥❡ ❞✐-❝♦♥4✐♥✉❡✮✳ ❆ ❣❛✉❝❤❡✱ 42❛❝8 ♣♦✉2 ❧❡ ❍❛❧♦ ❣❛❧❛❝4✐@✉❡
❛✈❡❝ B0 = 5µG ❡4 ❧❛ ❧♦♥❣✉❡✉2 ❞❡ ❝♦❤82❡♥❝❡ ❞❡ ❧❛ 4✉2❜✉❧❡♥❝❡ L = 100 ♣❝ ❀ D ❞2♦✐4❡✱
♣♦✉2 ❧❡ ❲■▼ ✭B0 = 5µG ❡4 L = 50 ♣❝✮✱ -♦✐4 ❞❡- 2❛②♦♥- ❞❡ ▲❛2♠♦2 ♥♦2♠❛❧✐-8- ❞❛♥-
❧✬✐♥4❡2✈❛❧❧❡ rL/L ∼ 2− 4 · 10−9✳ ❊♥ ❤❛✉4✱ ❞8♣❡♥❞❛♥❝❡ ❛✈❡❝ ❧✬8♥❡2❣✐❡ ❞❡- ♣❛24✐❝✉❧❡- ❀
❡♥ ❜❛-✱ ❞8♣❡♥❞❛♥❝❡ ❞❡ ❧✬❛♥❣❧❡ ❞✬❛44❛@✉❡ µ ♣♦✉2 ✉♥❡ 8♥❡2❣✐❡ Epart = 1 GeV✳ ▲❡- 42❛✐4-
♣❧❡✐♥- ❝♦22❡-♣♦♥❞❡♥4 D ❞❡- ❝❛❧❝✉❧- ❛♥❛❧②4✐@✉❡-✱ ❛❧♦2- @✉❡ ❧❡- ♣♦✐♥4- -♦♥4 ❞❡- ❝❛❧❝✉❧-
♥✉♠82✐@✉❡-✳ ❋✐❣✉2❡- 4✐28❡- ❞❡ ❬✶✵✼❪✳
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❋✐❣✉$❡ ✷✳✸ ✕ ❈♦❡✣❝✐❡♥- ❞❡ ❞✐✛✉1✐♦♥ ❛♥❣✉❧❛✐5❡ Dµµ ❞6-❡5♠✐♥6 ♥✉♠65✐8✉❡♠❡♥-✱ ❡♥
❢♦♥❝-✐♦♥ ❞✉ ❝♦1✐♥✉1 ❞❡ ❧✬❛♥❣❧❡ ❞✬❛--❛8✉❡ µ✳ ▲❡1 ♣♦✐♥-1 ♥♦✐51 ❝♦55❡1♣♦♥❞❡♥- > ❞❡1 ❡①♣6✲
5✐❡♥❝❡1 ▼♦♥-❡ ❈❛5❧♦ ✭❝❢✳ ❝❤❛♣✐-5❡ ✻✮✱ ❧❛ ❝♦✉5❜❡ ❜❧❡✉❡ ❡1- ❧❛ ♣56❞✐❝-✐♦♥ 8✉❛1✐✲❧✐♥6❛✐5❡✱
❡- ❧❛ ❝♦✉5❜❡ 5♦✉❣❡ ❧❛ ♣56❞✐❝-✐♦♥ 8✉❛1✐✲❧✐♥6❛✐5❡ ❞✉ 1❡❝♦♥❞ ♦5❞5❡✳ ❈❡--❡ ❞❡5♥✐G5❡ ✈✐1❡
> 5❡♣5♦❞✉✐5❡ ❧❡1 561✉❧-❛-1 ❞❡ ❧✬6①♣65✐❡♥❝❡ ♥✉♠65✐8✉❡ ❡♥ ♣♦✐♥-1 ♥♦✐51✳ ❋✐❣✉5❡ ❡①-5❛✐-❡
❞❡ ❬✾✼❪✳
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❋✐❣✉$❡ ✷✳✹ ✕ ❆ ❣❛✉❝❤❡ ✿ ❧✐❜1❡ ♣❛1❝♦✉14 ♠♦②❡♥ ♣❡1♣❡♥❞✐❝✉❧❛✐1❡ ❡♥ ❢♦♥❝:✐♦♥ ❞✉ ❧✐❜1❡
♣❛1❝♦✉14 ♠♦②❡♥ ♣❛1❛❧❧;❧❡✱ 1❛♣♣♦1:= > ❧❛ :❛✐❧❧❡ ❞✉ ❞♦♠❛✐♥❡ ❞❡ ❝❛❧❝✉❧ l ❀ > ❞1♦✐:❡ ✿ 1❛♣✲
♣♦1: ❞✉ ❧✐❜1❡ ♣❛1❝♦✉14 ♠♦②❡♥ ♣❡1♣❡♥❞✐❝✉❧❛✐1❡ ♣❛1 ❧❡ ❧✐❜1❡ ♣❛1❝♦✉14 ♠♦②❡♥ ♣❛1❛❧❧;❧❡✳
❉❛♥4 ❝❤❛❝✉♥ ❞❡4 ❝❛4✱ ❡♥ :1❛✐: ♣❧❡✐♥ ❝♦11❡4♣♦♥❞ ❧❡ ❝❛❧❝✉❧ ❛✈❡❝ ❧❡ :❡♥4❡✉1 ❡①♣=1✐♠❡♥:❛❧
❞❡ ❈❤♦✱ ▲❛③❛1✐❛♥ ❡: ❱✐4❤♥✐❛❝ ❬✶✽❪✱ ❡: ❡♥ ♣♦✐♥:✐❧❧= ❧❛ :❤=♦1✐❡ ♥♦♥ ❧✐♥=❛✐1❡ ❞✉ ❝❡♥:1❡
❣✉✐❞❡ ❬✻✹✱ ✾✶❪✳ ❋✐❣✉1❡ ❡①:1❛✐:❡ ❞❡ ❬✽✾❪✳
❋✐❣✉$❡ ✷✳✺ ✕ ❈♦❡✣❝✐❡♥: ❞❡ ❞✐✛✉4✐♦♥ ❛♥❣✉❧❛✐1❡ Dµµ ♥♦1♠❛❧✐4= > ❧❛ ♣✉❧4❛:✐♦♥ 4②♥❝❤1♦✲
:1♦♥ Ω ❡♥ ❢♦♥❝:✐♦♥ ❞✉ ❝♦4✐♥✉4 ❞❡ ❧✬❛♥❣❧❡ ❞✬❛::❛Q✉❡ µ✱ ❧❡ :♦✉: ♣♦✉1 ❞❡4 ♣❛1:✐❝✉❧❡4 4❡
♣1♦♣❛❣❡❛♥: ❞❛♥4 ✉♥ ♠✐❧✐❡✉ :1❛♥4✲❛❧❢✈=♥✐Q✉❡✱ ❛✈❡❝ ✉♥ 1❛②♦♥ ❞❡ ▲❛1♠♦1 rL/L = 10
−4
✳
❆ ❣❛✉❝❤❡✱ ❝♦♠♣❛1❛✐4♦♥ ❞❡4 ❞✐✛=1❡♥:❡4 ✐♥:❡1❛❝:✐♦♥4 ❞❡ 1=4♦♥❛♥❝❡✳ ▲✬✐♥:❡1❛❝:✐♦♥ ❈❤❡✲
1❡♥❦♦✈ ❡4: ❜✐❡♥ ♣❧✉4 ❡✣❝❛❝❡✱ 4❛✉❢ > µ ∼ 1✱ ♦S ❧❛ ❣②1♦✲1=4♦♥❛♥❝❡ ❞❡✈✐❡♥: ♣1=♣♦♥❞=✲
1❛♥:❡✳ ❆ ❞1♦✐:❡✱ ❝♦♠♣❛1❛✐4♦♥ ❡♥:1❡ ❧❛ :❤=♦1✐❡ Q✉❛4✐✲❧✐♥=❛✐1❡ ❡: ❧❛ :❤=♦1✐❡ ♥♦♥✲❧✐♥=❛✐1❡
♠♦♥:1❛♥: Q✉✬> µ = 0 ❧❡ ❝♦❡✣❝✐❡♥: ❞❡ ❞✐✛✉4✐♦♥ ♥✬❡4: ♣❧✉4 ♥✉❧✱ ❝♦♥:1❛✐1❡♠❡♥: > ❧❛
♣1=❞✐❝:✐♦♥ Q✉❛4✐✲❧✐♥=❛✐1❡✳ ❋✐❣✉1❡ ❡①:1❛✐:❡ ❞❡ ❬✶✵✽❪✳
❉❡✉①✐%♠❡ ♣❛)*✐❡
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❬✶✸✱ ✸✵✱ ✾✽❪✳ ❈❡% &❡❝❤♥✐0✉❡% ♣,1%❡♥&❡♥& ❝❡,&❛✐♥% ❛✈❛♥&❛❣❡%✱ ♠❛✐% ❛✉%%✐ 0✉❡❧0✉❡% ✐♥❝♦♥✲
✈1♥✐❡♥&% 0✉✐ %❡,♦♥& ❞✐%❝✉&1% ❞❛♥% ❧❛ %❡❝&✐♦♥ ✸✳✸✳✹✱ ❛✈❛♥& ❞✬❛❜♦,❞❡, %✉❝❝✐♥❝&❡♠❡♥& ❧❡%
❞✐✛1,❡♥&❡% &❡❝❤♥✐0✉❡% ♥✉♠1,✐0✉❡% ♣♦✉, ,1%♦✉❞,❡ ❧❡% 10✉❛&✐♦♥% ❞❡ ❧❛ ▼❍❉ %❡❝&✐♦♥ ✸✳✹✳
❏❡ &❡,♠✐♥❡,❛✐ ❝❡ ❝❤❛♣✐&,❡ ✭%❡❝&✐♦♥ ✸✳✺✮ ♣❛, ✉♥❡ ♣,1%❡♥&❛&✐♦♥ ❞✉ ❝♦❞❡ ▼❍❉ ✉&✐❧✐%1
❞❛♥% ❝❡&&❡ &❤?%❡ ✿ ❧❡ ❝♦❞❡ ❘❆▼❙❊❙✳
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✻✷ ❈❍❆#■❚❘❊ ✸✳ ❚❯❘❇❯▲❊◆❈❊ ▼❍❉
✸✳✷ ▲❡% ❞✐✛)*❡♥,% ,②♣❡% ❞❡ ❝♦❞❡% ▼❍❉
"❛$♠✐ ❧❡) ❝♦❞❡) ▼❍❉✱ ♣❧✉)✐❡✉$) ❛♣♣$♦❝❤❡) )♦♥5 ♣♦))✐❜❧❡)✳ ❏✬❛❜♦$❞❡$❛✐ ✐❝✐ ❧❡)
❞✐✛;$❡♥5❡) ❞;❝❧✐♥❛✐)♦♥) ❞❡) ❝♦❞❡) ▼❍❉✱ ❡5 ❥❡ 5❡♥5❡$❛✐ ❞❡ ❞$❡))❡$ ❧❛ ❧✐)5❡ ❞❡) ❛✈❛♥5❛❣❡)
❡5 ✐♥❝♦♥✈;♥✐❡♥5) $❡)♣❡❝5✐❢)✳ ❯♥❡ ✐♥5$♦❞✉❝5✐♦♥ ❞❡) )❝❤;♠❛) ♥✉♠;$✐A✉❡) ❡①✐)5❛♥5) ♣♦✉$
5$❛✐5❡$ ❧❛ ▼❍❉ ♣$♦♣$❡♠❡♥5 ❞✐5❡ )❡$❛ ❛❜♦$❞;❡ ❞❛♥) ❧❛ )❡❝5✐♦♥ ✸✳✹✳
✸✳✷✳✶ ▲❡& ❝♦❞❡& ✐♥❝♦♠♣.❡&&✐❜❧❡&
▲❛ ♣$♦♣$✐;5; ❞✬✐♥❝♦♠♣$❡))✐❜✐❧✐5; )❡ 5$❛❞✉✐5 ♣❛$ ✉♥ ❝❤❛♠♣ ❞❡ ❞❡♥)✐5; ❝♦♥)5❛♥5
❞❛♥) ❧✬❡)♣❛❝❡ ❡5 ❧❡ 5❡♠♣)✱ ❝✬❡)5✲G✲❞✐$❡ ❧✬❛♥♥✉❧❛5✐♦♥ ❞✉ ❣$❛❞✐❡♥5 ❞❡ ❞❡♥)✐5;
∇ (ρ) = 0, ✭✸✳✶✮
❡5 ❧✬❛♥♥✉❧❛5✐♦♥ ❞❡ ❧❛ ❞;$✐✈;❡ 5❡♠♣♦$❡❧❧❡
∂tρ = 0, ✭✸✳✷✮
$;❞✉✐)❛♥5 ❧✬;A✉❛5✐♦♥ ✭✶✳✽✮ G
∇ · u = 0. ✭✸✳✸✮
▲✬;A✉❛5✐♦♥ ❞✬❊✉❧❡$ ✭✶✳✾✮ )❡ $;❞✉✐5 ❛❧♦$) G
∂u
∂t
+ u · ∇ (u)− B · ∇ (B)
4πρ
+∇Ptot
ρ
= 0, ✭✸✳✹✮
❙✐ ♦♥ ❝♦♠❜✐♥❡ ❧✬;A✉❛5✐♦♥ ♣$;❝;❞❡♥5❡ G ❧✬;A✉❛5✐♦♥ ❞✬✐♥❞✉❝5✐♦♥ ✭✶✳✶✶✮
∂B
∂t
+ (u · ∇)B− (B · ∇)u = 0, ✭✸✳✺✮
♥♦✉) ♦❜5❡♥♦♥) ❧❡) ;A✉❛5✐♦♥) ❞❡ ❧❛ ▼❍❉ ✐♥❝♦♠♣$❡))✐❜❧❡ ❡①♣$✐♠;❡) ❛✈❡❝ ❧❡) ✈❛$✐❛❜❧❡)
❞✬❊❧)P))❡$ w±
∂w±
∂t
+
(
w∓ · ∇
)
w± +∇Ptot
ρ
= 0, ✭✸✳✻✮
♦Q ❧❡) w± )♦♥5 ❧❡) ✈❛$✐❛❜❧❡) ❞✬❊❧)P))❡$✱ ❞;✜♥✐❡) ❝♦♠♠❡
w± = u±B/
√
4πρ. ✭✸✳✼✮
❊❧❧❡) )❛5✐)❢♦♥5 ♣❛$ ❝♦♥)5$✉❝5✐♦♥ G ❧❛ $❡❧❛5✐♦♥ ❞✬✐♥❝♦♠♣$❡))✐❜✐❧✐5;
∇ ·w± = 0. ✭✸✳✽✮
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❜❧6♠❡ ❞❡ ❧❛ &✉'❜✉❧❡♥❝❡ ▼❍❉✱ ❡& ❞❡ ❞0❝'✐'❡ ♣❧✉2 ✜❞6❧❡♠❡♥& ❧❡2 ♠✐❧✐❡✉① '0❡❧2 =✉❡
❝♦♥2&✐&✉❡ ♣❛' ❡①❡♠♣❧❡ ❧❡ ♠✐❧✐❡✉ ✐♥&❡'2&❡❧❧❛✐'❡✳ ❖✉&'❡ ❧❡ ❢❛✐& =✉❡ ❧❛ ✈❡'2✐♦♥ ❝♦♠♣'❡2✲
2✐❜❧❡ ❞❡ ❧❛ ▼❍❉ ❛✐& ♣❧✉2 ❞❡ ❞❡❣'02 ❞❡ ❧✐❜❡'&0✱ ❧❡2 ♣'♦♣'✐0&02 ❞❡ ❧❛ &✉'❜✉❧❡♥❝❡ ❝❤❛♥❣❡♥&✱
♣❛' '❛♣♣♦'& ❛✉① '02✉❧&❛&2 ✐♥❝♦♠♣'❡22✐❜❧❡2✱ ♣♦✉' ❞❡2 ♥♦♠❜'❡2 ❞❡ ▼❛❝❤ Ms 0❣❛✉① ♦✉
2✉♣0'✐❡✉'2 C ❧✬✉♥✐&0 ❬✶✽✱ ✷✵❪✳ ◗✉❡❧=✉❡2 '02✉❧&❛&2 ❞❡2 0&✉❞❡2 2✉' ❧❛ &✉'❜✉❧❡♥❝❡ ❝♦♠✲
♣'❡22✐❜❧❡ 2❡'♦♥& ♣'02❡♥&02 ❞❛♥2 ❧❛ 2❡❝&✐♦♥ ✸✳✻✳
✸✳✸ ●#♥#%❛'✐♦♥ ❞❡ ❧❛ '✉%❜✉❧❡♥❝❡
✸✳✸✳✶ ❚✉+❜✉❧❡♥❝❡ ✐♥❞✉✐3❡ ♣❛+ ✐♥%3❛❜✐❧✐35%
❈❡ &②♣❡ ❞✬0&✉❞❡ ♣♦✉''❛✐& M&'❡ =✉❛❧✐✜0 ❞❡ ♣❤②2✐=✉❡✱ ❛✉ 2❡♥2 ♣'♦♣'❡ ❞✉ &❡'♠❡ ✿ ✐❧
2✬❛❣✐& ❡♥ ❢❛✐& ❞❡ ♠0&❤♦❞❡2 ♦O ❝❡'&❛✐♥❡2 ❝♦♥❞✐&✐♦♥2 2♦♥& '0✉♥✐❡2 ♣♦✉' ♣♦✉✈♦✐' ❣0♥0✲
'❡' ❞❡ ❧❛ &✉'❜✉❧❡♥❝❡ ▼❍❉✳ P❛' ❡①❡♠♣❧❡✱ 2✐ ❧❡2 ❝♦♥❞✐&✐♦♥2 ✐♥✐&✐❛❧❡2 ❞✬✉♥❡ 2✐♠✉❧❛&✐♦♥
❝♦♥2✐2&❡♥& ❡♥ ❞❡✉① ✢✉✐❞❡2 2❡ ♣'♦♣❛❣❡❛♥& C ❞❡2 ✈✐&❡22❡2 ♦♣♣♦20❡2✱ ❧✬✐♥&❡'❢❛❝❡ ❡♥&'❡
❧❡2 ❞❡✉① ✢✉✐❞❡2 ✈❛ ❢❛✐'❡ ❧✬♦❜❥❡& ❞✬✐♥2&❛❜✐❧✐&02 ❞❡ ❘❛②❧❡✐❣❤✲❚❛②❧♦' =✉✐ ❝♦♥❞✉✐'♦♥& C
❧✬❛♣♣❛'✐&✐♦♥ ❞❡ 2♦✉2✲2&'✉❝&✉'❡2✱ ♣✉✐2 C ❧❛ &✉'❜✉❧❡♥❝❡ ❬✸✺❪✳
❙✐ ❧❡ ❝♦❞❡ '02♦✉& ❧❛ ▼❍❉ ❣'❛✈✐&❛&✐♦♥♥❡❧❧❡✱ ♦♥ ♣❡✉& 0❣❛❧❡♠❡♥& ❝'0❡' ✉♥❡ 2✐♠✉❧❛&✐♦♥
❞✬✉♥ ❝♦'♣2 ❛❝❝'0&❛♥& ❞❡ ❧❛ ♠❛&✐6'❡✱ ❡& 0&✉❞✐❡' ❧❛ &✉'❜✉❧❡♥❝❡ ▼❍❉ ❝'00❡ ❞❛♥2 ❧❡ ❞✐2=✉❡
❞✬❛❝❝'0&✐♦♥✳
◆♦✉2 ♣♦✉✈♦♥2 0❣❛❧❡♠❡♥& ❝✐&❡' ❧❛ ♠0&❤♦❞❡ ❞✬✐♥❥❡❝&✐♦♥ ❞✬0♥❡'❣✐❡ ❛❧0❛&♦✐'❡ ❞❛♥2 ❧❡
&❡♠♣2 ❡& ❞❛♥2 ❧✬❡2♣❛❝❡✱ ❝♦♠♠❡ ❧✬❛♣♣❛'✐&✐♦♥ C ❞❡2 ❝♦♦'❞♦♥♥0❡2 2♣❛&✐♦✲&❡♠♣♦'❡❧❧❡2 ❞❡
✈❡2&✐❣❡ ❞❡ 2✉♣❡'♥♦✈❛✱ ✐♥&❡'❛❣✐22❛♥& ❡♥&'❡ ❡✉① ❞❛♥2 ✉♥ ✢✉✐❞❡ ✐♥✐&✐❛❧❡♠❡♥& ❛✉ '❡♣♦2 ❬✷❪✳
✸✳✸✳✷ ❚✉+❜✉❧❡♥❝❡ ❡♥ ❞5❝❧✐♥
❈❡'&❛✐♥❡2 ♠0&❤♦❞❡2 ❝♦♥2✐2&❡♥& C ❣0♥0'❡' ✉♥ ❝❤❛♠♣ ❞❡ ✈✐&❡22❡ ✐♥✐&✐❛❧ ❛②❛♥& ❧❡2
♣'♦♣'✐0&02 2♦✉❤❛✐&0❡2✱ ❛✈❡❝ ❧❡2 ♣❛'❛♠6&'❡2 ❞❡ ♥♦'♠❡✱ ❞✐'❡❝&✐♦♥ ❡& 2❡♥2 =✉✐ 2✉✐✈❡♥&
✉♥❡ ❞✐2&'✐❜✉&✐♦♥ ❛❧0❛&♦✐'❡✳
❊♥ 2❡ ❜❛2❛♥& 2✉' ✉♥ ♠✐❧✐❡✉ ❞❡ ❞❡♥2✐&0✱ ♣'❡22✐♦♥ ❡& ❝❤❛♠♣ ♠❛❣♥0&✐=✉❡ ❝♦♥2&❛♥&2✱ ❧❡
❝❤❛♠♣ ❞❡ ✈✐&❡22❡ ❡2& ❛❧♦'2 ✐♠♣♦20✱ ❡♥ ❣0♥0'❛♥&✱ ♣❛' ❡①❡♠♣❧❡ ❬✸✽❪✱ ✉♥❡ &✉'❜✉❧❡♥❝❡
✐2♦&'♦♣❡ ❡♥ k−5/3✳
❉❛♥2 ❝❡ &②♣❡ ❞✬❛♣♣'♦❝❤❡✱ ❛✉❝✉♥ ❢♦'Y❛❣❡ ♥✬❡2& ✉&✐❧✐20✱ ❝❡ =✉✐ ❝♦♥2✐2&❡ C ❢❛✐'❡ '❡❧❛①❡'
❧❡ ❝❤❛♠♣ ✐♥✐&✐❛❧✳ ❖♥ ❛♣♣❡❧❧❡ ❝❡❧❛ ❧❡ ❞0❝❧✐♥✳ ❯♥❡ ❢'❛❝&✐♦♥ ❞❡ ❧✬0♥❡'❣✐❡ ❝✐♥0&✐=✉❡ ✐♥✐&✐❛❧❡
❡2& &'❛♥2♠✐2❡ ❞❛♥2 ❧❡2 ❛✉&'❡2 ❝♦♠♣♦2❛♥&❡2 ❞❡ ❧✬0♥❡'❣✐❡ &♦&❛❧❡✳ ❈✬❡2& ❧❛ '❛✐2♦♥ ♣♦✉'
❧❛=✉❡❧❧❡ ♦❜&❡♥✐' ✉♥ 2♣❡❝&'❡ 2&❛&✐♦♥♥❛✐'❡ ♥✬❡2& ♣❛2 ♣♦22✐❜❧❡ ❞❛♥2 ❝❡ ❣❡♥'❡ ❞✬❛♣♣'♦❝❤❡✳
✻✹ ❈❍❆#■❚❘❊ ✸✳ ❚❯❘❇❯▲❊◆❈❊ ▼❍❉
✸✳✸✳✸ ❚✉$❜✉❧❡♥❝❡ ❢♦$❝,❡
▲❛ ♠%&❤♦❞❡ ✉&✐❧✐.%❡ ❞❛♥. ❝❡&&❡ %&✉❞❡ ❡.& ❝❡❧❧❡ ❢❛✐.❛♥& ✐♥&❡2✈❡♥✐2 ✉♥ &❡2♠❡ ❞❡
❢♦24❛❣❡ f ❞❛♥. ❧✬%7✉❛&✐♦♥ ❞✬❊✉❧❡2 ✭✶✳✾✮✱ ❤♦♠♦❣?♥❡ @ ✉♥❡ ❛❝❝%❧%2❛&✐♦♥ ✈♦❧✉♠✐7✉❡
∂ρu
∂t
+∇ ·
(
ρuu− BB
4π
)
+∇Ptot = ρf ✭✸✳✾✮
■❧ ❡①✐.&❡ ♣❧✉.✐❡✉2. &②♣❡. ❞❡ ❢♦24❛❣❡✳ ❈❡❧✉✐ ✉&✐❧✐.% ❞❛♥. ❝❡&&❡ &❤?.❡ ❡.& .&♦❝❤❛.&✐7✉❡
❡♥ &❡♠♣. ❡& ❡♥ ❡.♣❛❝❡ .❡❧♦♥ ❧❡ ♣2♦❝❡..✉. ❞❡ ❖2♥.&❡✐♥✲❯❤❧❡♥❜❡❝❦✳ ■❧ ❢❡2❛ ❧✬♦❜❥❡& ❞✬✉♥❡
❞❡.❝2✐♣&✐♦♥ ❞%&❛✐❧❧%❡ ❞❛♥. ❧❛ .❡❝&✐♦♥ ✹✳✷✳
N❧✉.✐❡✉2. &②♣❡. ❞❡ ❝♦❞❡ .♦♥& @ ♠O♠❡ ❞❡ &2❛✈❛✐❧❧❡2 ❛✈❡❝ ❞❡ ❧❛ &✉2❜✉❧❡♥❝❡ ❢♦2❝%❡✱
❧❛ ♣❧✉♣❛2& .♦♥& ❝♦♥4✉. ♣♦✉2 ❢♦♥❝&✐♦♥♥❡2 .✉2 ❞❡. ❝❡♥&2❡. ❞❡ ❝❛❧❝✉❧ ♥❛&✐♦♥❛✉①✱ &❡❧. 7✉❡
❧❡ ❈■◆❊❙✱ ❈❊❆ ♦✉ ❧❡ ●❊◆❈■ ❬✺✵✱ ✶✵✷✱ ✺✷✱ ✸✹❪✱ ♣♦✉2 ♥❡ ❝✐&❡2 7✉❡ ❧❡. ❝❛❧❝✉❧❛&❡✉2.
❢2❛♥4❛✐.✳
✸✳✸✳✹ ❚✉$❜✉❧❡♥❝❡ ♣$❡/❝$✐1❡
❈❡&&❡ ♠%&❤♦❞❡ ❝♦♥.✐.&❡ @ ❣%♥%2❡2 ❞❡ ❢❛4♦♥ ❛2&✐✜❝✐❡❧❧❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥%&✐7✉❡ &✉2✲
❜✉❧❡♥&✱ 7✉✐ .❡2❛ ♣❛2 ❧❛ .✉✐&❡ ✉&✐❧✐.% ♣♦✉2 ❧❡. ❡①♣%2✐❡♥❝❡. ❞❡ ♣2♦♣❛❣❛&✐♦♥ ❞❡ ♣❛2&✐❝✉❧❡.✳
▲✬✐❞%❡ ❝♦♥.✐.&❡ @ .✉♣❡2♣♦.❡2 ✉♥ ❡♥.❡♠❜❧❡ ❞❡ ♠♦❞❡. ❞✬♦♥❞❡ ❛✈❡❝ ❞❡. ❞✐2❡❝&✐♦♥. ❞❡
♣2♦♣❛❣❛&✐♦♥ ❡& ❞❡. ♣♦❧❛2✐.❛&✐♦♥. &♦&❛❧❡♠❡♥& ❛❧%❛&♦✐2❡. ❬✸✵❪✳ ▲❡ ❝❤❛♠♣ ♠❛❣♥%&✐7✉❡
❡.& ❧❛ .♦♠♠❡ ❞✬✉♥❡ ❝♦♠♣♦.❛♥&❡ ❤♦♠♦❣?♥❡ ❡& ❞✬✉♥❡ ❝♦♠♣♦.❛♥&❡ ❛❧%❛&♦✐2❡
B = B0 + δB ê, ✭✸✳✶✵✮
♦Y ❧❛ .♦♠♠❡ ❞❡. ♠♦❞❡. ❞✬♦♥❞❡ ❡.& ❡✛❡❝&✉%❡ .✉2 ❧❛ ♣❛2&✐❡ ✢✉❝&✉❛♥&❡ ❞✉ ❝❤❛♠♣✳
❉❡ ♠❛♥✐?2❡ ❣%♥%2❛❧❡✱ .✐ ❧❡ ✈❡❝&❡✉2 ❞✬♦♥❞❡ kn .✬%❝2✐&
kn = kn


√
1− η2n cosφn√
1− η2n sinφn
ηn

 , ✭✸✳✶✶✮
♦Y ηn ❡& φn .♦♥& ❞❡. ♥♦♠❜2❡. ❛❧%❛&♦✐2❡. ❛..♦❝✐%. ❛✉ ♠♦❞❡ n✱ ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❝♦♠♣♦.❛♥&❡
i ✭i = 1, 2, 3✮ ❞✉ ❝❤❛♠♣ ♠❛❣♥%&✐7✉❡ &✉2❜✉❧❡♥& .✬%❝2✐&
êi = ǫ
Nm∑
n=1
ξi,nA (kn) cos (kn · xn + ζn) , ✭✸✳✶✷✮
❛✈❡❝ ξn ❧❡ ✈❡❝&❡✉2 ❞❡ ♣♦❧❛2✐.❛&✐♦♥
ξn =


sinφn sinαn + ηn cosφn cosαn
− cosφn sinαn + ηn sinφn cosαn
−
√
1− η2n cosαn

 , ✭✸✳✶✸✮
✸✳✸✳ ●➱◆➱❘❆❚■❖◆ ❉❊ ▲❆ ❚❯❘❇❯▲❊◆❈❊ ✻✺
♦# αn ❡%& ✉♥ ♥♦♠❜+❡ ❛❧.❛&♦✐+❡ ❞.✜♥✐%%❛♥& ❧❛ ♣♦❧❛+✐%❛&✐♦♥ ❞✉ ♠♦❞❡ n✳ ▲✬.6✉❛&✐♦♥
✭✸✳✶✷✮ ❢❛✐& .❣❛❧❡♠❡♥& ✐♥&❡+✈❡♥✐+ ❧✬❛♠♣❧✐&✉❞❡ A (kn) 6✉✐ ❡%& &❡❧❧❡ 6✉❡
A2 (kn) = G (kn)∆kn
(
Nm∑
ν=1
G (kν)∆kν
)−1
, ✭✸✳✶✹✮
♦# G (k) ❡%& ❧❡ %♣❡❝&+❡ ❞❡ ❧❛ &✉+❜✉❧❡♥❝❡✱ ❡& ∆kn = kn+1−kn ❡%& ❧✬.❝❛+& ❡♥&+❡ ❧❡ ♠♦❞❡
n ❡& n+ 1✳
▲❡ +❛♣♣♦+& ❡♥&+❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥.&✐6✉❡ &✉+❜✉❧❡♥& ❡& ❧❡ %♣❡❝&+❡ ✈✐❡♥& ❞❡ ❧❛ +❡❧❛&✐♦♥
✭✷✳✹✼✮✱
〈
δB2
〉
=
∫
d3k TrPlj (k) . ✭✸✳✶✺✮
▲❡ &❡♥%❡✉+ ❞❡ ❝♦++.❧❛&✐♦♥ ♠❛❣♥.&✐6✉❡ ✭✷✳✹✼✮ ♣❡✉& %❡ +..❝+✐+❡ ❝♦♠♠❡ ❧❡ ♣+♦❞✉✐& ❞❡
❞❡✉① ❢♦♥❝&✐♦♥%✱ ❧✬✉♥❡ +❡❧❛&✐✈❡ E ❧❛ ❣.♦♠.&+✐❡ ✐♥&+✐♥%F6✉❡ ❞❡ ❧❛ &✉+❜✉❧❡♥❝❡✱ ❧✬❛✉&+❡ .&❛♥&
G (kn)✱ ❡①♣+✐♠❛♥& ❧❛ +.♣❛+&✐&✐♦♥ ❞❡ ❧✬.♥❡+❣✐❡ ♠❛❣♥.&✐6✉❡ ❞❛♥% ❧✬❡%♣❛❝❡ ❞❡ ❋♦✉+✐❡+✳
H❛+ ❡①❡♠♣❧❡✱ ❧❛ ❢♦+♠❡ ✐%♦&+♦♣❡ ❞❡ Plj ❬✾✸❪
Plj (k) =
G (k)
8πk2
(
δlj −
klkj
k2
+ iσ (k) ǫljo
ko
k
)
, ✭✸✳✶✻✮
♦# σ +❡♣+.%❡♥&❡ ❧✬❤.❧✐❝✐&. ♠❛❣♥.&✐6✉❡✳ ▲❛ ❢♦+♠❡ ❛①✐%②♠.&+✐6✉❡ ❞✉ &❡♥%❡✉+ ❡%&
Plj (k) =
G (k)
8πk2
(
δlj −
klkj
k2
)
. ✭✸✳✶✼✮
✸✳✸✳✺ ❆✈❛♥'❛❣❡* ❡' ✐♥❝♦♥✈.♥✐❡♥'* ❞❡* ♠.'❤♦❞❡* ❞❡ ❣.♥.2❛'✐♦♥
❉❛♥# ❧❡ ❝❛# ❞❡ ❧❛ (✉*❜✉❧❡♥❝❡ ✐♥❞✉✐(❡✱ 6✉❡❧ 6✉❡ %♦✐& ❧❡ %②%&F♠❡ ♣❤②%✐6✉❡ E ❧✬♦+✐❣✐♥❡
❞❡ ❧❛ &✉+❜✉❧❡♥❝❡✱ ❝❡% %✐♠✉❧❛&✐♦♥% ❢♦♥& ✐♥&❡+✈❡♥✐+ ❞❡% ❝♦♥❞✐&✐♦♥% ✐♥✐&✐❛❧❡% 6✉✐ ❣.♥F+❡♥&
❧❛ &✉+❜✉❧❡♥❝❡ ❞❛♥% ❞❡% +.❣✐♦♥% ❝♦♥✜♥.❡% ❞✉ ❝✉❜❡ ❞❡ %✐♠✉❧❛&✐♦♥✳ ❈✬❡%& ❧❡ ❝❛% ♣♦✉+
❞❡✉① ✢✉✐❞❡% ❡♥ ❝♦❧❧✐%✐♦♥✱ ♦# ❧❛ &✉+❜✉❧❡♥❝❡ %❡ ❞.✈❡❧♦♣♣❡ E ❧✬✐♥&❡+❢❛❝❡ ❡♥&+❡ ❧❡% ✢✉✐❞❡%✱
❧❛✐%%❛♥& ❧❡ +❡%&❡ ❞✉ ❝✉❜❡ ❞❡ %✐♠✉❧❛&✐♦♥✳
❈❡&&❡ &✉+❜✉❧❡♥❝❡ ♥✬❡%& ♣❛% ❤♦♠♦❣F♥❡✱ ❡& ❝❡❝✐ ✐♠♣❛❝&❡ ❞✐+❡❝&❡♠❡♥& ❧❡ %♣❡❝&+❡ ❞❡ ❋♦✉✲
+✐❡+ ❡♥ .♥❡+❣✐❡✱ ❡♥ ♣❧✉% ❞❡ +❡♥❞+❡ ❧♦❝❛❧❡ ❧❛ ③♦♥❡ ❞✬✐♥&.+Q& ♣♦✉+ ❧❛ ♣+♦♣❛❣❛&✐♦♥ ❞❡
♣❛+&✐❝✉❧❡% ❝❤❛+❣.❡%✳
❈❡&&❡ ❧✐♠✐&❛&✐♦♥ ♥♦✉% ❛♠F♥❡ E ❝♦♥%✐❞.+❡+ ❞❡% ♠.&❤♦❞❡% ♣❡+♠❡&&❛♥& ❞✬♦❜&❡♥✐+ ✉♥❡
③♦♥❡ ✐♥❡+&✐❡❧❧❡ %✉+ ✉♥ ✐♥&❡+✈❛❧❧❡ ❞❡ ♠♦❞❡ +❡❧❛&✐✈❡♠❡♥& ❧❛+❣❡✳
❉❛♥# ❧❡ ❝❛# ❞❡ ❧❛ (✉*❜✉❧❡♥❝❡ ❞✐(❡ ❡♥ ❞-❝❧✐♥✱ ❧✬❛✈❛♥&❛❣❡ ❡%& 6✉❡ ❧✬✉&✐❧✐%❛&❡✉+ ♣❡✉&
✐♠♣♦%❡+ ❧❡% ❝♦♥❞✐&✐♦♥% ❞❡ ♣.+✐♦❞✐❝✐&. ❛✉① ❜♦+❞%✳
▲❡ ♣+♦❜❧F♠❡ ✈✐❡♥& ❧♦+%6✉❡ ❧✬♦♥ ❝❤❡+❝❤❡ E ✐♥❥❡❝&❡+ ❧❡% ♣❛+&✐❝✉❧❡%✳ ❊♥ ❡✛❡&✱ ❧✬.♥❡+❣✐❡
&♦&❛❧❡ ❞❛♥% ❧❛ ❜♦U&❡ ❞❡ ❝❛❧❝✉❧ ❞✐♠✐♥✉❡✱ ❧✐. E ❧❛ ✧✈✐%❝♦%✐&. ♥✉♠.+✐6✉❡✧✳ ❈❡❝✐ ❛ ♣♦✉+
❝♦♥%.6✉❡♥❝❡ 6✉❡ ❧❡ %♣❡❝&+❡ ❡♥ .♥❡+❣✐❡ ♥❡ ♣❡✉& ♣❛% ❞❡✈❡♥✐+ %&❛&✐♦♥♥❛✐+❡✳
✻✻ ❈❍❆#■❚❘❊ ✸✳ ❚❯❘❇❯▲❊◆❈❊ ▼❍❉
▲❛ ❢♦%♠❡ ❞❡ ❧❛ ❞❡♥+✐-. ❞❡ ♣%♦❜❛❜✐❧✐-. 1 ❧✬♦%✐❣✐♥❡ ❞✉ ❝❤❛♠♣ ✐♥✐-✐❛❧ ❛ ✉♥ ❡✛❡- +✉%
❧❡ +♣❡❝-%❡ ❡♥ .♥❡%❣✐❡✱ ❝❡ 9✉✐ ❞❡✈✐❡♥- ♣%♦❜❧.♠❛-✐9✉❡ ❧♦%+9✉✬♦♥ ❝❤❡%❝❤❡ 1 ♦❜-❡♥✐% ❞❡ ❧❛
+-❛-✐+-✐9✉❡ +✉% ❧❡+ ❣%❛♥❞❡✉%+ ♠♦②❡♥♥❡+ ❞✉ -%❛♥+♣♦%-✳
❉❛♥# ❧❡ ❝❛# ❞❡ ❧❛ (✉*❜✉❧❡♥❝❡ ❢♦*❝.❡✱ ❧❡ ♣%✐♥❝✐♣❛❧ ❛✈❛♥-❛❣❡ ❡+- ❧❛ %❡♣%♦❞✉❝-✐❜✐❧✐-.
❞❡+ %.+✉❧-❛-+ ❞✬✉♥❡ +✐♠✉❧❛-✐♦♥ ▼❍❉ 1 ❧✬❛✉-%❡✳ ❖✉-%❡ ❧❡ ❢❛✐- 9✉✬✉♥❡ -❡❧❧❡ ♠.-❤♦❞❡
+✬❛❝❝♦♠♠♦❞❡ ♣❛%❢❛✐-❡♠❡♥- ❞❡ ❝♦♥❞✐-✐♦♥+ ♣.%✐♦❞✐9✉❡+✱ ❧❡ +♣❡❝-%❡ ❡♥ .♥❡%❣✐❡ ❞❡✈✐❡♥-
+-❛-✐♦♥♥❛✐%❡ ♣❛% ❞✐✛.%❡♥-+ ♣%♦❝❡++✉+ 9✉✐ +❡%♦♥- ❞.-❛✐❧❧.+ +❡❝-✐♦♥ ✹✳✸✳ ▲❡ ❞.+❛✈❛♥-❛❣❡
❞❡ ❝❡+ ♠.-❤♦❞❡+ ❡+- ❧✬❛❜+❡♥❝❡ ❞❡ ③♦♥❡+ ✐♥❡%-✐❡❧❧❡+ ♣♦✉% ❧❡+ +✐♠✉❧❛-✐♦♥+ ❞❡ ❜❛++❡ %.+♦✲
❧✉-✐♦♥✳ ❯♥❡ +✐♠✉❧❛-✐♦♥ 10243✱ ❞♦♥- ❧❛ ③♦♥❡ ✐♥❡%-✐❡❧❧❡ +✬.-❡♥❞ +✉% -%♦✐+ ❞.❝❛❞❡+✱ ✉-✐❧✐+❡
♣❧✉+ ❞❡ 100000 ❤❡✉%❡+ ❞❡ ❝❛❧❝✉❧✳
❉❛♥# ❧❡ ❝❛# ❞❡ ❧❛ (✉*❜✉❧❡♥❝❡ ♣*❡#❝*✐(❡✱ ❧❡ ♣%❡♠✐❡% ❛✈❛♥-❛❣❡ 1 ❝♦♥+-%✉✐%❡ ❧❛ -✉%✲
❜✉❧❡♥❝❡ ♠❛❣♥.-✐9✉❡ ♣❛% ✉♥❡ +✉♣❡%♣♦+✐-✐♦♥ ❞❡ ♠♦❞❡ ❞✬♦♥❞❡ ❡+- 9✉❡ ❧✬♦♥ ♣❡✉- ❞.✜♥✐%
+♦✐✲♠G♠❡ ❧❡+ ✐♥❣%.❞✐❡♥-+ ♣%.+❡♥-+ ❞❛♥+ ❧❡ +♣❡❝-%❡✳
❉❡ ♣❧✉+✱ ❝❡--❡ ♠.-❤♦❞❡ ♣❡%♠❡- .❣❛❧❡♠❡♥- ❞❡ ❢♦%♠✉❧❡% ❞❡+ ❤②♣♦-❤H+❡+ +✉% ❧❛ ❣.♦♠.✲
-%✐❡ ❞✉ ❝❤❛♠♣ δB✳ I♦✉% ❞.✜♥✐% ❞❡+ ❣.♦♠.-%✐❡+ ✉♥✐❞✐%❡❝-✐♦♥♥❡❧❧❡+✱ ✷❉ ♦✉ ✐+♦-%♦♣❡+✱
✐❧ +✉✣- ❞❡ ♠♦❞✐✜❡% ❧❡ ✈❡❝-❡✉% ♣♦❧❛%✐+❛-✐♦♥ ❞.✜♥✐ ♣❛% ❧✬.9✉❛-✐♦♥ ✭✸✳✶✸✮✳
▲❡ ♥♦♠❜%❡ ❞❡ ♠♦❞❡ Nm ❡+- ✐♠♣♦%-❛♥- ♣✉✐+9✉❡✱ %❛♣♣❡❧♦♥+✲❧❡✱ ❝❡+ +✐♠✉❧❛-✐♦♥+ ♦♥-
♣♦✉% ❜✉- ❧❛ ♣%♦♣❛❣❛-✐♦♥ ❞❡ ♣❛%-✐❝✉❧❡+ -❡+- ❬✶✸✱ ✶✵✶❪✳ ❈✬❡+- ❞✬❛✐❧❧❡✉%+ ✉♥ ❞❡+ ♣♦✐♥-+
❢❛✐❜❧❡+ ❞❡ ❝❡--❡ ♠.-❤♦❞❡✱ ♣✉✐+9✉❡ ❧❡ ♣%✐♥❝✐♣❡ ❡+- ❞❡ ❝❛❧❝✉❧❡% ✉♥❡ +✉♣❡%♣♦+✐-✐♦♥ ❞❡
♠♦❞❡ ❡♥-%❡ ❝❤❛9✉❡ ♣❛+ ❞❡ -❡♠♣+✱ ❝❡ 9✉✐✱ ❛✈❡❝ ❞❡ ❣%❛♥❞+ Nm✱ ❞❡✈✐❡♥- ✈✐-❡ ❝♦S-❡✉① ❡♥
-❡♠♣+ ❞❡ ❝❛❧❝✉❧✳ ❯♥ ❛✉-%❡ ❞.+❛✈❛♥-❛❣❡ ❡+- ❧❛ ❞✐+❝♦♥-✐♥✉✐-. ❞✉ +♣❡❝-%❡✱ ♣✉✐+9✉❡ ❧✬❡+✲
♣❛❝❡ ❞❡+ ♠♦❞❡+ ❞✬♦♥❞❡ ❡+- ❧✉✐ ❛✉++✐ ❞✐+❝%.-✐+.✳ ❈❡❝✐ ♣❡✉- ❛✈♦✐% ✉♥❡ ❣%❛♥❞❡ ✐♥❝✐❞❡♥❝❡
+✉% ❧❡+ ♣❛%-✐❝✉❧❡+ -❡+-✱ ♥♦-❛♠♠❡♥- +✉% ❧✬❛❝❝.❧.%❛-✐♦♥ %❡❧❛-✐✈❡ ❛✉① ❝❤❛♠♣+ .❧❡❝-%✐9✉❡+
❬✾✻✱ ✻✺❪✳
✸✳✹ ❚❡❝❤♥✐)✉❡+ ❞❡ -.+♦❧✉1✐♦♥ ❞❡+ .)✉❛1✐♦♥+ ❞❡ ❧❛
▼❍❉
✸✳✹✳✶ ▲❡& ❝♦❞❡& ♣&❡✉❞♦✲&♣❡❝-.❛✉①
❈❡+ ❝♦❞❡+ %.+♦❧✈❡♥- ❧❡+ .9✉❛-✐♦♥+ ❞❡ ❧❛ ▼❍❉ ❞❛♥+ ❧✬❡+♣❛❝❡ ❞❡+ ♠♦❞❡+ ❞❡ ❋♦✉%✐❡%✳
■❧+ +♦♥- +♦✉✈❡♥- .❝%✐-+ -❡❧+ 9✉❡✱ ♣♦✉% ❧❡+ .9✉❛-✐♦♥+ ✐♥❝♦♠♣%❡++✐❜❧❡+ ❬✶✻✱ ✻✷✱ ✺✷❪✱
∂tũj = −ikl
(
δjm −
kjkm
k2
)(
ũmul − b̃mbl
)
,
∂tb̃j = −ikl
(
ũlbj − b̃luj
)
,
kmb̃m = 0,
kmũm = 0, ✭✸✳✶✽✮
✸✳✺✳ ▲❊ ❈❖❉❊ ❘❆▼❙❊❙ ✻✼
♦# ❧❡& '✉❛♥+✐+-& +✐❧❞-❡& &♦♥+ ❧❡& ❝♦♠♣♦&❛♥+❡& ❞❡ ❧✬❡&♣❛❝❡ ❞❡ ❋♦✉4✐❡4✳ ▲❡ +❡4♠❡ kjkm/k
2
♣4♦✈✐❡♥+ ❞✉ +❡4♠❡ ❞❡ ♣4❡&&✐♦♥ ❞❡ ❧✬-'✉❛+✐♦♥ ❞✬❊✉❧❡4✳ ▲❛ 4-&♦❧✉+✐♦♥ ❞❡& -'✉❛+✐♦♥& ❞❛♥&
❧✬❡&♣❛❝❡ ❞❡ ❋♦✉4✐❡4 ♣❡4♠❡+ ❞❡ +4❛✐+❡4 ❧❡ ♣4♦❜❧:♠❡ &♦✉& ❢♦4♠❡ ❛❧❣-❜4✐'✉❡✳ ❈❡♣❡♥❞❛♥+✱
❧❡& ♣4♦❞✉✐+& ũmul − b̃mbl ❡+ ũlbj ❞♦✐✈❡♥+ ?+4❡ ❝❛❧❝✉❧-& ❞❛♥& ❧✬❡&♣❛❝❡ 4-❡❧✱ ❡+ 4❛♠❡♥-&
❞❛♥& ❧✬❡&♣❛❝❡ ❞❡ ❋♦✉4✐❡4 ♣♦✉4 ❧❡ +4❛✐+❡♠❡♥+ ❛❧❣-❜4✐'✉❡✳
❈❡ ✈❛✲❡+✲✈✐❡♥+ ❡♥+4❡ ❧❡& ❡&♣❛❝❡& ❞✉❛❧& ❡♥+4❛A♥❡ ❧✬❛♣♣❛4✐+✐♦♥ ❞✬✉♥❡ ❡44❡✉4 &✉4 ❧❡& ❣4❛♥❞&
k✱ ❧✐-❡ B ❧❛ 4❡❝♦♥&+✐+✉+✐♦♥ ❞✉ &♣❡❝+4❡✳ ❊♥ ❡✛❡+✱ ❧❡& ❢4-'✉❡♥❝❡& ✐♥❢-4✐❡✉4❡& B ❧❛ ❞❡♠✐
❢4-'✉❡♥❝❡ ❞✬-❝❤❛♥+✐❧❧♦♥♥❛❣❡✱ ♦✉ ❢4-'✉❡♥❝❡ ❞❡ ◆②'✉✐&+✱ &♦♥+ ❛❥♦✉+-❡& ❛✉① ❢4-'✉❡♥❝❡&
✐♠♠-❞✐❛+❡♠❡♥+ ✐♥❢-4✐❡✉4❡& B ❧❛ ❢4-'✉❡♥❝❡ ❞❡ ◆②'✉✐&+ ✿ ❝✬❡&+ ❧❡ 4❡♣❧✐❡♠❡♥+ &♣❡❝+4❛❧✱
♦✉ ❛❧✐❛&✐♥❣ ❡♥ ❛♥❣❧❛✐&✳
J♦✉4 ❞-❥♦✉❡4 ❝❡ ♣4♦❜❧:♠❡✱ ❧❛ ♠-+❤♦❞❡ ❛♣♣❡❧-❡ ❛♥+✐✲❛❧✐❛&✐♥❣ ♣4-✈♦✐+ ❞❡ +4♦♥'✉❡4
❧❡ &♣❡❝+4❡ ❞❡ ❋♦✉4✐❡4 B 2/3 ❞❡& ❢4-'✉❡♥❝❡& ❡♥ ❞❡&&♦✉& ❞❡ ❧❛ ❢4-'✉❡♥❝❡ ❞❡ ◆②'✉✐&+✱
4-❞✉✐&❛♥+ ❧❡ &♣❡❝+4❡ ❞❡ ❋♦✉4✐❡4 B ✉♥ +✐❡4& ❞❡ &♦♥ ✐♥+❡4✈❛❧❧❡ ✐♥✐+✐❛❧ ❬✺✷❪✳
✸✳✹✳✷ ❊❧&♠❡♥*+ ✜♥✐+
❈❡++❡ +❡❝❤♥✐'✉❡✱ ❜❛&-❡ &✉4 ❧❡& -❧-♠❡♥+& ✜♥✐&✱ ❝♦♥&+4✉✐+ ✉♥❡ ❣4✐❧❧❡ '✉❡ ♥♦✉& ❛♣✲
♣❡❧♦♥& ❡&♣❛❝❡✱ ❞♦♠❛✐♥❡ ❞❡ ❝❛❧❝✉❧ ♦✉ +♦✉+ &✐♠♣❧❡♠❡♥+ ❝✉❜❡✳ ❈❡ ❞❡4♥✐❡4✱ 4❡♣4-&❡♥+❡
❧✬❡&♣❛❝❡ 4-❡❧✱ ❡+ ❡&+ ❞✐&❝4-+✐&- ❡♥ ❝❡❧❧✉❧❡✱ ❞-✜♥✐&&❛♥+ ❧❛ ❣-♦♠-+4✐❡ ❞❡ ❧✬❡&♣❛❝❡ ✉+✐❧✐&-✳ ▲❛
+❛✐❧❧❡ ❞✬✉♥❡ ❝❡❧❧✉❧❡✱ ∆x✱ ✈❛4✐❡ ❛✈❡❝ ❧❛ 4-&♦❧✉+✐♦♥✱ '✉❡ ♥♦✉& ♥♦+❡4♦♥& r✳ ▲❡& -'✉❛+✐♦♥&
&♦♥+ ❣-♥-4❛❧❡♠❡♥+ +4❛✐+-❡& ♣❛4 ❧❡& ♠-+❤♦❞❡& ❞❡ ●♦❞✉♥♦✈✱ ♠❡♥❛♥+ ❞❡& ♦♣-4❛+✐♦♥& &✉4
❧❡& ❝❡❧❧✉❧❡& ❛✜♥ ❞❡ ❞-+❡4♠✐♥❡4 ❧❛ &♦❧✉+✐♦♥ &♣❛+✐♦✲+❡♠♣♦4❡❧❧❡ ❞✉ ✢✉✐❞❡✳
❈✬❡&+ ❞❛♥& ❝❡++❡ ❢❛♠✐❧❧❡ ❞❡ ❝♦❞❡& '✉❡ &✬✐♥&❝4✐+ ❘❆▼❙❊❙ ❬✶✵✷✱ ✸✹❪✱ ❧❡ ❝♦❞❡ ▼❍❉
B ♠❛✐❧❧❡ ❛❞❛♣+❛+✐✈❡ '✉✐ ♠✬❛ -+- ❢♦✉4♥✐ ❛✉ ❞-❜✉+ ❞❡ ♠❛ +❤:&❡✳ ❈❡ ❝♦❞❡ 4-&♦✉+ ❧❡&
-'✉❛+✐♦♥& ❞❡ ❧❛ ▼❍❉ ✐❞-❛❧❡ -❝4✐+❡& &♦✉& ❢♦4♠❡ ❝♦♥&❡4✈❛+✐✈❡ ✭✶✳✽✮✱ ✭✶✳✾✮✱ ✭✶✳✶✵✮✱ ✭✶✳✶✶✮
❛✈❡❝ ✉♥❡ 4❡❧❛+✐♦♥ ❞❡ ❢❡4♠❡+✉4❡ ❞❡ +②♣❡ ❣❛③ ♣❛4❢❛✐+ ✭✶✳✶✺✮✳ ◆♦✉& ♣4-&❡♥+♦♥& ❞❡ ❢❛a♦♥
&✉❝❝✐♥❝+❡ ❧❡ ❝♦❞❡ ❞❛♥& ❧❛ &❡❝+✐♦♥ &✉✐✈❛♥+❡✳
✸✳✺ ▲❡ ❝♦❞❡ ❘❆▼❙❊❙
✸✳✺✳✶ ■♥*&❣2❛*✐♦♥ ❞❡+ &6✉❛*✐♦♥+ ❞❡ ❧❛ ▼❍❉
▲❡ &❝❤-♠❛ ♥✉♠-4✐'✉❡ ✉+✐❧✐&- ♣♦✉4 4-&♦✉❞4❡ ❧❡& -'✉❛+✐♦♥& ✭✶✳✽✮ B ✭✶✳✶✶✮ ❡&+ ❧❡
&❝❤-♠❛ ▼❯❙❈▲✲❍❛♥❝♦❝❦✱ ♣♦✉4 ▼♦♥♦#♦♥✐❝ ❯♣(#)❡❛♠✲❝❡♥#❡)❡❞ ❙❝❤❡♠❡ ❢♦) ❈♦♥(❡)✲
✈❛#✐♦♥ ▲❛✇✱ '✉✐ ❡&+ ♣4-❝✐& ❛✉ ❞❡✉①✐:♠❡ ♦4❞4❡ B ❧❛ ❢♦✐& ❡♥ ❡&♣❛❝❡ ❡+ ❡♥ +❡♠♣& ❬✺✺❪✳
❙♦✐+ ✉♥❡ -'✉❛+✐♦♥ ❛✉① ❞-4✐✈-❡& ♣❛4+✐❡❧❧❡& ✉♥✐❞✐4❡❝+✐♦♥♥❡❧❧❡& ♣♦4+❛♥+ &✉4 ❧❡ ✈❡❝+❡✉4
U +❡❧ '✉❡
∂tU + ∂xF (U) = 0, ✭✸✳✶✾✮
✻✽ ❈❍❆#■❚❘❊ ✸✳ ❚❯❘❇❯▲❊◆❈❊ ▼❍❉
♦# F (U) ❡%& ✉♥❡ ❢♦♥❝&✐♦♥ ❞❡% -✉❛♥&✐&/% U ✱ ❛♣♣❡❧/❡ /❣❛❧❡♠❡♥& ❢♦♥❝&✐♦♥ ✢✉①✳ ▲❛ ❢♦9♠❡
%❡♠✐✲❞✐%❝9;&❡ ❞❡ ❧✬/-✉❛&✐♦♥ ♣9/❝/❞❡♥&❡ ♣9❡♥❞ ❧❛ ❢♦9♠❡
∂tUi +
1
∆x
[F (Ui+1)− F (Ui)] = 0, ✭✸✳✷✵✮
❞❛♥% ❧❡ ❝❛% ❞✬✉♥ %❝❤/♠❛ ❞❡ ●♦❞✉♥♦✈ ❝❧❛%%✐-✉❡✱ ❛✈❡❝ ∆x ❧❛ &❛✐❧❧❡ ❞✬✉♥❡ ❝❡❧❧✉❧❡✳ ❈❡❧❛
❝♦♥%✐%&❡ ❞♦♥❝ F ❢❛✐9❡ ❧❛ ♠♦②❡♥♥❡ ❞❡% ❢♦♥❝&✐♦♥% ✢✉① ❡♥&9❡ ❧❡% ❝❡❧❧✉❧❡% i ❡& i+ 1✳
▲❡ %❝❤/♠❛ ▼❯❙❈▲✲❍❛♥❝♦❝❦ F ❧❛ ❞✐✛/9❡♥❝❡ ❞✉ %❝❤/♠❛ ❞❡ ●♦❞✉♥♦✈ ❝❧❛%%✐-✉❡✱
❡①&9❛♣♦❧❡ ❧❛ ✈❛❧❡✉9 ❞❡ ❧❛ ✈❛9✐❛❜❧❡ U ❞❛♥% &♦✉&❡ ❧❛ ❝❡❧❧✉❧❡ ♣❛9 ✉♥❡ ❢♦♥❝&✐♦♥ ❝♦♥&✐♥✉❡
-✉❡ ❧✬♦♥ ♣9❡♥❞9❛ ❝♦♠♠❡ ❧✐♥/❛✐9❡ ♣♦✉9 ❧✬❡①❡♠♣❧❡✳ U %✬/❝9✐& ❛❧♦9%
U (x) = Ui +
x− xi
∆x
δUi, ✭✸✳✷✶✮
♦# δUi ❡%& ❧❛ ♣❡♥&❡ ♠♦②❡♥♥❡ ❝❛❧❝✉❧/❡ F ♣❛9&✐9 ❞❡% ❝❡❧❧✉❧❡% ❛❞❥❛❝❡♥&❡% i − 1 ❡& i + 1
❝♦♠♠❡
δUi =
1
2
i+1∑
j=i
[Uj − Uj−1] . ✭✸✳✷✷✮
▲✬/-✉❛&✐♦♥ ✭✸✳✷✶✮ ♥✬❡%& ✈❛❧❛❜❧❡ -✉❡ ❞❛♥% ❧❡ ❞♦♠❛✐♥❡ ❝♦✉✈❡9& ♣❛9 ❧❛ ❝❡❧❧✉❧❡ i✱ %♦✐&
xi−1/2 < x < xi+1/2✳
❘❆▼❙❊❙ ✉&✐❧✐%❡ ❛❧♦9% ❧❛ ✈❛❧❡✉9 ❞❡ ❧❛ ✈❛9✐❛❜❧❡ U %✉9 ❧❡% ❢❛❝❡% ❞❡ ❧❛ ❝❡❧❧✉❧❡✱
❝✬❡%&✲F✲❞✐9❡ Ui±1/2✱ ♣♦✉9 ❝❛❧❝✉❧❡9 ❧❛ ✈❛❧❡✉9✱ &❡♠♣♦9❛✐9❡✱ ❞❡ Ui ❛✉ ♣❛% ❞❡ &❡♠♣%
tn+1/2 ≡ tn + ∆ tn/2✱ ♥♦&/❡ Un+1/2i ✳ ❈❡&&❡ -✉❛♥&✐&/ ❡%& ✉&✐❧✐%/❡ ♣♦✉9 ❝❛❧❝✉❧❡9
❧❡% ✈❛❧❡✉9% ♣9/❞✐&❡% %✉9 ❧❡% ❢❛❝❡% ❞❡ ❧❛ ❝❡❧❧✉❧❡
U+i−1/2 = U
n+1/2
i − δUi,
U−i−1/2 = U
n+1/2
i + δUi, ✭✸✳✷✸✮
❛✉ &❡♠♣% tn+1/2✳ ▲❛ %♦❧✉&✐♦♥ F tn ❡%& ❛❧♦9% ❞/&❡9♠✐♥/❡ ❝♦♠♠❡
Un+1i = U
n
i −
∆tn
∆x
(
F
(
U+i−1/2
)
− F
(
U−i+1/2
))
. ✭✸✳✷✹✮
▲❡ %❝❤/♠❛ ❞❡ ▼✉%❝❧✲❍❛♥❝♦❝❦ ✐♠♣❧/♠❡♥&/ ❞❛♥% ❘❆▼❙❊❙ ♣9/✈♦✐& ✉♥ ❛✉&9❡ ❝❛❧❝✉❧
❞❡% ♣❡♥&❡% ✭/-✉❛&✐♦♥ ✭✸✳✷✶✮✮✳ ❙✐ α = Ui − Ui−1 ❡& β = Ui+1 − Ui✱ ❧❡ ❝❛❧❝✉❧ ❡%& ❞♦♥♥/
♣❛9
δUi =
{
min ((α + β) /2, 2α, 2β) ∀ {α, β} |αβ > 0
0 ∀ {α, β} |αβ ≤ 0 , ✭✸✳✷✺✮
✸✳✺✳ ▲❊ ❈❖❉❊ ❘❆▼❙❊❙ ✻✾
❝❡ $✉✐ ♣❡(♠❡* ❞✬-✈✐*❡( ❞✬-✈❡♥*✉❡❧❧❡1 ✢✉❝*✉❛*✐♦♥1 ❞❡ ❧❛ 1♦❧✉*✐♦♥ ❛✉ ✈♦✐1✐♥❛❣❡ ❞✬✉♥ ❢♦(*
❣(❛❞✐❡♥*✱ ❝♦♠♠❡ ❝✬❡1* ❧❡ ❝❛1 ❞❛♥1 ❧❡1 ❡♥✈✐(♦♥♥❡♠❡♥*1 ❞❡ ❝❤♦❝✳
❆✈❛♥* ❞❡ ♣♦✉(1✉✐✈(❡ ❧❡ ♣(♦❝❤❛✐♥ ❝❤❛♣✐*(❡✱ ♥♦✉1 ❞❡✈♦♥1 ♣(-❝✐1❡( ❧❡ 1②1*<♠❡ ❞✬✉♥✐*-1
$✉✐ ❡1* 1♦✉(❝❡ ❞❡ ❝♦♥❢✉1✐♦♥ ❧♦(1 ❞❡ ❧✬❡①♣❧♦✐*❛*✐♦♥ ❞❡1 (-1✉❧*❛*1✳
✸✳✺✳✷ ❈♦♥❞✐)✐♦♥* ✐♥✐)✐❛❧❡* ❡) ✉♥✐)/*
❘❆▼❙❊❙ ❡1* -❝(✐* ❡♥ ✉♥✐*- ❈●❙✱ ❛✈❡❝ *♦✉*❡❢♦✐1 ❧❡ ❝❤❛♠♣ ♠❛❣♥-*✐$✉❡ ❡♥ ✉♥✐*-
❞❡
√
4π✳ ❈♦♠♠❡ ♣♦✉( *♦✉* ❝♦❞❡ ♥✉♠-(✐$✉❡✱ ✐❧ ❡1* ♣(-❢-(❛❜❧❡ ❞✬❡①♣(✐♠❡( ❧❡1 ✈❛(✐❛❜❧❡1
❞②♥❛♠✐$✉❡1 ❞❡ ❢❛E♦♥ ♥♦(♠❛❧✐1-❡1✱ ♦✉ ❛❞✐♠❡♥1✐♦♥♥❡❧❧❡1✳ ❙✐ X ❡1* ❧❛ ✈❛(✐❛❜❧❡ ❞②♥❛✲
♠✐$✉❡ ❛❞✐♠❡♥1✐♦♥♥❛❧✐1-❡✱ ✉*✐❧✐1-❡ ♣❛( ❘❆▼❙❊❙✱ ❛❧♦(1 Xϕ✱ ❧❛ ✈❛❧❡✉& ❞❡ ❝❡))❡ ✈❛&✐❛❜❧❡
❡♥ ✉♥✐)- ❈●❙✱ ❡1) )❡❧❧❡ 2✉❡
Xϕ ≡ X ·Xscale. ✭✸✳✷✻✮
♦: ❧❛ ✈❛&✐❛❜❧❡ Xscale ❡1) ❛♣♣❡❧-❡  ❛♣♣♦ $ ❞❡ ♥♦ ♠❛❧✐+❛$✐♦♥✱ ❡) ❝♦&&❡1♣♦♥❞ ❛✉ &❛♣♣♦&)
❞❡ ❝♦♥✈❡&1✐♦♥ ❡♥)&❡ ❧❡ 1②1)=♠❡ ♣❤②1✐2✉❡ ❡) ❧❡ 1②1)=♠❡ ❞❡ ❘❆▼❙❊❙✳ ▲❡1 &❛♣♣♦&)1 ❞❡
♥♦&♠❛❧✐1❛)✐♦♥ 1♦♥) ❛♣♣❡❧-1 ♣❛& ❧❡1 ✉)✐❧✐1❛)❡✉&1 ❞❡ ❘❆▼❙❊❙ ❧❡+ ✉♥✐$-+ ❞❡ ❧✬✉$✐❧✐+❛$❡✉ ✱
❝❛& ❧❡✉&1 ✈❛❧❡✉&1 ♣❡✉✈❡♥) E)&❡ ❝❤♦✐1✐❡1 ❧✐❜&❡♠❡♥)✱ ❡♥ ❢♦♥❝)✐♦♥ ❞✉ ♣&♦❜❧=♠❡ )&❛✐)- ♣❛&
❧❛ 1✐♠✉❧❛)✐♦♥✳
G❛& ❡①❡♠♣❧❡✱ ♣♦✉& ✉♥❡ 1✐♠✉❧❛)✐♦♥ ❞❡ )✉&❜✉❧❡♥❝❡ ❞♦♥♥-❡✱ ♦♥ ❞-✜♥✐&❛ )♦✉❥♦✉&1
❧❡1 ✈❛&✐❛❜❧❡1 ❞❡ ❞❡♥1✐)- ❡) ❞❡ ❧♦♥❣✉❡✉& ❝♦♠♠❡ 1✉& ❧❡ ♣&✐♥❝✐♣❡ ❞❡ ❧✬-2✉❛)✐♦♥ ✭✸✳✷✻✮✳
❆✐♥1✐✱ 1✐ ❥✬✐♠♣♦1❡ ❛✉ ❝♦❞❡ 2✉❡ )♦✉)❡1 ❧❡1 ❧♦♥❣✉❡✉&1 1♦✐❡♥) ♥♦&♠❛❧✐1-❡1 M ✉♥ ♣❛&1❡❝✱
❧❡1 ❝❤❛♠♣1 ♠❛❣♥-)✐2✉❡1 M ✺ µ●❛✉11 ❡) ❧❡1 ❞❡♥1✐)-1 M ✉♥ ♣&♦)♦♥ ♣❛& ❝❡♥)✐♠=)&❡ ❝✉❜❡✱
❥❡ ❞-✜♥✐1 ❛❧♦&1
Lscale = 3.08 · 1018 cm,
Bscale = 5 · 10−6 G,
ρscale = 1.6 · 10−24 g.cm−3.
❈❡1 )&♦✐1 2✉❛♥)✐)-1 ♠❡ ♣❡&♠❡))❡♥) ❞❡ ❞-✜♥✐& ❧❡1 &❛♣♣♦&)1 ❞❡ ♥♦&♠❛❧✐1❛)✐♦♥ ♣♦✉&
❧❛ ♣&❡11✐♦♥✱ Pscale✱ ❧❛ ✈✐)❡11❡✱ Uscale✱ ❡) ❧❡ )❡♠♣1✱ Tscale✱ ♣❛& ❧❡1 &❡❧❛)✐♦♥1
Pscale = 2B
2
scale,
Uscale =
√
2Pscale/ρscale,
Tscale = Lscale/Uscale.
▲♦&1 ❞✉ )&❛✐)❡♠❡♥) ❞❡1 ❞♦♥♥-❡1✱ ❧✬✉)✐❧✐1❛)❡✉& ♣♦✉&&❛ ❞♦♥❝ ❡①♣&✐♠❡& ❧❡1 ✈❛❧❡✉&1
♦❜)❡♥✉❡1 ❡♥ ✉)✐❧✐1❛♥) ❧❛ &❡❧❛)✐♦♥ ✭✸✳✷✻✮✳
✼✵ ❈❍❆#■❚❘❊ ✸✳ ❚❯❘❇❯▲❊◆❈❊ ▼❍❉
✸✳✻ ▲❡% ❛✉()❡% ❝♦❞❡% ▼❍❉
■❧ ❡①✐'(❡ ❞❡ ♥♦♠❜.❡✉'❡' ❞0❝❧✐♥❛✐'♦♥' ❞❡ ❝♦❞❡' ▼❍❉✱ ❞♦♥( ✉♥❡ ❧✐'(❡ ♥♦♥✲❡①❤❛✉'(✐✈❡✱
❡( ❝♦♥(❡♥❛♥( ❘❆▼❙❊❙✱ ❡'( (❡'(0❡ ❞❛♥' ❬✺✵❪✳ ▲✬0(✉❞❡ ❝♦♠♣❛.❡ ❧❛ .0♣♦♥'❡ ❞❡ ❞✐✛0.❡♥('
❝♦❞❡' ▼❍❉ ❧♦.' ❞✉ ❞0❝❧✐♥ ❞✬✉♥ ❝❤❛♠♣ ▼❍❉ (✉.❜✉❧❡♥(✱ ❡( (❡♥(❡ ❞❡ F✉❛♥(✐✜❡. ❧✬❡✛❡(
❞❡ ❧❛ ❞✐''✐♣❛(✐♦♥ ♥✉♠0.✐F✉❡ '✉. ❧❛ (✉.❜✉❧❡♥❝❡✳
❈❡((❡ 0(✉❞❡ ♠♦♥(.❡ ✉♥❡ ❞0♣❡♥❞❛♥❝❡ ♥♦♥ ♥0❣❧✐❣❡❛❜❧❡ ❞✉ '♣❡❝(.❡ ❡♥ 0♥❡.❣✐❡ ❛✈❡❝ ❧❡'
'❝❤0♠❛' ♥✉♠0.✐F✉❡'✳ ▲❛ ✜❣✉.❡ ✸✳✶ ✐❧❧✉'(.❡ ❧❡' .0'✉❧(❛(' ♦❜(❡♥✉' ♣❛. ❧❡' ❞✐✛0.❡♥('
❝♦❞❡' ❞❡ ❝❛❧❝✉❧ ▼❍❉✳
❋✐❣✉$❡ ✸✳✶ ✕ ❘❛♣♣♦.( ❞❡' '♣❡❝(.❡' ❝✐♥0(✐F✉❡' ❡( ♠❛❣♥0(✐F✉❡' ♣❛. .❛♣♣♦.( ❛✉ '♣❡❝(.❡
(✉.❜✉❧❡♥( ✐♥✐(✐❛❧ Pref ✱ ♣♦✉. ✉♥❡ '✐♠✉❧❛(✐♦♥ 256
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✸✳✻✳ ▲❊❙ ❆❯❚❘❊❙ ❈❖❉❊❙ ▼❍❉ ✼✶
■❧ ❡%& ✐♥&)*❡%%❛♥& ❞❡ ❝♦♠♣❛*❡* ❧❛ ❝♦✉*❜❡ ♣♦✉* ❘❆▼❙❊❙ ❡& ❧❛ ❝♦✉*❜❡ ♣♦✉* ❧❡ ❝♦❞❡
▲▲✲▼❍❉ ✭❝♦✉*❜❡ ❞✐%❝♦♥&✐♥✉❡ *♦%❡✮✱ ♣✉✐%?✉❡ ❝❡% ❞❡✉① ❝♦❞❡% ♥❡ ❞✐✛B*❡♥& ?✉❡ ♣❛* ❧❛
❢❛D♦♥ ❞❡ ❝♦♥&*❛✐♥❞*❡ ❧❡ &*❛♥%♣♦*& ❞❡% ✈❛*✐❛❜❧❡% ❞②♥❛♠✐?✉❡%✳ ▲❛ ✜❣✉*❡ ✸✳✷ ❝♦♠♣❛*❡ ❧❡%
%♣❡❝&*❡% ♦❜&❡♥✉% L ♣❛*&✐* ❞✬✉♥❡ %✐♠✉❧❛&✐♦♥ 5123✳ ❉❡ ♠❛♥✐B*❡ ❣)♥)*❛❧✱ ❝❡% ❝♦❞❡% %♦♥&
❝♦❤)*❡♥&% ❧❡% ✉♥% ❛✈❡❝ ❧❡% ❛✉&*❡%✱ ❡♥ &♦✉& ❝❛% ❞❛♥% ❧❛ ③♦♥❡ ✐♥❡*&✐❡❧❧❡ ❞✉ %♣❡❝&*❡✳ P❛*
❝♦♥&*❡✱ ❧❡% ❞✐✛)*❡♥&❡% %♦❧✉&✐♦♥% ❞✐✈❡*❣❡♥& ❧❡% ✉♥❡% ❞❡% ❛✉&*❡% L ♣❛*&✐* ❞❡ ❧❛ ❢*)?✉❡♥❝❡
❞❡ ❞✐%%✐♣❛&✐♦♥✱ ❝✬❡%& L ❞✐*❡ log(k/kmin) = 0.8 ♣♦✉* ❧❡% %✐♠✉❧❛&✐♦♥% 256
3
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❡& log(k/kmin) = 1.5 ♣♦✉* ❧❡% %✐♠✉❧❛&✐♦♥% 512
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❋✐❣✉$❡ ✸✳✷ ✕ ❙♣❡❝&*❡ ❞❡ ♣✉✐%%❛♥❝❡ ❞✉ ❝❤❛♠♣ ❞❡ ✈✐&❡%%❡ ✭L ❣❛✉❝❤❡✮ ❡& ❞✉ ❝❤❛♠♣
♠❛❣♥)&✐?✉❡ ✭L ❞*♦✐&❡✮ ❡♥ ❢♦♥❝&✐♦♥ ❞✉ ❧♦❣❛*✐&❤♠❡ ❞✉ *❛♣♣♦*& ❡♥&*❡ ❧❡ ♠♦❞❡ ❞❡ ❋♦✉**✐❡*
❡& ❧❡ ♠♦❞❡ ❞✬✐♥❥❡❝&✐♦♥ k/kmin✳
✼✷ ❈❍❆#■❚❘❊ ✸✳ ❚❯❘❇❯▲❊◆❈❊ ▼❍❉
❈❤❛♣✐%&❡ ✹
❙✐♠✉❧❛%✐♦♥ ❞✐&❡❝%❡ ❞❡ ❧❛ %✉&❜✉❧❡♥❝❡
✹✳✶ ■♥%&♦❞✉❝%✐♦♥
❆✉ ❝♦✉$% ❞❡ ❝❡ ❝❤❛♣✐,$❡✱ ♥♦✉% ❛❜♦$❞❡$♦♥% ❧❡% ❛%♣❡❝,% ,❡❝❤♥✐1✉❡% ❞❡ ❧✬✐♠♣❧4♠❡♥,❛✲
,✐♦♥ ❞✉ ❢♦$7❛❣❡ 1✉❡ ❥✬❛✐ ✐♠♣❧4♠❡♥,4 ♣♦✉$ ❧❡ ❝♦❞❡ ❘❆▼❙❊❙ ❞❛♥% ❧❛ %❡❝,✐♦♥ ✹✳✷✱ ❛✈❛♥,
❞❡ ❞✐%❝✉,❡$ ❧❛ %,❛,✐♦♥♥❛$✐,4 ❞✉ %♣❡❝,$❡ ❞❛♥% ❧❛ %❡❝,✐♦♥ ✹✳✸✳ ❊♥%✉✐,❡✱ ♥♦✉% ❛❜♦$❞❡$♦♥%
❞❛♥% ❧❛ %❡❝,✐♦♥ ✹✳✹ ❧❡% ❞✐✛4$❡♥,% ♣❛$❛♠D,$❡% ❞✉ ❢♦$7❛❣❡✱ ❛✐♥%✐ 1✉❡ ❧❡% ❝♦♥❞✐,✐♦♥% ✐♥✐✲
,✐❛❧❡% ❛✈❡❝ ❧❡%1✉❡❧❧❡% ♥♦✉% ❞❡✈$♦♥% ❥♦✉❡$ ♣♦✉$ ❣4♥4$❡$ ❞✐✛4$❡♥,% ,②♣❡% ❞❡ ,✉$❜✉❧❡♥❝❡✳
✹✳✷ ▼♦❞✉❧❡ ❞❡ ❋♦&1❛❣❡
▲✬❛✈❛♥,❛❣❡ ❞❡ ❢♦$❝❡$ ❧✬41✉❛,✐♦♥ ❞✬❊✉❧❡$ ✭✸✳✾✮ ❡%, 1✉❡ ❧❛ ,✉$❜✉❧❡♥❝❡ ❡%, ♣$4%❡♥,❡ %✉$
❧✬❡♥%❡♠❜❧❡ ❞✉ ❞♦♠❛✐♥❡ ❞❡ ❝❛❧❝✉❧✱ ❡, ❧❛ ,✉$❜✉❧❡♥❝❡ ❡%, ❞✐,❡ ❤♦♠♦❣D♥❡✳ ▲❛ ❝♦♠♣♦%❛♥,❡
fi %❡ ❝❛❧❝✉❧❡ ❝♦♠♠❡
fi =
Nm∑
m=1
f̂i,mcos (2πkj,mxj) , ✭✹✳✶✮
♦K ❧❡% f̂i,m %♦♥, ❧❡% ❛♠♣❧✐,✉❞❡% ❞❡ ❋♦✉$✐❡$ $❡❧❛,✐✈❡% ❛✉ ♠♦❞❡ m✱ ❡❧❧❡% ♦❜4✐%%❡♥, M
❧✬41✉❛,✐♦♥ ❞✐✛4$❡♥,✐❡❧❧❡ %,♦❝❤❛%,✐1✉❡
df̂i,m = gχ
[
−αf̂i,m
dt
T
+ β
cs
T
√
2w2
T
P χij,mdξj
]
, ✭✹✳✷✮
♦K α ❡, β %♦♥, ❞❡% ❝♦♥%,❛♥,❡% %❛♥% ❞✐♠❡♥%✐♦♥✱ cs ❧❛ ✈✐,❡%%❡ ❞✉ %♦♥ ✐♥✐,✐❛❧❡ ❞♦♥♥4❡ ♣❛$
❧✬41✉❛,✐♦♥ ✭✶✳✶✾✮✱ T ❧❡ ,❡♠♣% ❞②♥❛♠✐1✉❡ ❞❡ ❧❛ ,✉$❜✉❧❡♥❝❡✱ w ≡ w (k) ❧❡ %♣❡❝,$❡ ❞✉
❢♦$7❛❣❡✱ ♣$✐% ❝♦♠♠❡ ✉♥❡ ❝♦♥%,❛♥,❡ ❞❛♥% ❧✬❡%♣❛❝❡ ❞❡% k✱ P χij,m ❧❡ ,❡♥%❡✉$ ❞❡ ♣$♦❥❡❝,✐♦♥✱
$❡%♣♦♥%❛❜❧❡ ❞❡ ❧❛ ❣4♦♠4,$✐❡✱ ❡, dξj = ξj
√
dt ❛✈❡❝ ξj ✉♥ ♥♦♠❜$❡ ❛❧4❛,♦✐$❡ ❞❡ ❞❡♥%✐,4
❞❡ ♣$♦❜❛❜✐❧✐,4 %✉✐✈❛♥, ✉♥❡ ❧♦✐ ♥♦$♠❛❧❡ ❝❡♥,$4❡ $4❞✉✐,❡✱ ❝✬❡%,✲M✲❞✐$❡ ❞❡ ♣$♦❜❛❜✐❧✐,4
❣❛✉%%✐❡♥♥❡ ❡, ❞❡ ✈❛$✐❛♥❝❡ ✶ ❝❡♥,$4❡ %✉$ ✵✳
❉❛♥% ❧✬41✉❛,✐♦♥ ✭✹✳✷✮✱ ❧❡% f̂i,m %♦♥, ✐♥✐,✐❛❧✐%4% M ③4$♦ ❛✉ ❞4❜✉, ❞❡ ❧❛ %✉♠✉❧❛,✐♦♥✱ ❡,
✼✸
✼✹ ❈❍❆#■❚❘❊ ✹✳ ❙■▼❯▲❆❚■❖◆ ❉■❘❊❈❚❊ ❉❊ ▲❆ ❚❯❘❇❯▲❊◆❈❊
♥❡ ❝%♦✐((❡♥) *✉✬❛✉ )%❛✈❡%( ❧❡ )❡%♠❡ ❛❧1❛)♦✐%❡ dξj✳ ❙✐ α ❡() ♥♦♥ ♥✉❧✱ )♦✉)❡( ✈❛%✐❛)✐♦♥(
❛♥)1%✐❡✉%( ❞❡( f̂i,m (♦♥) ❡✛❛❝1❡( ♣❛% ❧❛ ❞1❝%♦✐((❛♥❝❡ ❡①♣♦♥❡♥)✐❡❧❧❡✳
▲✬1*✉❛)✐♦♥ ❞✐✛1%❡♥)✐❡❧❧❡ ()♦❝❤❛()✐*✉❡ ✭✹✳✷✮ ❡() ✉♥ ♣%♦❝❡((✉( ❞❡ ❖%♥()❡✐♥✲❯❤❧❡♥❜❡❝❦✱
✉)✐❧✐(1 ❞❛♥( ❞❡ ♥♦♠❜%❡✉(❡( 1)✉❞❡( (✉% ❧❛ )✉%❜✉❧❡♥❝❡ ❢♦%❝1❡ ❬✷✺✱ ✾✷✱ ✷✻❪✳
▲❡ )❡♥(❡✉% ❞❡ ♣%♦❥❡❝)✐♦♥ (✬1❝%✐)
P χij,m = χδij + (1− 2χ)
ki,mkj,m
k2m
, ✭✹✳✸✮
❛✈❡❝ δi,j ❧❡ (②♠❜♦❧❡ ❞❡ ❑%♦♥❡❝❦❡%✳ ▲❡ ♣❛%❛♠M)%❡ χ ❞1✜♥✐) ❧❛ ❣1♦♠1)%✐❡ ❞❡ ❧❛ )✉%❜✉✲
❧❡♥❝❡ ✿ ♣♦✉% χ = 0✱ ❧❡ )❡♥(❡✉% ❞❡ ♣%♦❥❡❝)✐♦♥ ✭✹✳✸✮ ❝♦♥()%✉✐) ❞❡( ❛♠♣❧✐)✉❞❡( ❞❡ ❋♦✉%✐❡%
)❡❧❧❡( *✉❡ ∇× f̂ = 0✱ (♦✐) ✉♥ ❢♦%R❛❣❡ ❝♦♠♣%❡((✐❜❧❡✳ ❆ ❧✬✐♥✈❡%(❡✱ ♣♦✉% χ = 1✱ ❧❡ )❡♥(❡✉%
❞❡ ♣%♦❥❡❝)✐♦♥ ✭✹✳✸✮ ❝♦♥()%✉✐) ❞❡( ❛♠♣❧✐)✉❞❡( ❞❡ ❋♦✉%✐❡% )❡❧❧❡( *✉❡ ∇.f̂ = 0✱ (♦✐) ✉♥
❢♦%R❛❣❡ ♣✉%❡♠❡♥) (♦❧1♥♦T❞❛❧❡ ✭✐♥❝♦♠♣%❡((✐❜❧❡✮✳
▲❡ ❝♦❡✣❝✐❡♥) gχ ❞❡ ❧✬1*✉❛)✐♦♥ ✭✹✳✷✮ ❡() ✉♥ )❡%♠❡ ❞❡ ♥♦%♠❛❧✐(❛)✐♦♥
gχ =
3√
1− 2χ+ 3χ2
. ✭✹✳✹✮
▲❡ (❡❝♦♥❞ )❡%♠❡ ❞✉ ♠❡♠❜%❡ ❞❡ ❞%♦✐)❡ ❞❡ ❧✬1*✉❛)✐♦♥ ✭✹✳✷✮ ❡() ❧❡ )❡%♠❡ %❡(♣♦♥(❛❜❧❡
❞❡ ❧❛ ❞✐✛✉(✐♦♥ (♣❛)✐♦✲)❡♠♣♦%❡❧❧❡ ()♦❝❤❛()✐*✉❡✳ ▲❡ )❡♥(❡✉% ❞❡ ♣%♦❥❡❝)✐♦♥ Pij ❝♦♥)%❛✐♥)
❧❡ ❝❤❛♠♣ ❞❡ ❢♦%❝❡ %1(✉❧)❛♥) V W)%❡ ()❛)✐()✐*✉❡♠❡♥) ✐(♦)%♦♣❡ ❞❛♥( ❧✬❡(♣❛❝❡ %1❡❧✳
▲❡ ♣%❡♠✐❡% )❡%♠❡ ❞✉ ♠❡♠❜%❡ ❞❡ ❞%♦✐)❡ ❞❡ ❧✬1*✉❛)✐♦♥ ✭✹✳✷✮ ❛((✉%❡ *✉❛♥) V ❧✉✐ ❧❛ ♣❡%)❡
❞❡ ♠1♠♦✐%❡ ❞✉ ❢♦%R❛❣❡✱ ❛))1♥✉❛♥) ❧❡( ❛♠♣❧✐)✉❞❡( ❞❡ ❋♦✉%✐❡% ♣%1❝1❞❡♥)❡(✳
◆♦✉( ❛✈♦♥( ❝❤♦✐(✐✱ ❞❛♥( )♦✉)❡( ♥♦( (✐♠✉❧❛)✐♦♥(✱ ❞❡ ❢❛✐%❡ ❧✬1❣❛❧✐)1 ❡♥)%❡ ❧❡ )❡♠♣(
❞②♥❛♠✐*✉❡ ❞❡ ❧❛ )✉%❜✉❧❡♥❝❡ V ❧❛ ♣❧✉( ❣%❛♥❞❡ 1❝❤❡❧❧❡ ❡) ❧❡ )❡♠♣( ❞✬❛✉)♦✲❝♦%%1❧❛)✐♦♥
❞✉ ❢♦%R❛❣❡✱ ❛✈❡❝
T ≡ L
cs
, ✭✹✳✺✮
♦Y L ❡() ❧❛ )❛✐❧❧❡ ❞✉ ❞♦♠❛✐♥❡ ❞❡ ❝❛❧❝✉❧✱ cs ❧❛ ✈✐)❡((❡ ❞✉ (♦♥ ✭✶✳✶✾✮✳ ▲✬1*✉❛)✐♦♥ ✭✹✳✺✮
❝♦%%❡(♣♦♥❞ ❛✉ )❡♠♣( *✉❡ ♠❡) ✉♥❡ ♣❡%)✉%❜❛)✐♦♥ ♣♦✉% )%❛✈❡%(❡% ❧❡ ❝✉❜❡ ❞❡ (✐♠✉❧❛)✐♦♥✳
❙✐ ♥♦✉( ♣♦(♦♥( α = β ❞❛♥( ❧✬1*✉❛)✐♦♥ ✭✹✳✷✮✱ ♥♦✉( ♣♦✉✈♦♥( ❢❛✐%❡ ✈❛%✐❡% α ♣♦✉% ❢❛✐%❡
✈❛%✐❡% ❧❡ ♥✐✈❡❛✉ ❞❡ )✉%❜✉❧❡♥❝❡✳ ❯♥❡ ❛✉)%❡ ♠❛♥✐M%❡ ❞❡ ❧❡ ❢❛✐%❡ (❡%❛✐) ❞❡ ♠♦❞✐✜❡% ❧❡(
❝♦♥❞✐)✐♦♥( ✐♥✐)✐❛❧❡( ♣♦✉% ✉♥ α ❞♦♥♥1✳ ❯♥❡ 1)✉❞❡ ❝♦♠♣❧M)❡ (✉% ❧❡( ❝♦♥❞✐)✐♦♥( ✐♥✐)✐❛❧❡(
(❡%❛ ♠❡♥1❡ ❞❛♥( ❧❛ ♣%♦❝❤❛✐♥❡ (❡❝)✐♦♥✳
✹✳✷✳✶ ❈♦♥❞✐)✐♦♥* ✐♥✐)✐❛❧❡*
[♦✉% ❞1❜✉)❡% ✉♥❡ (✐♠✉❧❛)✐♦♥✱ ♥♦✉( ❞❡✈♦♥( ♣%1❝✐(❡% ❧❡( ❝♦♥❞✐)✐♦♥( ✐♥✐)✐❛❧❡( *✉✐
❞1✜♥✐%♦♥) ❧❡ ♠✐❧✐❡✉ ✿ ❞❡♥(✐)1 ρ0✱ ♣%❡((✐♦♥ P0✱ ❝❤❛♠♣ ♠❛❣♥1)✐*✉❡ ♠♦②❡♥ B0✱ ❝❤❛♠♣
✹✳✷✳ ▼❖❉❯▲❊ ❉❊ ❋❖❘➬❆●❊ ✼✺
❞❡ ✈✐&❡''❡ v0 ❡& ❧✬✐♥❞✐❝❡ ❛❞✐❛❜❛&✐.✉❡ γg✳
❉❡ ♠❛♥✐34❡ ❣6♥64❛❧❡✱ ♥♦✉' ♣❛4&✐4♦♥' ❞✬✉♥ ✢✉✐❞❡ ✐♥✐&✐❛❧❡♠❡♥& ❛✉ 4❡♣♦' ✭v0 = 0✮✳
▲❛ '✉✐&❡ 4❡✈✐❡♥& > ❞6✜♥✐4 ❧❛ ✈✐&❡''❡ ❞✬❆❧❢✈6♥ ✭✶✳✶✽✮ ❡& ❧❛ ✈✐&❡''❡ ❞✉ '♦♥ ✭✶✳✶✾✮ ❛✉
&4❛✈❡4' ❞❡' ❛✉&4❡' ❣4❛♥❞❡✉4'✳
❆✐♥'✐✱ ♣♦✉4 ✉♥❡ '✐♠✉❧❛&✐♦♥ ♦E ρϕ,0 = 1mp/cm
3
✱ Pϕ,0 = 10
−14 bar✱ γg = 1.01 ❡&
Bϕ,0 = 5 µG✱ ♦♥ ❛✱ ❡♥ ✉♥✐&6 ❞❡ ❝♦❞❡ ✭❝❢✳ '❡❝&✐♦♥ ✸✳✺✳✷✮ ✿
ρ0 = 1,
B0 = ẑ,
P0 = 1,
cs,0 =
√
γg = 1.0005,
vA,0 = 1. ✭✹✳✻✮
▲❡' ♣❛4❛♠3&4❡' ❞✉ ❢♦4K❛❣❡ > ❞6✜♥✐4 ❛✈❛♥& ❞❡ ❝♦♠♠❡♥❝❡4 ✉♥❡ '✐♠✉❧❛&✐♦♥ '♦♥& ✿
❧✬❛♠♣❧✐&✉❞❡ w✱ ❧❡ &❡♠♣' ❞✬❛✉&♦✲❝♦446❧❛&✐♦♥ ❞❡ ❧❛ &✉4❜✉❧❡♥❝❡ .✉❡ ❧✬♦♥ ♣4❡♥❞4❛ 6❣❛❧
❛✉ &❡♠♣' ❞❡ &4❛♥'✐& ❞✬✉♥❡ ♣❡4&✉4❜❛&✐♦♥ > ❧❛ ✈✐&❡''❡ ❞✉ '♦♥ T = TD✱ ❧❡ ♣❛4❛♠3&4❡
❞6✜♥✐''❛♥& ❧❛ ❣6♦♠6&4✐❡ ❞❡' ❝♦♠♣♦'❛♥&❡' ❞❡ ❋♦✉4✐❡4 χ✳
❉❛♥' ❧❛ '✉✐&❡ ❞❡ ❝❡&&❡ '❡❝&✐♦♥✱ ♦♥ ♣♦'❡4❛
w = 10−2,
T = 0.2,
χ = 0.5. ✭✹✳✼✮
◆♦✉' ❛❧❧♦♥' ♠❛✐♥&❡♥❛♥& ❞6&❛✐❧❧❡4 ❧❡' ❣4❛♥❞❡✉4' ♠❡'✉46❡' ❛✉ ❝♦✉4' ❞✬✉♥❡ '✐♠✉❧❛✲
&✐♦♥ &②♣✐.✉❡ ❛✈❡❝ ✉♥❡ 46'♦❧✉&✐♦♥ ❞❡ 2563✳
✹✳✷✳✷ ❊✈♦❧✉(✐♦♥ (❡♠♣♦.❡❧❧❡
◆♦✉' ❛✈♦♥' &4❛❝6 ❧✬6✈♦❧✉&✐♦♥ &❡♠♣♦4❡❧❧❡ ❞✉ '♣❡❝&4❡ ❡♥ 6♥❡4❣✐❡ ❝✐♥6&✐.✉❡ '✉4 ❧❛
✜❣✉4❡ ✹✳✶✳ ▲✬6♥❡4❣✐❡ ❝✐♥6&✐.✉❡ ♣❛4 ✉♥✐&6 ❞❡ ♠❛''❡ &♦&❛❧❡ ❡'& ❞6✜♥✐❡ > ♣❛4&✐4 ❞✉ '♣❡❝&4❡
❡♥ 6♥❡4❣✐❡ ❝✐♥6&✐.✉❡ ♣❛4 ✉♥✐&6 ❞❡ ♠❛''❡ eK (kn)✱ ♣❛4
EK =
Nm∑
n=1
eK (kn) , ✭✹✳✽✮
♦E
eK (kn) =
∫ kNm
0
dkn 4πk
2
nǫK (kn) δ (kn − |kn|) , ✭✹✳✾✮
♣♦✉4 ❧✬6♥❡4❣✐❡ ❝✐♥6&✐.✉❡✱ ♦E
ǫK (kn) =
1
2
3∑
i=1
ũ2i (kn) , ✭✹✳✶✵✮
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♦# ũi $❡♣$'(❡♥*❡ ❧❛ ❝♦♠♣♦(❛♥*❡ i ❞❡ ❧❛ ✈✐*❡((❡ ❞❛♥( ❧✬❡(♣❛❝❡ ❞❡ ❋♦✉$✐❡$✳
❉❡ ♠7♠❡✱ ♣♦✉$ ❧✬'♥❡$❣✐❡ ♠❛❣♥'*✐:✉❡✱
EM =
Nm∑
n=1
eM (kn) , ✭✹✳✶✶✮
♦#
eM (kn) =
∫ kNm
0
dkn 4πk
2
nǫM (kn) δ (kn − |kn|) , ✭✹✳✶✷✮
❡*
ǫM (kn) =
1
2
3∑
i=1
δB̃2i (kn) , ✭✹✳✶✸✮
♦# δB ❡(* ❞♦♥♥'❡ ♣❛$ ❧❛ $❡❧❛*✐♦♥ ✭✸✳✶✵✮✳
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♦❜*❡♥✉❡ F ♣❛$*✐$ ❞❡ t/TD = 8✳
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0❛♠J&0❡,✳ ❆✜♥ ❞❡ ♣05❝✐,❡0 ❧❡, 5&❛♣❡, ❞❡ ,✐♠✉❧❛&✐♦♥ ❞✐0❡❝&❡ ❞❡ ❧❛ &✉0❜✉❧❡♥❝❡✱ ♥♦✉,
❛❧❧♦♥, ❞5❝0✐0❡ ❧❡ &0❛✈❛✐❧ ❡✛❡❝&✉5 ♣♦✉0 ✉♥❡ ,✐♠✉❧❛&✐♦♥✳
✹✳✹✳✶ #$%❞✐❝)✐❜✐❧✐)% ❞✉ ♥✐✈❡❛✉ ❞❡ ❧❛ )✉$❜✉❧❡♥❝❡
▲❡ ♥✐✈❡❛✉ ❞❡ &✉0❜✉❧❡♥❝❡ ❡,& ❞5✜♥✐ ♣❛0 ❧❡ 0❛♣♣♦0&
η ≡ δB
B0
✭✹✳✷✵✮
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)
χ=0
χ=0.5
χ=1
❋✐❣✉$❡ ✹✳✻ ✕ ❊✈♦❧✉&✐♦♥ ❞✉ ♥♦♠❜0❡ ❞❡ ▼❛❝❤ ❆❧❢✈5♥✐7✉❡ ❡♥ ❢♦♥❝&✐♦♥ ❞✉ ♣❛0❛♠J&0❡
w✱ ♣♦✉0 ❞✐✛50❡♥&❡, ❣5♦♠5&0✐❡, ❞❡ ❢♦0H❛❣❡✳ ❈❡, &0❛❝5, ❝♦00❡,♣♦♥❞❡♥& ❛✉① ,✐♠✉❧❛&✐♦♥,
5123✳
❊♥ 5&✉❞✐❛♥& ❧✬57✉❛&✐♦♥ ✭✹✳✷✮✱ ✐❧ ,❡♠❜❧❡ 0❛✐,♦♥♥❛❜❧❡ ❞❡ ♣❡♥,❡0 7✉❡ ❧❡ ♥✐✈❡❛✉ ❞❡
&✉0❜✉❧❡♥❝❡ ,❡0❛ ♣0♦♣♦0&✐♦♥♥❡❧ 6 w✱ ♠Q♠❡ ,✐ ❧❡ ❢♦0H❛❣❡ ❛❣✐& ✉♥✐7✉❡♠❡♥& ,✉0 ❧✬57✉❛&✐♦♥
✽✷ ❈❍❆#■❚❘❊ ✹✳ ❙■▼❯▲❆❚■❖◆ ❉■❘❊❈❚❊ ❉❊ ▲❆ ❚❯❘❇❯▲❊◆❈❊
❞✬❊✉❧❡(✳ ▲✬+,✉❞❡ ❡-, (+-✉♠+❡ ♣❛( ❧❛ ✜❣✉(❡ ✹✳✻✱ 6✉✐ ♣(+-❡♥,❡ ❧❡- ✈❛❧❡✉(- ❞❡ Ma ♣♦✉(
✉♥ -♣❡❝,(❡ ♠❛❣♥+,✐6✉❡ -,❛,✐♦♥♥❛✐(❡✳
■❧ ❡-, +❣❛❧❡♠❡♥, ✉,✐❧❡ ❞❡ ♠♦❞✐✜❡( ❧❡- ❝♦♥❞✐,✐♦♥- ✐♥✐,✐❛❧❡- ❞✬✉♥❡ -✐♠✉❧❛,✐♦♥ ♣♦✉(
❢❛✐(❡ ✈❛(✐❡( ❧✬✐♠♣♦(,❛♥❝❡ (❡❧❛,✐✈❡ ❞❡- ♣❡(,✉(❜❛,✐♦♥- ♣❛( (❛♣♣♦(, ❛✉① ❝❤❛♠♣- ✐♥✐,✐❛✉①✳
▲❡ ♥♦♠❜(❡ ❞❡ ▼❛❝❤ ❡-, ✉♥❡ ❞♦♥♥+❡ ✐♠♣♦(,❛♥,❡ ❡♥ ,✉(❜✉❧❡♥❝❡ ♣✉✐-6✉✬✐❧ ❞♦♥♥❡ ❧✬✐♠✲
♣♦(,❛♥❝❡ ❞❡ ❧❛ ♣❡(,✉(❜❛,✐♦♥ δv ♣❛( (❛♣♣♦(, ❛✉① ✈✐,❡--❡- ❝❛(❛❝,+(✐-,✐6✉❡- ❞✉ ✢✉✐❞❡
▼❍❉ 6✉❡ -♦♥, ❧❛ ✈✐,❡--❡ ❞✉ -♦♥ ✭✶✳✶✾✮ ❡, ❧❛ ✈✐,❡--❡ ❞✬❆❧❢✈+♥ ✭✶✳✶✽✮ ❞♦♥, ♦♥ (❛♣♣❡❧❧❡
❧❡- ❡①♣(❡--✐♦♥-
vA =
B0√
4πρ0
✭✹✳✷✶✮
❡,
cs =
√
γP0
ρ0
✭✹✳✷✷✮
❆ w ❝♦♥-,❛♥,✱ ❡, ❞♦♥❝ K δv ❝♦♥-,❛♥,✱ ♠♦❞✐✜❡( ❧❡- ♣(❡--✐♦♥- ,❤❡(♠✐6✉❡- ❡, ♠❛✲
❣♥+,✐6✉❡- ✐♥✐,✐❛❧❡- ♣❡(♠❡, ❞❡ ❢❛✐(❡ ✈❛(✐❡( ❧❡- ♥♦♠❜(❡- ❞❡ ▼❛❝❤ -♦♥✐6✉❡ ❡, ❛❧❢✈+♥✐6✉❡✳
✹✳✹✳✷ ◆♦♠❡♥❝❧❛+✉-❡ ❞❡/ /✐♠✉❧❛+✐♦♥/
❉❛♥- ,♦✉,❡ ❧❛ -✉✐,❡✱ ♥♦✉- ✉,✐❧✐-❡(♦♥- ✉♥❡ ❝❧❛--✐✜❝❛,✐♦♥ ❛✜♥ ❞❡ (+❢+(❡♥❝❡( ❧❡- -✐♠✉✲
❧❛,✐♦♥- 6✉✐ ♦♥, +,+ (+❛❧✐-+❡- ❛✉ ❝♦✉(- ❞❡ ❝❡,,❡ ,❤L-❡✳ ❈❡,,❡ ❝❧❛--✐✜❝❛,✐♦♥ ❝♦♥,✐❡♥❞(❛
❧✬❡--❡♥,✐❡❧ ❞❡- ♣❛(❛♠L,(❡- 6✉✐ ♦♥, ❝❤❛♥❣+- ❞✬✉♥❡ -✐♠✉❧❛,✐♦♥ K ❧✬❛✉,(❡✱ ❞❡ ❢❛N♦♥ K
✐❞❡♥,✐✜❡( ❧❡- -✐♠✉❧❛,✐♦♥- -❛♥- ❛♠❜✐❣✉O,+✳
P(❡♥♦♥- ❧✬❡①❡♠♣❧❡ ❞✬✉♥❡ -✐♠✉❧❛,✐♦♥ 2563✱ ❛✈❡❝ w = 0.01✱ ✉♥ ❝❤❛♠♣ ♠❛❣♥+,✐6✉❡
B0 = 1✱ ✉♥❡ ♣(❡--✐♦♥ P = 1 ❡, ✉♥❡ ❣+♦♠+,(✐❡ χ = 0.5✳ ▲❡ ♥♦♠ ❛--♦❝✐+ -❡(❛
L8W1B1P1C5
❈❤❛6✉❡ ❝❤✐✛(❡ ❢❛✐, (+❢+(❡♥❝❡ K ❧❛ ❧❡,,(❡ 6✉✐ ❧❡ ♣(+❝L❞❡✳ ■❝✐✱ L ❡-, (❡❧✐+ K ❧❛ (+-♦✲
❧✉,✐♦♥ r ♣❛( r = 2L✱ ❝❛( ❘❆▼❙❊❙ ❝♦♥-,(✉✐, ❧❡- ❝❡❧❧✉❧❡- ❞✉ ❝✉❜❡ ❞❡ -✐♠✉❧❛,✐♦♥ -♦✉-
❢♦(♠❡ ❞✬♦❝,❡,✳ ❲ (❡♣(+-❡♥,❡ ❧❡ ♣❛(❛♠L,(❡ ❞❡ ❢♦(N❛❣❡ w ❞❡ ❧✬+6✉❛,✐♦♥ ✭✹✳✷✮✱ ♠✉❧,✐♣❧✐+
♣❛( 100 ♣♦✉( ♣❧✉- ❞❡ ❝♦♠♣❛❝✐,+✳ ❇ ❢❛✐, (+❢+(❡♥❝❡ K ❧✬✐♥,❡♥-✐,+ ❞✉ ❝❤❛♠♣ ♠❛❣♥+,✐6✉❡
♠♦②❡♥ B0✱ ❡, ❈ ❧❛ ❣+♦♠+,(✐❡ ❞✉ ❢♦(N❛❣❡ χ✱ ♠✉❧,✐♣❧✐+ ♣❛( ✶✵ ♣♦✉( ♣❧✉- ❞❡ ❝♦♠♣❛❝✐,+✳
▲❛ ❧✐-,❡ ❞❡- -✐♠✉❧❛,✐♦♥- (+❛❧✐-+❡- ❛✉ ❝♦✉(- ❞❡ ❝❡,,❡ ,❤L-❡ ❡-, ❞+,❛✐❧❧+❡ ❞❛♥- ❧❡ ,❛❜❧❡❛✉
✹✳✶✳ ❉❡- -✐♠✉❧❛,✐♦♥- ❤②❞(♦❞②♥❛♠✐6✉❡- ✭❍❉✮ ♦♥, ❛✉--✐ +,+ (+❛❧✐-+❡- ✭❝❢✳ ➓✺✳✷✮ ♣♦✉(
❧✬+,✉❞❡ ❞❡- ❞✐-,(✐❜✉,✐♦♥- ❞❡ ❞❡♥-✐,+ ❡♥ ,✉(❜✉❧❡♥❝❡ -✉♣❡(-♦♥✐6✉❡✳
✹✳✺ ❙✉% ❧❡ ❝❧✉)*❡% ❞❡ ❝❛❧❝✉❧
▲❛ (❡--♦✉(❝❡ ✉,✐❧✐-+❡ -✉( ❧❡- ❣(❛♥❞- +6✉✐♣❡♠❡♥,- ❞❡ ❝❛❧❝✉❧ ✐♥,❡♥-✐❢ ❡-, ❡①♣(✐♠+❡
❡♥ h.cpu✳ ❝✬❡-, ❧❡ (+-✉❧,❛, ❞✉ ♣(♦❞✉✐, ❞✉ ,❡♠♣- ,♦,❛❧ ❞❡ -✐♠✉❧❛,✐♦♥ ❛✈❡❝ ❧❡ ♥♦♠❜(❡
✹✳✺✳ ❙❯❘ ▲❊ ❈▲❯❙❚❊❘ ❉❊ ❈❆▲❈❯▲ ✽✸
★ ◆♦♠ ❘'(♦❧✉+✐♦♥ χ w (×10−2) Ms Ma
✶ ▲✽❲✶❇✶2✶❈✺ 2563 0.5 1 ✶✳✻✷ ✵✳✺✽
✷ ▲✽❲✶❇✵✳✵✶2✵✳✵✶❈✺ 2563 0.5 1 ✶✳✻✷ ✸✳✻✻
✸ ▲✽❲✶❇✵✳✶2✵✳✶❈✺ 2563 0.5 1 ✵✳✺✹ ✶✳✸✾
✹ ▲✽❲✶❇✶2✶✵✵❈✺ 2563 0.5 1 ✵✳✵✷ ✵✳✶✽
✺ ▲✽❲✺❇✶2✶✵✵❈✺ 2563 0.5 5 ✵✳✵✻ ✵✳✺✾
✻ ▲✽❲✷❇✶2✶✵✵❈✺ 2563 0.5 2 ✵✳✵✷ ✵✳✷✸
✼ ▲✾❲✵✳✺✺❇✶2✶❈✵ 5123 0.0 0.5 ✵✳✶✵ ✵✳✶✵
✽ ▲✾❲✸❇✶2✶❈✵ 5123 0.0 4 ✵✳✸✺ ✵✳✸✺
✾ ▲✾❲✺❇✶2✶❈✵ 5123 0.0 7 ✵✳✺✶ ✵✳✺✸
✶✵ ▲✾❲✾❇✶2✶❈✵ 5123 0.0 9 ✵✳✻✶ ✵✳✻✵
✶✶ ▲✾❲✶✺❇✶2✶❈✵ 5123 0.0 18 ✵✳✾✷ ✵✳✽✾
✶✷ ▲✾❲✶❇✶2✶❈✺ 5123 0.5 1 ✵✳✷✺ ✵✳✷✺
✶✸ ▲✾❲✷❇✶2✶❈✺ 5123 0.5 2 ✵✳✸✼ ✵✳✸✼
✶✹ ▲✾❲✶❇✶2✶❈✺ 5123 0.5 4.5 ✵✳✺✻ ✵✳✺✻
✶✺ ▲✾❲✽❇✶2✶❈✺ 5123 0.5 8 ✵✳✻✽ ✵✳✻✻
✶✻ ▲✾❲✶✺❇✶2✶❈✺ 5123 0.5 15 ✵✳✾✷ ✵✳✽✻
✶✼ ▲✾❲✵✳✶✻❇✶2✶❈✵ 5123 1.0 0.16 ✵✳✶✶ ✵✳✶✶
✶✽ ▲✾❲✶❇✶2✶❈✶✵ 5123 1.0 1 ✵✳✸✹ ✵✳✸✹
✶✾ ▲✾❲✽❇✶2✶❈✶✵ 5123 1.0 2.25 ✵✳✺✸ ✵✳✺✸
✷✵ ▲✾❲✹✳✺❇✶2✶❈✶✵ 5123 1.0 4.5 ✵✳✻✾ ✵✳✻✻
✷✶ ▲✾❲✶✾❇✶2✶❈✶✵ 5123 1.0 10 ✶✳✵ ✵✳✽✾
✷✷ ▲✶✵❲✹✳✺❇✶2✶❈✺ 10243 0.5 4.5 ✵✳✺✸ ✵✳✺✸
✷✸ ▲✶✵❲✶✺❇✶2✶❈✺ 10243 0.5 15 ✶✳✶✵ ✶✳✵✹
✷✹ ▲✶✵❲✶❇✶2✶❈✶✵ 10243 1 1 ✵✳✸✺ ✵✳✸✺
❚❛❜❧❡ ✹✳✶ ✕ ❚❛❜❧❡❛✉ ❞❡( (✐♠✉❧❛+✐♦♥(
❞❡ ❝♦❡✉C( ✉+✐❧✐('(✳ ❙✐ ✉♥❡ (✐♠✉❧❛+✐♦♥ ❡(+ ♣❧✉( C❛♣✐❞❡ ❛✈❡❝ ❧✬❛✉❣♠❡♥+❛+✐♦♥ ❞✉ ♥♦♠❜C❡
❞❡ ❝♦❡✉C✱ ♦♥ C❡♠❛CJ✉❡ ❝❡♣❡♥❞❛♥+ J✉❡ ❧❡ ❜❡(♦✐♥ ❡♥ C❡((♦✉C❝❡( ❛✉❣♠❡♥+❡✳ ❖♥ ❛♣♣❡❧❧❡
❝❡+ ❡✛❡+ ❧❡ ✬(❝❛❧✐♥❣✬ ❞❡ ❧✬❛♣♣❧✐❝❛+✐♦♥✳ ❈❡❧❛ (✐❣♥✐✜❡ J✉✬❡♥ ♣❛C+❛♥+ ❞✬✉♥ ❢❛✐❜❧❡ ♥♦♠❜C❡
❞❡ ❝♦❡✉C(✱ (✐ ❝❡ ♥♦♠❜C❡ ❡(+ ❞♦✉❜❧'✱ ❧❡ +❡♠♣( ❞❡ (✐♠✉❧❛+✐♦♥ ♥✬❡(+ ♣❛( ♥'❝❡((❛✐C❡♠❡♥+
❞✐✈✐(' ♣❛C ❞❡✉①✳ ❈❡❧❛ ❡♥+C❛P♥❡ ❛❧♦C( ❞❡( (✉C❝♦Q+( (✉C ❧❛ C❡((♦✉C❝❡✳
❆✉ ❝♦✉C( ❞❡ ❝❡++❡ +❤T(❡✱ ♣❧✉( ❞❡ J✉❛+C❡ ♠✐❧❧✐♦♥( ❞✬❤❡✉C❡( ❞❡ ❝❛❧❝✉❧ ♦♥+ '+' ✉+✐❧✐('❡(✳
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❏✬❛✐ &'❛❧✐)' ❞❡) )✐♠✉❧❛.✐♦♥) ❤②❞&♦❞②♥❛♠✐3✉❡) ✭♦5 B = 0✮ )✉♣❡&)♦♥✐3✉❡)✱ ❛✈❡❝
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P = P ⋆
(
ρ
ρISM
)γ⋆
, ✭✺✳✶✮
♦5 P ⋆ ❡. γ⋆ )♦♥. ❧❡) ♣❛&❛♠?.&❡) ❞❡ ❧✬'3✉❛.✐♦♥ ❞✬'.❛.✱ ρISM ❧❛ ❞❡♥)✐.' .②♣✐3✉❡ ❞✉ ♠✐✲
❧✐❡✉ ✐♥.❡&).❡❧❧❛✐&❡✳ ▲❡ ❝❛) ✐)♦.❤❡&♠❡ ❡). ❞♦♥♥' ♣♦✉& γ⋆ = 1✳ ▲❡ .❛❜❧❡❛✉ ✺✳✶ &❡❣&♦✉♣❡
★ ❘')♦❧✉.✐♦♥ χ γ⋆ P ⋆ Ms
✶ ✺✶✷ ✵✳✺ ✶✳✵ ✵✳✵✶ ✶✳✸
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p(s)ds = p0exp
[
−(s− s0)
2
σ2s
]
ds, ✭✺✳✷✮
♦1 p0 ❡2% ✉♥ ❢❛❝%❡✉& ❞❡ ♥♦&♠❛❧✐2❛%✐♦♥✱ 8✉✐ 2✬❛❥✉2%❡&❛✐% ❛✈❡❝ ❧✬❡♥2❡♠❜❧❡ ❞❡2 ♣♦✐♥%2 s
2❛%✐2❢❛✐2❛♥% ❧❛ &❡❧❛%✐♦♥
p(s) ≥ 0.1MAX(p(s)). ✭✺✳✸✮
◆♦✉2 ❛❧❧♦♥2 ♠❛✐♥%❡♥❛♥% ❞'%❛✐❧❧❡& ❧❡2 2✐♠✉❧❛%✐♦♥2 &❡❣&♦✉♣'❡2 ❞❛♥2 ❧❡ %❛❜❧❡❛✉ ✺✳✶
❞❛♥2 ❧❡2 ❞❡✉① ♣&♦❝❤❛✐♥2 ♣❛&❛❣&❛♣❤❡2✳
✺✳✷✳✷ 5123
▲❡2 ✜❣✉&❡2 ✺✳✶ F ✺✳✸ &❡♣&'2❡♥%❡♥% ❧❡2 ❞✐2%&✐❜✉%✐♦♥2 ❞✉ ❧♦❣❛&✐%❤♠❡ ❞❡ ❧❛ ❞❡♥2✐%'
♣♦✉& ❧❡2 2✐♠✉❧❛%✐♦♥2 ❤②❞&♦❞②♥❛♠✐8✉❡2 ✶ F ✸✳ H♦✉& %♦✉%❡2 ❝❡2 2✐♠✉❧❛%✐♦♥2✱ γ⋆ = 1✱
❡% ❧❡ ♥♦♠❜&❡ ❞❡ ▼❛❝❤ ✈❛ ❡♥ ❛✉❣♠❡♥%❛♥%✱ ❝❡ 8✉✐ 2❡ %&❛❞✉✐% ♣❛& ❧✬❛✉❣♠❡♥%❛%✐♦♥ ❞❡
❧❛ ❧❛&❣❡✉& ❞❡ ❧❛ ❞✐2%&✐❜✉%✐♦♥ σs✱ ❛✐♥2✐ 8✉❡ ❧❡ ❞'♣❧❛❝❡♠❡♥% ❞❡ ❧❛ ♠♦②❡♥♥❡ s0 ✈❡&2 ❧❡2
♣❡%✐%❡2 ❞❡♥2✐%'2✳
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❋✐❣✉$❡ ✺✳✶ ✕ ❋♦♥❝%✐♦♥ ❞❡♥2✐%' ❞❡ ♣&♦❜❛❜✐❧✐%' ps ❞❡ ❧❛ ✈❛%✐❛❜❧❡ s ≡ ln ρ/ρ̄ ♣♦✉%
❧❛ ♣%❡♠✐,%❡ -✐♠✉❧❛.✐♦♥ 5123 ✭❝❢ .❛❜❧❡❛✉ ✺✳✶✮ ♦7 Ms = 1.3✳ ❊♥ ✈✐♦❧❡. ❝♦%%❡-♣♦♥❞
❧✬:❝❛%.✲.②♣❡ -.❛.✐-.✐=✉❡ ❞❡- ❞✐-.%✐❜✉.✐♦♥- ✉.✐❧✐-:❡- ♣♦✉% ❢❛✐%❡ ❧❛ ♠♦②❡♥♥❡ ✭%❡♣%:-❡♥.:❡
❡♥ ♣♦✐♥. ♥♦✐%✮✳ ▲❡- ♣♦✐♥.- ❛✣❝❤:- ❡♥ %♦✉❣❡ ❝♦%%❡-♣♦♥❞❡♥. B ❧✬❡♥-❡♠❜❧❡ ❞❡- ♣♦✐♥.-
✉.✐❧✐-:- ♣♦✉% ❛❥✉-.❡% ❧❛ ❧♦✐ ♥♦%♠❛❧❡✱ ❡❧❧❡✲♠E♠❡ %❡♣%:-❡♥.:❡ ❡♥ ♣♦✐♥.✐❧❧: ✈❡%.✳
✽✽ ❈❍❆#■❚❘❊ ✺✳ ❆◆❆▲❨❙❊❙ ❉❊❙ ❙■▼❯▲❆❚■❖◆❙ ❍❉ ❊❚ ▼❍❉
-7
-6
-5
-4
-3
-8 -6 -4 -2  0  2  4  6
l
o
g
(
p
s
)
s
❋✐❣✉$❡ ✺✳✷ ✕ ■❞❡♠ )✉❡ ❧❛ ✜❣✉/❡ ✺✳✶ ♣♦✉/ ❧❛ 3❡❝♦♥❞❡ 3✐♠✉❧❛7✐♦♥ 5123✱ ♦9 Ms = 4.3✳
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❋✐❣✉$❡ ✺✳✸ ✕ ■❞❡♠ )✉❡ ❧❛ ✜❣✉/❡ ✺✳✷ ♣♦✉/ ❧❛ 7/♦✐3✐;♠❡ 3✐♠✉❧❛7✐♦♥ 5123✱ ♦9 Ms = 19.7✳
❖♥ /❡♠❛/)✉❡ ✐❝✐ ❧✬❛♣♣❛/✐7✐♦♥ ❞✬✉♥❡ )✉❡✉❡ 3✉/ ❧✬✐♥7❡/✈❛❧❧❡ ❞❡3 s < 5✳ ▲✬❛✉❣♠❡♥7❛7✐♦♥
❞✉ ♥♦♠❜/❡ ❞❡ ▼❛❝❤ 7❡♥❞ ❞♦♥❝ C ❢❛✐/❡ ❞E✈✐❡/ ❧❛ ❞✐37/✐❜✉7✐♦♥ ❞✬✉♥❡ ❧♦✐ ♥♦/♠❛❧❡ ❝❡♥7/E❡
/E❞✉✐7❡✳
✺✳✷✳ ❘➱❙❯▲❚❆❚❙ ❍❉ ✽✾
"♦✉% ❞'(❡%♠✐♥❡% ps✱ ♥♦✉. ❝♦♥.✐❞'%♦♥. ✉♥ ♥♦♠❜%❡ N ❞❡ .✐♠✉❧❛(✐♦♥. ❤②❞%♦❞②♥❛✲
♠✐6✉❡.✱ ❡( ♦♥ ❝♦♥.(%✉✐( ♣♦✉% ❝❤❛❝✉♥❡ ❞❡ ❝❡. .♦❧✉(✐♦♥. ❧❛ ❞✐.(%✐❜✉(✐♦♥ ps,i✳ ❖♥ ♣%♦❝:❞❡
❛❧♦%. ; ❧❛ ♠♦②❡♥♥❡
ps =
N∑
i=1
ps,i. ✭✺✳✹✮
❯♥❡ ❢♦✐. ❝❡❧❛ ❢❛✐(✱ ♦♥ .'❧❡❝(✐♦♥♥❡ (♦✉. ❧❡. ♣♦✐♥(. 6✉✐ .♦♥( ❛✉✲❞❡..✉. ❞❡ ❧❛ ❞%♦✐(❡
❞✬'6✉❛(✐♦♥
y = 0.1ps,MAX , ✭✺✳✺✮
❛✜♥ ❞✬'✈❛❧✉❡% ♣❛% ✉♥❡ %'❣%❡..✐♦♥ ❧❡. ❝♦❡✣❝✐❡♥(. ✐♥(❡%✈❡♥❛♥( ❞❛♥. ❧✬'6✉❛(✐♦♥ ✭✺✳✸✮✳
■❝✐✱ .❡✉❧❡. ❞❡✉① .♦❧✉(✐♦♥. ♣♦✉% ❝❤❛❝✉♥❡ ❞❡. ✜❣✉%❡. ♦♥( '(' ✉(✐❧✐.'❡. ♣♦✉% ❞'(❡%♠✐♥❡%
❧❡ ♣%♦✜❧ ✜♥❛❧✳ ❈❡((❡ '(✉❞❡ ❡.( ♣%'❧✐♠✐♥❛✐%❡✱ ❞✬❛✉(%❡. .✐♠✉❧❛(✐♦♥. .✉✐✈%♦♥( ❛✜♥ ❞✬❛♠'✲
❧✐♦%❡% ❧❛ ♣%'❝✐.✐♦♥ ❞❡ ❧❛ ♠❡.✉%❡✳
▲❛ %❡❧❛(✐♦♥ ❡♥(%❡ ❧❛ ❧❛%❣❡✉% ❞❡ ❧❛ ❣❛✉..✐❡♥♥❡ ❡( ❧❡ ♥♦♠❜%❡ ❞❡ ▼❛❝❤ ❡.( ❝♦♥♥✉❡ ♣♦✉%
M(%❡ ❞❡ ❧❛ ❢♦%♠❡ ❬✹✼✱ ✷✺✱ ✾✷✱ ✷✻❪
σ2s = ln
[
1 + b2M2s
]
, ✭✺✳✻✮
 0.1
 1
 10
 100
 1  10  100  1000
σ
s2
M
s
2
❋✐❣✉$❡ ✺✳✹ ✕ ❉'♣❡♥❞❛♥❝❡ ❞❡ ❧❛ ✈❛%✐❛♥❝❡ .(❛(✐.(✐6✉❡ ❞❡ ❧❛ ❞❡♥.✐(' ❞❡ ♣%♦❜❛❜✐❧✐(' ps
❡♥ ❢♦♥❝(✐♦♥ ❞❡ M2s ✳ ▲❛ ❝♦✉%❜❡ ❡♥ (✐%❡(. ❜❧❡✉. %❡♣%'.❡♥(❡ ❧❛ ❧♦✐ ❞❡ ❧✬'6✉❛(✐♦♥ ✭✺✳✻✮✱
❛✈❡❝ b = 0.86± 0.24✱ ❛❧♦%. 6✉❡ ❧❛ ❝♦✉%❜❡ ❡♥ ♣♦✐♥(✐❧❧'. %♦.❡. %❡♣%'.❡♥(❡ ❧✬❛❥✉.(❡♠❡♥(
♣♦✉% ❧❛ ❢♦♥❝(✐♦♥ σ2s = ln [β
2M2s ]✱ ❛✈❡❝ β = 0.9± 0.16✳
♦V b ❡.( ✉♥ ♣❛%❛♠:(%❡ ; ❞'(❡%♠✐♥❡%✳ ❊♥ (%❛X❛♥( σ2s = f (M
2
s )✱ ♦♥ ♦❜(✐❡♥( ❧❡
%'.✉❧(❛( ❞❡ ❧❛ ✜❣✉%❡ ✺✳✹✳ ▲❛ ✜❣✉%❡ ✺✳✹ ♠♦♥(%❡ 6✉❡ ❧❛ ❧♦✐ %❡♣%'.❡♥('❡ ♣❛% ❧✬'6✉❛(✐♦♥
✭✺✳✻✮ ❡.( ✈'%✐✜'❡ ♣♦✉% ❞❡. ♥♦♠❜%❡. ❞❡ ▼❛❝❤ .♦♥✐6✉❡. .✉♣'%✐❡✉%. ; 4✳ ▲❛ ✈❛❧❡✉% ❞❡ b
❞❛♥. ❝❡ ❝❛. ❡.( ❝♦❤'%❡♥(❡ ❛✈❡❝ ❧❡. %'.✉❧(❛(. ♣%'❝'❞❡♥(. ❬✷✺❪✱ ♦V ❧❡ ♣❛%❛♠:(%❡ b ❞'♣❡♥❞
❞❡ ❧❛ ❣'♦♠'(%✐❡ ❞✉ ❢♦%X❛❣❡ χ ❞✬❛♣%:. ❧❛ %❡❧❛(✐♦♥
b = 1− 2
3
χ, ✭✺✳✼✮
✾✵ ❈❍❆#■❚❘❊ ✺✳ ❆◆❆▲❨❙❊❙ ❉❊❙ ❙■▼❯▲❆❚■❖◆❙ ❍❉ ❊❚ ▼❍❉
❝❡ $✉✐ ❞♦♥♥❡*❛✐, ♣♦✉* χ = 0.5 b = 0.66✳ ❯♥❡ ❛✉,*❡ ♣*♦♣*✐0,0 ❞❡ ❧❛ ,✉*❜✉❧❡♥❝❡ ❡3, ❡①✲
♣*✐♠0❡ ❛✉ ,*❛✈❡*3 ❧❡3 ✜❣✉*❡3 ✺✳✶✱ ✺✳✷ ❡, ✺✳✸✱ ? 3❛✈♦✐* ❧✬✐♥,❡*♠✐,,❡♥❝❡ ❞❡ ❧❛ ,✉*❜✉❧❡♥❝❡✳
❖✉,*❡ ❧❡ ❢❛✐, $✉❡ ❧❛ ✈❛*✐❛♥❝❡ ❛✉❣♠❡♥,❡✱ ♦♥ ❝♦♥3,❛,❡ 0❣❛❧❡♠❡♥, $✉❡ ❧❡3 ❢❛✐❜❧❡3 ❡, ❧❡3
❢♦*,❡3 ❞❡♥3✐,03 ,❡♥❞❡♥, ? 3✬0❝❛*,❡* ❞✉ ♠♦❞C❧❡ ✐3♦,❤❡*♠❡ ✜①0 ♣❛* ❧❛ ❧♦✐ ❧♦❣✲♥♦*♠❛❧❡✳
❈❡❝✐ ,*❛❞✉✐, ❧❡ ❢❛✐, $✉❡ ❧❡3 ♣❛*,✐❡3 ❡①,0*✐❡✉*❡3 ❞❡3 ❞✐3,*✐❜✉,✐♦♥3 ❞❡ ❞❡♥3✐,0 ♥❡ 3♦♥,
♣❧✉3 *0❣✐❡3 ♣❛* ❞❡3 ♣*♦❝❡33✉3 ♣✉*❡♠❡♥, ❛❧0❛,♦✐*❡3✱ ♠❛✐3 ♣❧✉,F, ♣❛* ❧✬0,❛, ❞❡3 ♣*♦❝❤❡3
✈♦✐3✐♥3✳
✺✳✷✳✸ 10243
◆♦✉3 ❛❧❧♦♥3 0,✉❞✐❡* ❧❡3 ❡✛❡,3 ❞✉ ♣❛*❛♠C,*❡ γ⋆ 3✉* ❧❡3 3✐♠✉❧❛,✐♦♥3 10243✳ ❈❤❛❝✉♥❡
❞❡3 3✐♠✉❧❛,✐♦♥3 ❛ ✉♥ ♥♦♠❜*❡ ❞❡ ♠❛❝❤ 3✉♣0*✐❡✉* ? ✶✵✳ ▲❡3 ✜❣✉*❡3 ✺✳✻ ? ✺✳✾ *❡♣*03❡♥,❡♥,
❧❡3 ❞❡♥3✐,03 ❞❡ ♣*♦❜❛❜✐❧✐,0 ♦❜,❡♥✉❡3✳ K♦✉* ❧❡3 γ⋆ 6= 0✱ ♦♥ 3✬❛,,❡♥❞ ? ♦❜,❡♥✐* ✉♥❡
❞0✈✐❛,✐♦♥ ❞❡ ❧❛ ❧♦✐ ♥♦*♠❛❧❡ ❝❡♥,*0❡ *0❞✉✐,❡✱ 3❡ ,*❛❞✉✐3❛♥, ♣❛* ❧✬❛♣♣❛*✐,✐♦♥ ❞✬✉♥❡
$✉❡✉❡ 3✉* ❧❛ ❞✐3,*✐❜✉,✐♦♥ ❛✉① ❢❛✐❜❧❡3 ❞❡♥3✐,03 ❬✼✹❪✳
❙✐ ♦♥ ❝♦♥3✐❞C*❡ $✉❡ ❧❛ $✉❡✉❡ ❞❡ ❧❛ ❞✐3,*✐❜✉,✐♦♥ ? ✉♥❡ 0$✉❛,✐♦♥ ❞❡ ❧❛ ❢♦*♠❡
f(s) = f(0)exp [Λs] , ✭✺✳✽✮
♦♥ ❞0,❡*♠✐♥❡ ❧❡3 ♣❛*❛♠C,*❡3 f(0) ❡, Λ ♣♦✉* ♦❜,❡♥✐* ❧❛ ❧♦✐ ❞❡ ♣✉✐33❛♥❝❡✳
■❧ 3❡*❛ ♥0❝❡33❛✐*❡ ❞❡ ❝♦♠♣❧0,❡* ❝❡,,❡ 0,✉❞❡ ❛✈❡❝ ✉♥❡ ♠❡3✉*❡ ❞❡ ❧❛ ❞0♣❡♥❞❛♥❝❡ ❞❡ Λ
❛✈❡❝ ❧❡ ♥♦♠❜*❡ ❞❡ ▼❛❝❤✱ ❝❛* ❧❡3 ✜❣✉*❡3 ✺✳✶ ? ✺✳✸ ❡, ✺✳✼ ❛❝❝*0❞✐,❡♥, ✉♥❡ ❞0♣❡♥❞❛♥❝❡
❞❡ Λ ❛✈❡❝ Ms✳ ❖♥ ♣❡✉, ❝❡♣❡♥❞❛♥, ,*❛❝❡* ❧✬0✈♦❧✉,✐♦♥ ❞❡ ❧❛ ❧❛*❣❡✉* ❞❡ ❧❛ ❧♦✐ ♥♦*♠❛❧❡
❛✈❡❝ γ⋆ ✭✜❣✉*❡ ✺✳✺✮
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❋✐❣✉$❡ ✺✳✺ ✕ ▲❛*❣❡✉* ❞❡ ❧❛ ❞✐3,*✐❜✉,✐♦♥ ps ❡♥ ❢♦♥❝,✐♦♥ ❞❡ γ⋆✳
▲❛ ✜❣✉*❡ ✺✳✽ ♠♦♥,*❡ $✉❡ ❧✬0❝❛*, ? ❧✬✐3♦,❤❡*♠❛❧✐,0 ❝♦♠♣❡♥3❡ ❧✬✐♥,❡*♠✐,,❡♥❝❡ ❞✉❡ ❛✉
❢♦*, ♥♦♠❜*❡ ❞❡ ▼❛❝❤ ❞❛♥3 ❧❛ 3✐♠✉❧❛,✐♦♥✱ ♠❛✐3 ✉♥✐$✉❡♠❡♥, ♣♦✉* ❧❡3 ❢❛✐❜❧❡3 ❞❡♥3✐,03✳
✺✳✷✳ ❘➱❙❯▲❚❆❚❙ ❍❉ ✾✶
❆ ♣❛%&✐% ❞❡ ❝❡+ +✐♠✉❧❛&✐♦♥+✱ ✐❧ ♠❡ ♣❛%❛2& ♥3❝❡++❛✐%❡ ❞❡ %❡♣%❡♥❞%❡ ❧✬3&✉❞❡ ♠❛✐+ ♣♦✉%
❞❡+ ♥♦♠❜%❡+ ❞❡ ▼❛❝❤ ♣❧✉+ ❢❛✐❜❧❡+✱ ❝❛% ✐❧ ❡+& ❞✐✣❝✐❧❡ ❞❡ ❢❛✐%❡ ❧❛ ❞✐✛3%❡♥❝❡ ❡♥&%❡
❧✬✐♥&❡%♠✐&&❡♥❝❡ &✉%❜✉❧❡♥&❡✱ ❞✉❡ ❛✉ ❢♦%& Ms✱ ❡& ❧✬3❝❛%& ; ❧✬✐+♦&❤❡%♠❛❧✐&3✱ ❡♥❣❡♥❞%3❡
♣❛% ❧❡ ❝♦❡✣❝✐❡♥& γ⋆✳ ❉❡ ♣❧✉+✱ ✐❧ ❡+& ✐♠♣♦++✐❜❧❡ ❞❡ ♣%3&❡♥❞%❡ ; ❧✬✉♥✐✈❡%+❛❧✐&3 ❞❡ Λ ❛✈❡❝
γ⋆✳
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❋✐❣✉$❡ ✺✳✻ ✕ ❉❡♥)✐+, ❞❡ ♣/♦❜❛❜✐❧✐+, ♣♦✉/ γ⋆ = 1.3✳ ▲❡) ♣♦✐♥+) )✉/❧✐❣♥,) ❡♥ /♦✉❣❡
)♦♥+ ❝❡✉① /❡+❡♥✉) ♣♦✉/ ❧❡ ✜+ ❞✬✉♥❡ ❧♦✐ ♥♦/♠❛❧❡ ❝❡♥+/,❡ /,❞✉✐+❡✱ /❡♣/,)❡♥+,❡ ♣❛/ ❧❛
❝♦✉/❜❡ ❡♥ +✐/❡+) ❜❧❡✉)✳ ▲✬✐♥❞✐❝❡ )♣❡❝+/❛❧ Λ = 0.774± 0.003
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❋✐❣✉$❡ ✺✳✼ ✕ ▼?♠❡ ❝❤♦)❡ A✉❡ ❧❛ ✜❣✉/❡ ✺✳✻ ❛✈❡❝ γ⋆ = 1.0✳ ■❝✐✱ ❝♦♠♠❡ ❞❛♥) ❧❛ ✜❣✉/❡
✺✳✸✱ ♦♥ ❝♦♥)+❛+❡ A✉❡ ♠❛❧❣/, γ⋆ = 1✱ ❧❛ ❞✐)+/✐❜✉+✐♦♥ ♥♦/♠❛❧❡ ❝❡♥+/,❡ /,❞✉✐+❡ ♥✬❛❥✉)+❡
♣❛) ❛✉① ❢❛✐❜❧❡) ❞❡♥)✐+,)✳ ▲❛ ♠❡)✉/❡ ❞❡ ❧✬✐♥❞✐❝❡ )♣❡❝+/❛❧ ❞♦♥♥❡ Λ = 0.4956± 0.0009✳
✺✳✷✳ ❘➱❙❯▲❚❆❚❙ ❍❉ ✾✸
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❋✐❣✉$❡ ✺✳✽ ✕ ▼'♠❡ ❝❤♦-❡ .✉❡ ♣♦✉1 ❧❛ ✜❣✉1❡ ✺✳✼✱ ❛✈❡❝ γ⋆ = 0.7✳ ■❝✐✱ Λ = 0.870±0.003✳
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❋✐❣✉$❡ ✺✳✾ ✕ ▼'♠❡ ❝♦❞❡ ❞❡ ❝♦✉❧❡✉1 ❞❡ ❧❛ ✜❣✉1❡ ✺✳✽✱ ❛✈❡❝ γ⋆ = 0.5✳ ■❝✐✱ Λ =
0.888± 0.003✳
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✺✳✸ ❘$%✉❧(❛(% ▼❍❉
❉❛♥% ❝❡((❡ ♣❛*(✐❡✱ ❥✬❛♥❛❧②%❡*❛✐ ❧❡% %✐♠✉❧❛(✐♦♥% ▼❍❉ ♦❜(❡♥✉❡% 7 (*❛✈❡*% ❧✬9(✉❞❡
❞❡ ❧✬❛♥✐%♦(*♦♣✐❡ ❞✉ %♣❡❝(*❡ ❞❡ ❋♦✉*✐❡*✳ ❈❡❧❛ ♥♦✉% %❡*❛ ✉(✐❧❡ ❞❛♥% ❧❡% ♣❛*❛❣*❛♣❤❡% ✼ ❡(
✽ ♣♦✉* ❝♦♠♣*❡♥❞*❡ ❧❛ ♣*♦♣❛❣❛(✐♦♥ ❞❡% *❛②♦♥% ❝♦%♠✐B✉❡% ❞❛♥% ❧❛ (✉*❜✉❧❡♥❝❡ ▼❍❉✳
✺✳✸✳✶ ❆♥❛❧②)❡ )♣❡❝-.❛❧❡
▲❡ ♣*✐♥❝✐♣❛❧ ♦✉(✐❧ ♣♦✉* ♠❡%✉*❡* ❧✬❛♥✐%♦(*♦♣✐❡ ❡%( ❡♥❝♦*❡ ❧❡ %♣❡❝(*❡ ❞❡ ❋♦✉*✐❡*✳ ❉❛♥%
(♦✉(❡ ❧❛ %✉✐(❡✱ ♥♦✉% ❝♦♥%✐❞9*❡*♦♥% ❧✬9❝❤❡❧❧❡ ♣❛*❛❧❧D❧❡ k‖ ❝♦♠♠❡ 9(❛♥( ❝♦❧✐♥9❛✐*❡ 7 B0✱
❡( ❞♦♥❝ ♦*✐❡♥(9❡ ❧❡ ❧♦♥❣ ❞❡ ❧✬❛①❡ z✳ ▲❡ %♣❡❝(*❡ ❡♥ 9♥❡*❣✐❡ ❝✐♥9(✐B✉❡ (*✐❞✐♠❡♥%✐♦♥♥❡❧
ǫK(kn) %❡*( ❞❡ ❜❛%❡ ♣♦✉* ❞9(❡*♠✐♥❡* ❧❡% %♣❡❝(*❡% ❞❡ ❞✐♠❡♥%✐♦♥% ✐♥❢9*✐❡✉*❡%✳ Nm ❡%(
❧❡ ♥♦♠❜*❡ ❞❡ ♠♦❞❡% ❝♦♠♣♦%❛♥( ❧❡ %♣❡❝(*❡ ❞❡ ❋♦✉*✐❡*✳
G♦✉* ♦❜(❡♥✐* ❧❡ %♣❡❝(*❡ ✉♥✐❞✐♠❡♥%✐♦♥♥❡❧ eK (kn)
eK(kn) =
∫ kNm
0
dkn 4πk
2ǫK(kn)δ (kn − |kn|) , ✭✺✳✾✮
❝❡❧❛ *❡✈✐❡♥( 7 ❢❛✐*❡ ❧❛ %♦♠♠❡ ❞❡ ❧✬9♥❡*❣✐❡ %✐(✉9❡ ❞❛♥% ✉♥❡ ♣9❧❧✐❝✉❧❡ %♣❤9*✐B✉❡ ❞❛♥%
❧✬❡%♣❛❝❡ ❞❡ ❋♦✉*✐❡* (❡❧ B✉❡
|k| ∈ [kn−1 ; kn[ . ✭✺✳✶✵✮
❉❡ ❧❛ ♠M♠❡ ❢❛N♦♥✱ ♣♦✉* ♦❜(❡♥✐* ❧❡ %♣❡❝(*❡ ❜✐❞✐♠❡♥%✐♦♥♥❡❧ ✭✷❉✮ eK
(
k⊥, k‖
)
✱ ✐❧
%✉✣( ❞❡ ♣♦%❡* k⊥ =
√
k2x + k
2
y✱ ❡( *9♣❛*(✐* ❧✬9♥❡*❣✐❡ ❝✐♥9(✐B✉❡ ❞❛♥% ❞❡% ❝♦✉❝❤❡%
❝②❧✐♥❞*✐B✉❡% ❝♦❛①✐❛❧❡%✳ G♦✉* ❝❤❛B✉❡ ✈❛❧❡✉* ❞❡ kz✱ ♦♥ ❝❛❧❝✉❧❡
eK
(
k⊥, k‖
)
=
∫ kNm
0
dkn 2πknǫK(kn + kz)δ (kn − |k⊥|) . ✭✺✳✶✶✮
▲❡% %♣❡❝(*❡% ✷❉ ♣♦✉* ❧❡% %✐♠✉❧❛(✐♦♥% ✼✱ ✶✶✱ ✶✷ ❡( ✶✸ ❞✉ (❛❜❧❡❛✉ ✹✳✶ %♦♥( *❡♣*9✲
%❡♥(9% ❡♥ ✜❣✉*❡ ✺✳✶✵✳ ❆✜♥ ❞❡ ♠❡%✉*❡* ❧❡ ❞❡❣*9 ❞✬❛♥✐%♦(*♦♣✐❡✱ ♥♦✉% ❛❧❧♦♥% ✉(✐❧✐%❡* ❧❡%
✐%♦❝♦♥(♦✉*% ❞❡ ❧❛ ✜❣✉*❡ ✺✳✶✵ ♣♦✉* *❡❧❡✈❡* ❧❡% ❝♦✉♣❧❡%
{
k‖, k⊥
}
(❡❧% B✉❡
eK
(
0, k‖
)
= eK (k⊥, 0) . ✭✺✳✶✷✮
▲✬❡♥%❡♠❜❧❡ ❞❡% ♣♦✐♥(% ❛✐♥%✐ ♦❜(❡♥✉% %♦♥( *❡♣*9%❡♥(9% %✉* ❧❛ ✜❣✉*❡ ✺✳✶✶✳ ❈❡((❡
❞❡*♥✐D*❡ ♠♦♥(*❡ B✉❡ ❧❛ ❜❛❧❛♥❝❡ ❝*✐(✐B✉❡ ❡%( (♦✉( 7 ❢❛✐( ❛♣♣*♦♣*✐9❡✳
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❋✐❣✉$❡ ✺✳✶✵ ✕ ■'♦✲❝♦♥,♦✉. ❞❡' '♣❡❝,.❡' ❡♥ 2♥❡.❣✐❡ ❝✐♥2,✐5✉❡ ✷❉ eK
(
k⊥, k‖
)
✳ ▲❡'
'✐♠✉❧❛,✐♦♥' '♦♥,✱ ❞❡ ❣❛✉❝❤❡ > ❞.♦✐,❡ ❡, ❞❡ ❤❛✉, ❡♥ ❜❛'✱ L9W1B1P1C5✱ ♦@ βp = 0.025 ❡,
MA = 0.25 ❀ L9W2B1P1C5✱ ♦@ βp = 0.048 ❡, MA = 0.37 ❀ L9W4.5B1P1C5✱ ♦@ βp = 0.125
❡, MA = 0.66 ❀ L9W15B1P1C5✱ ♦@ βp = 0.084 ❡, MA = 0.86✳
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❋✐❣✉$❡ ✺✳✶✶ ✕ ▼❡'✉.❡ ❞❡ ❧✬❛♥✐'♦,.♦♣✐❡ ❞✉ '♣❡❝,.❡ ✷❉ eK
(
k⊥, k‖
)
✳ ▲❛ ❞.♦✐,❡ ❡♥
♥♦✐. .❡♣.2'❡♥,❡ ❧❛ .❡❧❛,✐♦♥ ❞❡ ❜❛❧❛♥❝❡ ❝.✐,✐5✉❡ ❞❡ ●♦❧❞.❡✐❝❤✲❙.✐❞❤❛.✳ ❖♥ ✈♦✐, 5✉❡
❧❛ .❡❧❛,✐♦♥ ❡♥,.❡ ❧❡' 2❝❤❡❧❧❡' ♣❛.❛❧❧H❧❡' ❡, ♣❡.♣❡♥❞✐❝✉❧❛✐.❡' .❡''❡♠❜❧❡ ❢♦.,❡♠❡♥, > ❧❛
.❡❧❛,✐♦♥ ❞❡ ●♦❧❞.❡✐❝❤✲❙.✐❞❤❛.✳ ❉❡ ♣❧✉'✱ ❧❡' ❣.❛♥❞❡' 2❝❤❡❧❧❡' '♦♥, ♠♦✐♥' ❛✛❡❝,2❡' ♣❛.
❧✬❛♥✐'♦,.♦♣✐❡✱ ♣✉✐'5✉❡ ❧❡ ❢♦.K❛❣❡ ❡', ❧✉✐ ✐'♦,.♦♣❡✳
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❋✐❣✉$❡ ✺✳✶✷ ✕ ■(♦✲❝♦♥-♦✉/ ❞❡( (♣❡❝-/❡( ❡♥ 3♥❡/❣✐❡ ❝✐♥3-✐6✉❡ ✷❉ ♣♦✉/ ❧❡( (✐♠✉❧❛-✐♦♥( ✿
L8W1B1P100C5✱ ♦= βp = 40.5 ❡- MA = 0.18 ❀ L8W2B1P100C5✱ ♦= βp = 66.1 ❡- MA =
0.23 ❀ L8W1B1P1C5✱ ♦= βp = 0.064 ❡- MA = 0.58 ❀ L8W5B1P100C5✱ ♦= βp = 48.34 ❡-
MA = 0.59 ❀ L8W1B0.1P0.1C5✱ ♦= βp = 3.31 ❡- MA = 0.54 ❀ L8W1B0.01P0.01C5✱ ♦=
βp = 2.55 ❡- MA = 3.66✳ ▲❡( (✐♠✉❧❛-✐♦♥( (♦♥- /❛♥❣3❡( ❞❡ ❣❛✉❝❤❡ A ❞/♦✐-❡ ❡- ❞❡
❤❛✉- ❡♥ ❜❛(✳ C❧✉( ❧❡ ♥♦♠❜/❡ ❞❡ ▼❛❝❤ ❛❧❢✈3♥✐6✉❡ ❛✉❣♠❡♥-❡✱ ♠♦✐♥( ❧✬❛♥✐(♦-/♦♣✐❡ ❡(-
♠❛/6✉3❡✳
▲❡( (✐♠✉❧❛-✐♦♥( L8W1B0.1P0.1C5 ❡- L8W1B0.01P0.01C5 ♣/♦❞✉✐(❡♥- ❞❡( ♥♦♠❜/❡(
❞❡ ▼❛❝❤ ❛❧❢✈3♥✐6✉❡( 3❧❡✈3( ♣✉✐(6✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥3-✐6✉❡ ♠♦②❡♥ ❡(- ❢❛✐❜❧❡ ❞❡✈❛♥-
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♠%❧❛♥❣❡♥# ❧❡4 ❧✐❣♥❡4 ❞❡ ❝❤❛♠♣ ♠❛❣♥%#✐7✉❡ ❞❛♥4 ❧❛ ❞✐'❡❝#✐♦♥ ♣❡'♣❡♥❞✐❝✉❧❛✐'❡ ❛✉
❝❤❛♠♣ ♠❛❣♥%#✐7✉❡ ♠♦②❡♥✳
▲❡4 4#'✉❝#✉'❡4 ❝♦❤%'❡♥#❡4 4♦♥# ♠❛✐♥#❡♥✉❡4 ✉♥ #❡♠♣4 ❝♦♠♣❛'❛❜❧❡ ? ❧✬✐♥✈❡'4❡ ❞✉
♣'♦❞✉✐# k⊥ṽk✱ ♦B ṽk ❡4# ❧❛ ✈✐#❡44❡ ❞❡ ❧✬%❝❤❡❧❧❡ 1/k✱ 4✉✐#❡ ? ❧✬✐♥#❡'❛❝#✐♦♥ ❛✈❡❝ ❧❡4
♠♦✉✈❡♠❡♥#4 ♦♥❞✉❧❛#♦✐'❡4 ❞❡ #❡♠♣4 ❞❡ ❝♦''%❧❛#✐♦♥
(
k‖vA
)−1
✳ ▲❛ ❜❛❧❛♥❝❡ ❝'✐#✐7✉❡ ❞❡
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▲♦'47✉❡ ❧❛ #✉'❜✉❧❡♥❝❡ ♠❛❣♥%#✐7✉❡ ❡4# ❢♦'#❡✱ ❝❡# ❡✛❡# ❞❡✈✐❡♥# ❧♦❝❛❧ ✿ ❧❡4 ❧✐❣♥❡4
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K❛'❧❡' ❞✬%❝❤❡❧❧❡ ❞❡ #✉'❜✉❧❡♥❝❡ ❡4# ✉♥❡ ✐♠❛❣❡ 7✉✬✐❧ ❢❛✉# ❞%✜♥✐' ❛✈❡❝ ♣'%❝✐4✐♦♥✳
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〉
✭✺✳✶✸✮
❖B l = l⊥e⊥ + l‖e‖ ❡# 〈.〉 4✐❣♥✐✜❡ ❧❛ ♠♦②❡♥♥❡ 4✉' ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❝❛❧❝✉❧✳ ▲❡4
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4♣❛#✐❛❧❡4 ❞✉ ❝❤❛♠♣ ❞❡ ✈✐#❡44❡✳
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1
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 
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 
 ∝ l2/3
⊥
v : L8W5B1P100
b : L8W5B1P100
v : L8W1B1P1
b : L8W1B1P1
v : L8W1B0.01P0.01
b : L8W1B0.01P0.01
❋✐❣✉$❡ ✺✳✶✼ ✕ l‖ = f (l⊥) ♣♦✉) ❧❡, ,✐♠✉❧❛0✐♦♥, ▲✽❲✶❇✵✳✵✶6✵✳✵✶❈✺✱ ▲✽❲✶❇✶6✶❈✺✱
❡0 ▲✽❲✶❇✶6✶✵✵❈✺✳
▲❛ ♣❡)0❡ ❞✬❛♥✐,♦0)♦♣✐❡ ❛✈❡❝ ❧✬❛✉❣♠❡♥0❛0✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞❡ 0✉)❜✉❧❡♥❝❡ ,✬❡①♣❧✐@✉❡
❡♥ ♣❛)0✐❡ ❛✈❡❝ ❧✬✐♥0❡)♠✐00❡♥❝❡ A❧❡✈A❡ @✉❡ ♣)♦✈♦@✉❡♥0 ❧❡, ❣)❛♥❞, ♥♦♠❜)❡, ❞❡ ▼❛❝❤✳
❈❡♣❡♥❞❛♥0✱ ❧❡, ♣❡0✐0❡, A❝❤❡❧❧❡, ❝♦♥,❡)✈❡♥0 ❧❡✉) ♥✐✈❡❛✉ ❞✬❛♥✐,♦0)♦♣✐❡✳ ❈❡❝✐ ♥♦✉, ❛♠D♥❡
E ❝♦♥,✐❞A)❡) ❞✬❛✉0)❡, ♠A0❤♦❞❡, ♣♦✉) @✉❛♥0✐✜❡) ❧✬❛♥✐,♦0)♦♣✐❡✱ @✉❡ ♥♦✉, ❛✈♦♥, ❞A0❛✐❧❧❡)
❞❛♥, ❧❛ ,❡❝0✐♦♥ ,✉✐✈❛♥0❡✳
✺✳✹ ▲❛ ♠&'❤♦❞❡ ❞❡, ❝❤❛♠♣, ❧♦❝❛✉①
▲❡ ❝❤❛♠♣ ♠❛❣♥A0✐@✉❡ ♠♦②❡♥ ❞❡✈✐❡♥0 ❞✉ ♠H♠❡ ♦)❞)❡ ❞❡ ❣)❛♥❞❡✉) @✉❡ ❧❛ ✢✉❝✲
0✉❛0✐♦♥ ♠❛❣♥A0✐@✉❡✱ ❝❡ @✉✐ ❝♦♥❞✉✐0 E ❝♦♥,✐❞A)❡) ✉♥❡ ③♦♥❡ ❞❡ ❧✬❡,♣❛❝❡ ❞❛♥, ❧❛@✉❡❧❧❡
❧❛ ♠♦②❡♥♥❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥A0✐@✉❡ ❡,0 ❣)❛♥❞❡ ❞❡✈❛♥0 ,❡, ❞A✈✐❛0✐♦♥, ❧♦❝❛❧❡,✳
❯♥❡ ❢❛N♦♥ ,✐♠♣❧❡ ❞❡ ♣)♦❝A❞❡) ❡,0 ❞❡ ❞A✜♥✐) ✉♥❡ ,♣❤D)❡ S ❞❡ )❛②♦♥ σ 0❡❧❧❡ @✉❡ ❧❡
❝❤❛♠♣ ♠❛❣♥A0✐@✉❡ ❧♦❝❛❧ ,♦✐0 ❞A✜♥✐ ❝♦♠♠❡
BL (x) =
∫∫∫
S
B (x) d3x ✭✺✳✶✻✮
❯♥❡ ♠❛♥✐D)❡ ♠♦✐♥, ❜)✉0❛❧❡ ❞❡ ♣)♦❝A❞❡) ❡,0 ❞❡ ❢❛✐)❡ ❧❛ ♠♦②❡♥♥❡ ♣♦♥❞A)A❡ ♣❛) ✉♥❡
❣❛✉,,✐❡♥♥❡ ❞❡, ❝❤❛♠♣, ♠❛❣♥A0✐@✉❡, ❛✉0♦✉) ❞❡ ❧❛ ❝❡❧❧✉❧❡ ❝♦♥,✐❞A)A❡✳ ❙♦✐0 φσ ❞A✜♥✐
❝♦♠♠❡
φσ (x) = Nσ · exp
[
−x.x
σ2
]
, ✭✺✳✶✼✮
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♦$ Nσ ❡&' ❧❡ ❢❛❝'❡✉- ❞❡ ♥♦-♠❛❧✐&❛'✐♦♥✳ ❆ ♣❛-'✐- ❞❡ ❧✬67✉❛'✐♦♥ ✭✺✳✶✼✮✱ ♦♥ ♣❡✉' ❞6✜♥✐-
❧❡ ❝❤❛♠♣& ❧♦❝❛❧ Bσ (x) ❝♦♠♠❡
Bσ (x) =
∫∫∫
V
d3x′ B (x′)φσ (x− x′) , ✭✺✳✶✽✮
♦$ V ❡&' ❧✬❡♥&❡♠❜❧❡ ❞✉ ✈♦❧✉♠❡ ❞✉ ❝✉❜❡✳ ❖♥ ❞6✜♥✐' ❞❡ ❧❛ ♠C♠❡ ♠❛♥✐D-❡ ❧❡ ❝❤❛♠♣ ❞❡
✈✐'❡&&❡ Vσ (x) '❡❧ 7✉❡
Vσ (x) =
∫∫∫
V
d3x′ u (x′)φσ (x− x′) , ✭✺✳✶✾✮
❛✈❡❝ u ❧❡ ❝❤❛♠♣ ❞❡ ✈✐'❡&&❡ ✢✉✐❞❡✳
❊♥ ❛♥❛❧②&❛♥' ❧✬67✉❛'✐♦♥ ✭✺✳✶✽✮✱ ♦♥ &✬❛♣❡-I♦✐' 7✉❡ &✐ σ = 0✱ ❛❧♦-& φσ (x− x′) →
δ (x− x′) ❡' ❧✬67✉❛'✐♦♥ ✭✺✳✶✽✮ ❞❡✈✐❡♥'
Bσ (x) = B (x) . ✭✺✳✷✵✮
❉❡ ♠C♠❡✱ &✐ σ → ∞✱ ❛❧♦-& φσ (x− x′) → Nσ ❡' ❧✬67✉❛'✐♦♥ ✭✺✳✶✽✮ ❞❡✈✐❡♥'
Bσ (x) = 〈B (x)〉V = B0. ✭✺✳✷✶✮
◆♦✉& ❛✈♦♥& ✉'✐❧✐&6 ❝❡''❡ ♠6'❤♦❞❡ ❞❡ ❝❛❧❝✉❧ &✉- ❧❛ &✐♠✉❧❛'✐♦♥ L8W1B1P1C5✱ ❡'
♥♦✉& ❛✈♦♥& '-❛❝6 ❧❡& '-❛♥&❢♦-♠6❡& ❞❡ ❋♦✉-✐❡- ❞❡& ❝❤❛♠♣& ♠❛❣♥6'✐7✉❡& Bσ (x) &✉-
❧❛ ✜❣✉-❡ ✺✳✶✽✱ ♦$ ❧✬♦♥ ❝♦♥&'❛'❡ 7✉❡ ❧❡& ♣❡'✐'❡& 6❝❤❡❧❧❡& &♦♥' ❛''6♥✉6❡& N ♠❡&✉-❡ 7✉❡
σ ❛✉❣♠❡♥'❡✳ ■❝✐✱ ❧❡& σ &♦♥' ❡①♣-✐♠6& ❡♥ '❛✐❧❧❡ ❞❡ ❜♦Q'❡✳ R❧✉& ❧♦✐♥✱ ♥♦✉& ✉'✐❧✐&❡-♦♥&
6❣❛❧❡♠❡♥' ❧❡& ✈❛❧❡✉-& ❞❡ &✐❣♠❛ ❡♥ ❧♦♥❣✉❡✉- ❞❡ ❝❡❧❧✉❧❡& 6❧6♠❡♥'❛✐-❡&✳ R♦✉- ♣❛&&❡- ❞❡
❧✬✉♥ N ❧✬❛✉'-❡ ✐❧ &✉✣' ❞❡ ♠✉❧'✐♣❧✐❡- ♣❛- ❧❡ ♥♦♠❜-❡ ❞❡ ❝❡❧❧✉❧❡& ❞❛♥& ✉♥❡ ❧♦♥❣✉❡✉- ❞❡
❜♦Q'❡✳ ■❝✐✱ ❝♦♠♠❡ ❧❛ -6&♦❧✉'✐♦♥ ❡&' 2563✱ ✐❧ &✉✣' ❞♦♥❝ ❞❡ ♠✉❧'✐♣❧✐❡- ♣❛- 256 ♣♦✉-
❛✈♦✐- ❧❛ ✈❛❧❡✉- ❞❡ σ ❡♥ ♥♦♠❜-❡ ❞❡ ❝❡❧❧✉❧❡&✳
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❋✐❣✉$❡ ✺✳✶✽ ✕ ❚(❛♥+❢♦(♠/❡+ ❞❡ ❋♦✉(✐❡( ❞❡+ ❝❤❛♠♣+ ❧♦❝❛✉① Bσ (x) ❞❡ ❧❛ +✐♠✉❧❛:✐♦♥
L8W1B1P1C5✳ ▲❛ ❝♦✉(❜❡ ❡♥ :(❛✐: ♣❧❡✐♥ ❝♦((❡+♣♦♥❞ = ❧❛ :(❛♥+❢♦(♠/❡ ❞❡ ❋♦✉(✐❡( ❞✉
❝❤❛♠♣ :♦:❛❧✳
❈♦♠♠❡ ❧❡ ♠♦♥:(❡ ❧❛ ✜❣✉(❡ ✺✳✶✽✱ ❧❡+ ♣❡:✐:❡+ /❝❤❡❧❧❡+ +♦♥: :(B+ (❛♣✐❞❡♠❡♥: ❛:✲
:/♥✉/❡+ ❛✈❡❝ ❧✬❛✉❣♠❡♥:❛:✐♦♥ ❞❡ σ✳ ❉❡ ♠G♠❡✱ ❧❛ ✜❣✉(❡ ✺✳✶✾ ✐❧❧✉+:(❡ /❣❛❧❡♠❡♥: ❝❡
♣❤/♥♦♠B♥❡✱ ♠❛✐+ ❝❡::❡ ❢♦✐+ ❞❛♥+ ❧✬❡+♣❛❝❡ (/❡❧✱ ♦I ♦♥ ❛ (❡♣(/+❡♥:/ ❧❡+ ❧✐❣♥❡+ ❞❡ ❝❤❛♠♣
♠❛❣♥/:✐J✉❡ ♣♦✉( ❞❡+ ✈❛❧❡✉(+ ❞❡ σ ❞✐♠✐♥✉❛♥:✳
◆♦✉+ ❛❧❧♦♥+ ♠❛✐♥:❡♥❛♥: :(❛❝❡( ❧❡+ ❢♦♥❝:✐♦♥+ ❞❡ +:(✉❝:✉(❡ ❡♥ (❡♠♣❧❛L❛♥: ❧❛ ❞/✜✲
♥✐:✐♦♥ ❞♦♥♥/❡ ♣❛( ❧✬/J✉❛:✐♦♥ ✺✳✶✹ ♣❛( Bl = Bσ✳
SFb (R, z) = 〈|bσ (x)− bσ (x′)|〉V , ✭✺✳✷✷✮
♦I ❧❡+ bσ (x) = B (x) − Bσ (x)✱ ❡: 〈·〉V ❧❛ ♠♦②❡♥♥❡ +✉( ❧✬❡♥+❡♠❜❧❡ ❞✉ ✈♦❧✉♠❡ ❞✉
❞♦♠❛✐♥❡ ❞❡ ❝❛❧❝✉❧✳ ▲❡+ ✈❛(✐❛❜❧❡+ R ❡: z ❞❡ ❧✬/J✉❛:✐♦♥ ✭✺✳✷✷✮ +♦♥: ❞/✜♥✐❡+ ❝♦♠♠❡
R ≡ l⊥ = |ez × (x′ − x)| ,
z ≡ l‖ = ez · (x′ − x) , ✭✺✳✷✸✮
ez = Bσ (x) /Bσ (x) .
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❋✐❣✉$❡ ✺✳✶✾ ✕ ❘❡♣*+,❡♥.❛.✐♦♥ ❞❡, ❧✐❣♥❡, ❞❡ ❝❤❛♠♣ ❞❛♥, ❧❡ ❝✉❜❡ ❞❡ ,✐♠✉❧❛.✐♦♥ ♣♦✉*
❞✐✛+*❡♥.❡, ✈❛❧❡✉*, ❞❡ σ✳ ❊♥ ❜❧❛♥❝✱ σ = 128 ❝❡❧❧✉❧❡, ❀ ❡♥ ❥❛✉♥❡✱ σ = 64 ❀ ❡♥ ♦*❛♥❣❡✱
σ = 42 ❀ ❡♥ *♦✉❣❡✱ σ = 34 ❀ ❡♥ ✈❡*.✱ σ = 25 ❀ ❡♥ *♦,❡✱ σ = 16 ❀ ❡♥ ❜❧❡✉✱ σ = 8 ❀ ❡♥
❜❡✐❣❡✱ σ = 2 ❀ ❡♥ ♥♦✐*✱ ❝✬❡,. ❧❡ ❝❤❛♠♣ .♦.❛❧✳
◆♦✉, ❛✈♦♥, *❡♣*+,❡♥.+ ,✉* ❧❛ ✜❣✉*❡ ✺✳✷✵ ❧❡, ✐,♦❝♦♥.♦✉*, ❞❡ ❧❛ ,✉*❢❛❝❡ Fb
(
l⊥, l‖
)
♣♦✉* σ = {16, 34, 64}✳
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❋✐❣✉$❡ ✺✳✷✵ ✕ ■'♦✲❝♦♥,♦✉. ❞❡ ❧❛ '✉.❢❛❝❡ Fb (R, z) ♣♦✉. σ = 16 ✭❡♥ ❤❛✉,✮✱ σ = 34
✭❛✉ ❝❡♥,.❡✮✱ σ = 64 ✭❡♥ ❜❛'✮✳ ❖♥ .❡♠❛.<✉❡ <✉❡ ❧✬❛♥✐'♦,.♦♣✐❡ ❞✐♠✐♥✉❡ ? ♠❡'✉.❡ <✉❡
σ ❛✉❣♠❡♥,❡✳
◆♦✉' ❛✈♦♥' ,.❛❝C ❧❡' ❡♥'❡♠❜❧❡' ❞❡ ♣♦✐♥,' <✉✐ '❛,✐'❢♦♥,
Fb
(
0, l‖
)
= Fb (l⊥, 0) , ✭✺✳✷✹✮
❞❛♥' ❧❛ ✜❣✉.❡ ✺✳✷✶✳ ❊♥ ♦❜'❡.✈❛♥, ❝❡,,❡ ❞❡.♥✐G.❡✱ ✐❧ ❛♣♣❛.❛H, <✉❡ ❧❡' ✈❛❧❡✉.' ❞❡ ✜❧,.❛❣❡
σ ∈ [13 : 16] ♣.♦❞✉✐'❡♥, ❞❡' ❝❤❛♠♣' ❛②❛♥, ✉♥❡ ❣C♦♠C,.✐❡ ♣.❡'<✉❡ ✐'♦,.♦♣❡✳
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, (grid units)
k
 
∝k
⊥
0.9
σ=2
σ=10
σ=16
σ=25
σ=34
k
 
∝k
⊥
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❋✐❣✉$❡ ✺✳✷✶ ✕ ❘❡❧❛+✐♦♥ ❞✬❛♥✐1♦+2♦♣✐❡ ♣♦✉2 ❧❡1 ❞✐✛62❡♥+1 ❝❤❛♠♣1 ❧♦❝❛✉① ❝❛❧❝✉❧61 ;
♣❛2+✐2 ❞❡ ❧❛ 1✐♠✉❧❛+✐♦♥ L8W1B1P1C5✳ ❖♥ 2❡♠❛2=✉❡ =✉❡ ❧❡1 ✈❛❧❡✉21 ❞❡ σ ∈ [13 : 16]
♣2♦❞✉✐1❡♥+ ❞❡1 ❝❤❛♠♣1 ❛✈❡❝ ✉♥❡ 2❡❧❛+✐♦♥ ❞✬❛♥✐1♦+2♦♣✐❡ k‖ ∝ k0.9⊥ ✳
✺✳✹✳✶ ❉✐&❝✉&&✐♦♥
▲✬6+✉❞❡ ❞❡ ❧✬❛♥✐1♦+2♦♣✐❡ ❞❡1 ❝❤❛♠♣1 ❧♦❝❛✉① 1❡♠❜❧❡ ❝♦♥✜2♠❡2 ❧❡1 261✉❧+❛+1 ♣26✲
❝6❞❡♥+1 ❬✶✼❪✱ ♥♦+❛♠♠❡♥+ ; +2❛✈❡21 ❧❛ ✜❣✉2❡ ✺✳✷✵✳ ❈❡♣❡♥❞❛♥+✱ ❝❡2+❛✐♥1 ❡✛❡+1 1♦♥+
❞✐✣❝✐❧❡1 ; ❡①♣❧✐=✉❡2✱ ❝♦♠♠❡ ❧❡1 6❝❛2+1 ; ❧❛ ❜❛❧❛♥❝❡ ❝2✐+✐=✉❡ ❞❡ ●♦❧❞2❡✐❝❤ ❙2✐❞❤❛2
♣♦✉2 ❞❡1 ✈❛❧❡✉21 ❞❡ σ−1 ❝♦♠♣2✐1❡1 ❞❛♥1 ❧❛ ③♦♥❡ ✐♥❡2+✐❡❧❧❡ ❞✉ 1♣❡❝+2❡✳ M❧✉1✐❡✉21 ✐♥✲
✈❡1+✐❣❛+✐♦♥1 2❡1+❡♥+ ; 26❛❧✐1❡2 ♣♦✉2 ❝♦♠♣❧6+❡2 ❝❡++❡ 6+✉❞❡✱ ❝♦♠♠❡ 6+✉❞✐❡2 ❧❡ ❝❤❛♠♣
❧♦❝❛❧ ❞❡ 1✐♠✉❧❛+✐♦♥1 ❞❡ ♣❧✉1 ❤❛✉+❡ 261♦❧✉+✐♦♥✳
◆♦✉1 ❛✈♦♥1 6❣❛❧❡♠❡♥+ ❝❤♦✐1✐ ✉♥❡ ❢♦2♠❡ ♣♦✉2 ❧❛ ❢♦♥❝+✐♦♥ ❞❡ ✜❧+2❛❣❡ ❞❡ +②♣❡ ❣❛✉1✲
1✐❡♥♥❡ ✭6=✉❛+✐♦♥ ✭✺✳✶✼✮✮✱ ❡+ ✐❧ 1❡2❛✐+ ✐♥+62❡11❛♥+ ❞✬✐♥+2♦❞✉✐2❡ ✉♥❡ 6❝❤❡❧❧❡ ♣❛2❛❧❧S❧❡ ❡+
✉♥❡ 6❝❤❡❧❧❡ ♣❡2♣❡♥❞✐❝✉❧❛✐2❡ ♣♦✉2 ❝❡++❡ ❢♦2♠❡ ❞❡ ✜❧+2❛❣❡✱ +❡❧❧❡1 =✉❡
φσ⊥σ‖ (x) = Nσ⊥,σ‖exp
[
−x
2
⊥
σ2⊥
−
x2‖
σ2‖
]
, ✭✺✳✷✺✮
✺✳✹✳ ▲❆ ▼➱❚❍❖❉❊ ❉❊❙ ❈❍❆▼.❙ ▲❖❈❆❯❳ ✶✵✼
♣♦✉& ♠❡))&❡ *✈❡♥)✉❡❧❧❡♠❡♥) ❡♥ ❧✉♠✐/&❡ ✉♥ ❡✛❡) ❞❡ ❧✬❛♥✐4♦)&♦♣✐❡✳
❙❛♥4 ♣&❡♥❞&❡ ✉♥ ♣❛&❛♠/)&❡ ❞❡ ✜❧)&❛❣❡✱ ♥♦✉4 ♣♦✉&&✐♦♥4 *❣❛❧❡♠❡♥) &❡♠♣❧❛❝❡& ❧❛
♠♦②❡♥♥❡ ♣♦♥❞*&*❡ ❞❡ ❧✬*<✉❛)✐♦♥ ✭✺✳✶✽✮ ♣❛& ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ♠♦②❡♥♥❡ ❞❛♥4 ✉♥❡ 4♣❤/&❡
❞❡ &❛②♦♥ σ✱ ♦✉ ❡♥❝♦&❡ ♣❛& ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ♠♦②❡♥♥❡ ❞❛♥4 ✉♥ ❡❧❧✐♣4♦B❞❡ ❞❡ &❛②♦♥4 σ⊥
❡) σ‖ )❡❧4 <✉❡
σ‖ = σ
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❈❤❛♣✐%&❡ ✻
■♠♣❧,♠❡♥%❛%✐♦♥ ❞❡ ❧✬✐♥%,❣&❛%❡✉&
✻✳✶ ■♥%&♦❞✉❝%✐♦♥
❈❡ ❝❤❛♣✐'(❡ ❛ ♣♦✉( ♦❜❥❡❝'✐❢ ❞❡ ❞/✜♥✐( ❧❡3 '❡❝❤♥✐4✉❡3 ♥✉♠/(✐4✉❡3 4✉✐ 3❡(♦♥' ✉'✐✲
❧✐3/❡3 ♣❛( ❧❛ 3✉✐'❡ ♣♦✉( (/❛❧✐3❡( ❧❡3 ❡①♣/(✐❡♥❝❡3 ❞❡ ♣❛('✐❝✉❧❡3 '❡3'✳ ❈❡3 ❡①♣/(✐❡♥❝❡3
❝♦♥3✐3'❡♥' 9 ✐♥❥❡❝'❡( ✉♥ ❣(❛♥❞ ♥♦♠❜(❡ ❞❡ ♣❛('✐❝✉❧❡3✱ ❞✬❡♥(❡❣✐3'(❡( ❧❡✉(3 '(❛❥❡❝'♦✐(❡3✱
❡' ❞❡ ❝❛❧❝✉❧❡( ❧❡3 ❣(❛♥❞❡✉(3 ♠♦②❡♥♥❡3 ❝❛(❛❝'/(✐3'✐4✉❡3 ❞✉ '(❛♥3♣♦('✱ '❡❧❧❡3 4✉❡ ❧❡
❧✐❜(❡ ♣❛(❝♦✉(3 ♠♦②❡♥ ♦✉ ❧❡3 ❝♦❡✣❝✐❡♥'3 ❞❡ ❞✐✛✉3✐♦♥✳
❥❡ ♣(/3❡♥'❡(❛✐ ❞❛♥3 ❧❛ 3❡❝'✐♦♥ ✻✳✷ ❧❡3 ❞✐✛/(❡♥'❡3 ♠/'❤♦❞❡3 ❞✬✐♥'❡(♣♦❧❛'✐♦♥ 4✉❡ ❥✬❛✐
✐♠♣❧/♠❡♥'/ ♣♦✉( ❘❆▼❙❊❙✱ ✉'✐❧✐3/❡3 ♣♦✉( ❞/'❡(♠✐♥❡( ❧❛ ✈❛❧❡✉( ❞❡3 ❝❤❛♠♣3 /❧❡❝'(♦✲
♠❛❣♥/'✐4✉❡3 9 ❧❛ ♣♦3✐'✐♦♥ ❞❡3 ♣❛('✐❝✉❧❡3✳ ❊♥ ♣❛('✐❝✉❧✐❡(✱ ❧❡ ♣❛(❛❣(❛♣❤❡ ✻✳✷✳✷ ❛❜♦(❞❡(❛
❧✬✐♥'❡(♣♦❧❛'✐♦♥ ❧✐♥/❛✐(❡✱ ❡' ❧❡ ♣❛(❛❣(❛♣❤❡ 3✉✐✈❛♥' ✭✻✳✷✳✸✮ ❧✬✐♥'❡(♣♦❧❛'✐♦♥ ♣❛( 3♣❧✐♥❡ ❝✉✲
❜✐4✉❡✳
❆♣(K3 ❛✈♦✐( ❞✐3❝✉'/ ❧❡3 3❝❤/♠❛3 ❞✬✐♥'❡(♣♦❧❛'✐♦♥✱ ❥✬❛❜♦(❞❡(❛✐ ❧❡3 ❞✐✛/(❡♥'3 ✐♥'/❣(❛'❡✉(3
❞❡ '(❛❥❡❝'♦✐(❡ 4✉❡ ❥✬❛✐ ✐♠♣❧/♠❡♥'/3 ♣♦✉( '(❛4✉❡( ❧❡3 ♣❛('✐❝✉❧❡3 ❞❛♥3 ❧❛ 3❡❝'✐♦♥ ✻✳✸✳
❊♥✜♥✱ ❧❛ 3❡❝'✐♦♥ ✻✳✹ ❢❡(❛ ❧✬♦❜❥❡' ❞❡ ❧❛ ❝♦♠♣❛(❛✐3♦♥ ❞❡ '♦✉'❡3 ❝❡3 '❡❝❤♥✐4✉❡3✱ ❞❛♥3 ❧❡
❜✉' ❞❡ ❞/'❡(♠✐♥❡( ❧❡ ♠❡✐❧❧❡✉( ❝♦♠♣(♦♠✐3 ❡♥'(❡ ♣(/❝✐3✐♦♥ ❡' '❡♠♣3 ❞❡ ❝❛❧❝✉❧✳
✻✳✷ ❊.✉❛%✐♦♥0 ❡% ✐♥%❡&♣♦❧❛%✐♦♥ ❞❡0 ❝❤❛♠♣0
❉❛♥3 ❝❡''❡ 3❡❝'✐♦♥ ❥❡ ❞/'❛✐❧❧❡ ❧❡ ❢♦♥❝'✐♦♥♥❡♠❡♥' ❞❡ ❧✬✐♥'/❣(❛'❡✉( ❞/✈❡❧♦♣♣/ ❞❛♥3
❧❡ ❝❛❞(❡ ❞❡ ❝❡''❡ /'✉❞❡✱ ❡' ♥♦'❛♠♠❡♥' ❧❡3 ♠/'❤♦❞❡3 ♠✐3❡3 ❡♥ ♦❡✉✈(❡ ♣♦✉( ❡3'✐♠❡(
❧❛ ✈❛❧❡✉( ❞❡3 ❝❤❛♠♣3 /❧❡❝'(♦♠❛❣♥/'✐4✉❡3 B (xp)✱ E (xp) 9 ❧❛ ♣♦3✐'✐♦♥ ❞❡ ❧❛ ♣❛('✐❝✉❧❡
xp✳
▲❡ 3②3'K♠❡ ❞✬/4✉❛'✐♦♥ ✉'✐❧✐3/ ❡3' ❝❡❧✉✐ ❞❡3 /4✉❛'✐♦♥3 ✭✷✳✶✮ ❡' ✭✷✳✷✮ 4✉❡ ❧✬♦♥ (//❝(✐'
♣♦✉( ❧❡ '(❛✐'❡♠❡♥' ♥✉♠/(✐4✉❡ ❬✽❪
✶✶✶
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dx̂i
dτ
=
v̂i
γ̂
,
dv̂i
dτ
= ei + ǫ
ijk v̂j
γ̂
bk, ✭✻✳✶✮
❛✈❡❝ ǫijk ❧❡ +②♠❜♦❧❡ ❞❡ ▲❡✈✐✲❈✐✈✐5❛✱ ❡5
γ̂ =
γ
γ0
,
v̂ = γ̂
vp
c
,
ei =
Ei
B0
,
bi =
Bi
B0
,
dτ =
qB0
γ0mc
dt,
x̂ =
qB0
γ0mc2
· x, ✭✻✳✷✮
♦7 ❧❡+ 8✉❛♥5✐5;+ m✱ c✱ q <❡♣<;+❡♥5❡♥5 ❧❡+ ❣<❛♥❞❡✉<+ ✉+✉❡❧❧❡+✳ ▲❡+ ❝♦♠♣♦+❛♥5❡+ ❞✉
❝❤❛♠♣ ♠❛❣♥;5✐8✉❡ Bi✱ ❡5 ;❧❡❝5<✐8✉❡ Ei +♦♥5 ❧❡+ ❝❤❛♠♣+ ;❧❡❝5<♦♠❛❣♥;5✐8✉❡+ @ ❧❛
♣♦+✐5✐♦♥ ❞❡ ❧❛ ♣❛<5✐❝✉❧❡✳ ▲❡ +②+5A♠❡ ❞✬;8✉❛5✐♦♥ ✭✻✳✶✮ ♣❡<♠❡5 ❞✬✉5✐❧✐+❡< ❞❡+ ❢❛❝5❡✉<+
❞❡ ▲♦<❡♥5③ 5<A+ ;❧❡✈;+✱ ❝❡ 8✉✐ +❡<❛ ❡①♣❧♦✐5; ❞❛♥+ ❝❡55❡ ;5✉❞❡✳
✻✳✷✳✶ ■♥✐'✐❛❧✐*❛'✐♦♥
▲✬;♥❡<❣✐❡ ❡+5 ✜①;❡ ❡5 ;❣❛❧❡ ♣♦✉< 5♦✉5❡+ ❧❡+ ♣❛<5✐❝✉❧❡+✳ ❈❡+ ❞❡<♥✐A<❡+ +♦♥5 ♣❧❛❝;❡+
+♣❛5✐❛❧❡♠❡♥5 ❞❡ ♠❛♥✐A<❡ ❛❧;❛5♦✐<❡ ❞❛♥+ ❧❡ ❝✉❜❡ ❞❡ +✐♠✉❧❛5✐♦♥✳
❯♥❡ ❢♦✐+ ❧❡+ ♣❛<5✐❝✉❧❡+ ♣❧❛❝;❡+✱ ❧❛ +✉✐5❡ ❝♦♥+✐+5❡ ❛✉ ❝❛❧❝✉❧ ❞❡ ❧❛ ✈✐5❡++❡✳ γ ;5❛♥5 ✜①;✱
❧❛ ♥♦<♠❡ ❞❡ ❧❛ ✈✐5❡++❡ ❧✬❡+5 ;❣❛❧❡♠❡♥5✱ ♣✉✐+8✉❡ β2 = 1 − 1/γ2✳ ▲❡+ ❝♦♠♣♦+❛♥5❡+
❞❡ ❧❛ ✈✐5❡++❡ +♦♥5 ❞;5❡<♠✐♥;❡+ @ ♣❛<5✐< ❞✉ ❝❤❛♠♣ ♠❛❣♥;5✐8✉❡ B✱ ❡5 ❞❡ ❞❡✉① ❛✉5<❡+
✈❡❝5❡✉<+ e1 ❡5 e2✱ 5♦✉+ ❞❡✉① ♣❡<♣❡♥❞✐❝✉❧❛✐<❡+ @ B✱ 5❡❧+ 8✉❡ [e1, e2,B/B] ❢♦<♠❡♥5 ✉♥
5<✐A❞<❡ ❞✐<❡❝5✳
H♦✉< ❝❤❛8✉❡ ♣❛<5✐❝✉❧❡✱ ❧❡ ❝♦+✐♥✉+ ❞❡ ❧✬❛♥❣❧❡ ❞✬❛55❛8✉❡ µ ❡+5 5✐<; ❛❧;❛5♦✐<❡♠❡♥5✱ ❞❡
+♦<5❡ 8✉❡ ❧❛ ❞✐+5<✐❜✉5✐♦♥ ❡♥ µ +♦✐5 ❝♦♥+5❛♥5❡✳ ❯♥ ❛✉5<❡ ♥♦♠❜<❡ a ❡+5 5✐<; ❛❧;❛5♦✐<❡♠❡♥5
❛✈❡❝ ✉♥❡ ❞❡♥+✐5; ❞❡ ♣<♦❜❛❜✐❧✐5; ❝♦♥+5❛♥5❡ ❞❛♥+ ❧✬✐♥5❡<✈❛❧❧❡ [0 : 1]✳ ▲❛ ✈✐5❡++❡ ❡+5 ❛❧♦<+
❞♦♥♥;❡ ♣❛<
β =
µβ
B
B+ β
√
1− µ2 (cos (2πa) e1 + sin (2πa) e2) . ✭✻✳✸✮
❆✈❡❝ ❧❡+ ❝♦♥❞✐5✐♦♥+ ✐♥✐5✐❛❧❡+ ✭✹✳✻✮✱ ❡5 ❡♥ ✐♠♣♦+❛♥5 µ = 0✱ ❥✬❛✐ ♠❡+✉<; ❧❡+ <❛②♦♥+ ❡5
♣;<✐♦❞❡+ ❞❡ ▲❛<♠♦< ♣♦✉< ❞✐✛;<❡♥5❡+ ;♥❡<❣✐❡+ ❞❡ ♣❛<5✐❝✉❧❡+✱ <;+✉♠;❡+ ❞❛♥+ ❧❡ 5❛❜❧❡❛✉
✻✳✶✱ ♦7 ❧❡+ ∆RL ❡5 ∆tL +♦♥5 ❞;✜♥✐+ ❝♦♠♠❡
✻✳✷✳ ❊◗❯❆❚■❖◆❙ ❊❚ ■◆❚❊❘-❖▲❆❚■❖◆ ❉❊❙ ❈❍❆▼-❙ ✶✶✸
γ RL,exp ∆RL tL,exp ∆tL
✷✾✺✷✸✳✺✽ ✸✳✵✵❊✲✵✷ ✸✳✽✶❊✲✵✽ ✹✳✽✽❊✲✵✻ ✷✳✵✵❊✲✵✹
✺✾✵✹✼✳✶✼ ✻✳✵✵❊✲✵✷ ✸✳✸✺❊✲✵✽ ✾✳✼✻❊✲✵✻ ✷✳✵✶❊✲✵✹
✽✽✺✼✵✳✼✻ ✾✳❊✲✵✷ ✻✳✷✺❊✲✵✽ ✶✳✺❊✲✵✵✺ ✷✳❊✲✵✹
✾✽✹✶✶✳✾✺ ✶✳✵✵❊✲✵✶ ✽✳✵✼❊✲✵✽ ✶✳✻✸❊✲✵✺ ✷✳✵✷❊✲✵✹
❚❛❜❧❡ ✻✳✶ ✕ ▼❡0✉2❡ ❞✉ 2❛②♦♥ ❞❡ ▲❛2♠♦2 RL,exp ♦❜;❡♥✉ ❞❛♥0 ✉♥ ❝❤❛♠♣ ✉♥✐❢♦2♠❡
❞✬❛♠♣❧✐;✉❞❡ B0 = 1 µG✱ ❛✈❡❝ ❧❛ ♠❡0✉2❡ ❞❡ ❧❛ ♣E2✐♦❞❡ ❞❡ ❣✐2❛;✐♦♥ tL,exp✱ ❡; ❧❡✉20
❡22❡✉20 2❡❧❛;✐✈❡0✱ ❝❛❧❝✉❧E❡0 ♣❛2 2❛♣♣♦2; G ❧❛ ✈❛❧❡✉2 ;❤E♦2✐H✉❡ ∆RL ❡; ∆tL✳
∆RL =
|RL,th−RL,exp|
RL,th
,
∆tL =
|tL,th−tL,exp|
tL,th
,
✭✻✳✹✮
❛✈❡❝ ❧❡0 RL,th ❡; tL,th ❧❡0 ✈❛❧❡✉20 ;❤E♦2✐H✉❡0 ❞✉ 2❛②♦♥ ❞❡ ▲❛2♠♦2 ❡; ❞❡ ❧❛ ❣②2♦✲♣E2✐♦❞❡✳
▲❡ ;❛❜❧❡❛✉ ✻✳✶ ♠♦♥;2❡ H✉❡ ❧❡0 ❡22❡✉20 2❡❧❛;✐✈❡0 0♦♥; ❢❛✐❜❧❡0✱ ❡; ❝♦♥0;❛♥;❡0 ❛✈❡❝ ❧✬E♥❡2✲
❣✐❡ ❞❡0 ♣❛2;✐❝✉❧❡0✳
❆✈❛♥; ❞✬❡✛❡❝;✉❡2 ✉♥❡ E;✉❞❡ ♣❧✉0 ❛♣♣2♦❢♦♥❞✐❡ ❞✉ ;2❛♥0♣♦2;✱ ♥♦✉0 ❞❡✈♦♥0 ;♦✉;❡❢♦✐0
❛❜♦2❞❡2 ❧❛ H✉❡0;✐♦♥ ❞E❧✐❝❛;❡ ❞❡ ❧✬✐♥;❡2♣♦❧❛;✐♦♥ ❞❡0 ❝❤❛♠♣0✳ ❊♥ ❡✛❡;✱ 0✐ ❧❡0 ♣❛2;✐❝✉❧❡0
♣❡✉✈❡♥; E✈♦❧✉❡2 ❞❛♥0 ❧✬❡♥0❡♠❜❧❡ ❞✉ ❞♦♠❛✐♥❡ ❞❡ ❝❛❧❝✉❧✱ ❧❡0 ❝❤❛♠♣0 E❧❡❝;2♦♠❛❣♥E✲
;✐H✉❡0 0♦♥;✱ ❛✉ ❝♦♥;2❛✐2❡✱ 0;♦❝❦E0 0✉2 ❧❛ ❣2✐❧❧❡ ❞❡0 E❧E♠❡♥;0 ✜♥✐0✳ ■❧ ❡0; ❞♦♥❝ ♥E❝❡00❛✐2❡
❞✬✐♥;❡2♣♦❧❡2 ❧❡0 ❝❤❛♠♣0 ❞✉ ♣♦✐♥; ❞❡ ❧❛ ❣2✐❧❧❡ ✈❡20 ❧❛ ♣♦0✐;✐♦♥ ❞❡ ❧❛ ♣❛2;✐❝✉❧❡✳
✻✳✷✳✷ ❙❝❤&♠❛ ❧✐♥&❛✐,❡ ❈■❈
▲❛ ♣2❡♠✐P2❡ ♠E;❤♦❞❡ ❝♦♥0✐0;❡ G ❝❛❧❝✉❧❡2 ❧❡ ❝❤❛♠♣ ♠❛❣♥E;✐H✉❡ B G ❧❛ ♣♦0✐;✐♦♥ ❞❡
❧❛ ♣❛2;✐❝✉❧❡ xp = (xp, yp, zp) ❝♦♠♠❡ ❧❡ ❜❛2②❝❡♥;2❡ ❞❡0 ❝❤❛♠♣0 ♠❛❣♥E;✐H✉❡0 ♣2E0❡♥;0
❞❛♥0 ❧❡0 ✽ ❝❡❧❧✉❧❡0 ❧❡0 ♣❧✉0 ♣2♦❝❤❡0 ✿
Bi (xp, yp, zp) =
8∑
n=1
αnBn,i, ✭✻✳✺✮
❛✈❡❝ ❧❡0 Bn,i 2❡♣2E0❡♥;❛♥; ❧❛ ❝♦♠♣♦0❛♥;❡ i ❞✉ ❝❤❛♠♣ ♠❛❣♥E;✐H✉❡ ❞❡ ❧❛ ❝❡❧❧✉❧❡ n✱ ❡;
8∑
n=1
αn = 1. ✭✻✳✻✮
▲❡0 αn 0♦♥; ❧❡0 ♣♦♥❞E2❛;✐♦♥0 ❞✉ ❜❛2②❝❡♥;2❡✱ ❡; ❝♦22❡0♣♦♥❞❡♥; ❛✉ ✈♦❧✉♠❡ ♦♣♣♦0E
G ❧❛ ❝❡❧❧✉❧❡ j ✭✜❣✉2❡ ✻✳✶✮✳ ❙✐ ∆V = ∆X∆Y∆Z✱ ❡0; ❧❡ ✈♦❧✉♠❡ ❞✬✉♥❡ ❝❡❧❧✉❧❡✱ ♦♥ ❛
✶✶✹ ❈❍❆#■❚❘❊ ✻✳ ■▼#▲➱▼❊◆❚❆❚■❖◆ ❉❊ ▲✬■◆❚➱●❘❆❚❊❯❘
X∆
x∆
Z∆
z∆
Y∆
y∆
x  y  z
x   y   z
x   y   z
x  y   z
x   y   z
x   y   z x   y   z
j k l
j+1
x   y   z
k l
j+1 k+1 l
j k+1 l
l+1kj+1
j+1 k+1 l+1l+1k+1j
j k l+1
B(          ) B(          )
B(            )
B(          )
B(           )
B(        )
B(        ) B(         )
B(         )
x y z
p p p
❋✐❣✉$❡ ✻✳✶ ✕ ❊♥ ❤❛✉*✱ ♣♦.✐*✐♦♥ 0 ❧✬✐♥*34✐❡✉4 ❞❡ ❧❛ ❣4✐❧❧❡ ✿ ❧❡ ❝✉❜❡ ❡♥ ✈❡4* 4❡♣43.❡♥*❡
❧❛ ❞✐♠❡♥.✐♦♥ ❞✬✉♥❡ ❣4✐❧❧❡✳ ❊♥ ❜❛.✱ ♣♦.✐*✐♦♥ ❞❡ ❧❛ ♣❛4*✐❝✉❧❡ ❡♥*4❡ ❧❡. ❤✉✐* ❝❡❧❧✉❧❡.
4❡♣43.❡♥*3❡. ♣❛4 ❧❡ ❝✉❜❡ 4♦✉❣❡ ❞❡ ❧❛ ✜❣✉4❡ ♣43❝3❞❡♥*❡✳ ■❝✐✱ ❧❡. .♦♠♠❡*. ❞✉ ❝✉❜❡
❝♦?♥❝✐❞❡♥* ❝❤❛❝✉♥ ❛✈❡❝ ❧❡ ❝❡♥*4❡ ❞✬✉♥❡ ❝❡❧❧✉❧❡✱ ❞❛♥. ❧❡.@✉❡❧❧❡. ❧❡. ✈❛4✐❛❜❧❡. ▼❍❉
.♦♥* .*♦❝❦3❡.✳
✻✳✷✳ ❊◗❯❆❚■❖◆❙ ❊❚ ■◆❚❊❘-❖▲❆❚■❖◆ ❉❊❙ ❈❍❆▼-❙ ✶✶✺
α1 = ∆V
−1 [ (∆X −∆x) (∆Y −∆y) ∆z ] ,
α2 = ∆V
−1 [ (∆X −∆x) ∆y ∆z ] ,
α3 = ∆V
−1 [ ∆x (∆Y −∆y) ∆z ] ,
α4 = ∆V
−1 [ ∆x ∆y ∆z ] ,
α5 = ∆V
−1 [ (∆X −∆x) (∆Y −∆y) (∆Z −∆z) ] ,
α6 = ∆V
−1 [ (∆X −∆x) ∆y (∆Z −∆z) ] ,
α7 = ∆V
−1 [ ∆x (∆Y −∆y) (∆Z −∆z) ] ,
α8 = ∆V
−1 [ ∆x ∆y (∆Z −∆z) ] ,
✭✻✳✼✮
♦( ❧❡+ ∆x✱ ∆y ❡- ∆z +♦♥- ❧❡+ ❞✐+-❛♥❝❡+ ❞❡+ +♦♠♠❡-+ 4 ❧❛ ♣❛6-✐❝✉❧❡ ✭✜❣✉6❡ ✻✳✶✮✳
❊♥ ✉-✐❧✐+❛♥- ❧✬<=✉❛-✐♦♥ ✭✻✳✺✮✱ ♥♦✉+ +♦♠♠❡+ ♠❛✐♥-❡♥❛♥- ❡♥ ♠❡+✉6❡ ❞❡ ❝❛❧❝✉❧❡6 ❧❡
❝❤❛♠♣ ♠❛❣♥<-✐=✉❡ 4 ❧❛ ♣♦+✐-✐♦♥ ❞❡ ❧❛ ♣❛6-✐❝✉❧❡ ❡♥ ✉-✐❧✐+❛♥- ✉♥ +❝❤<♠❛ ❞✬✐♥-❡6♣♦❧❛-✐♦♥
=✉✐ ♥✬❡+- ❛✉-6❡ =✉✬✉♥ ❙♣❧✐♥❡ ✸❉ ❞❡ ♣6❡♠✐❡6 ♦6❞6❡✳ ▲❡ ❝❤❛♠♣ <❧❡❝-6✐=✉❡ ❡+- ❧✉✐ ❛✉++✐
✐♥-❡6♣♦❧< ❛✈❡❝ ❝❡--❡ ♠<-❤♦❞❡✱ ❡♥ ✉-✐❧✐+❛♥- ❝❡--❡ ❢♦✐+ ❧❛ 6❡❧❛-✐♦♥
Ei =
1
c
ǫi,j,kujBk, ✭✻✳✽✮
♦( uj ❡+- ❧❛ ❝♦♠♣♦+❛♥-❡ ❞❡ ❧❛ ✈✐-❡++❡ ✢✉✐❞❡✱ ❡- ❝ ❧❛ ✈✐-❡++❡ ❞❡ ❧❛ ❧✉♠✐G6❡✳
❈❡--❡ ♠<-❤♦❞❡ ❡+- ✐♠♣❧<♠❡♥-<❡ ❞❛♥+ ❘❆▼❙❊❙ +♦✉+ ❧✬❛♣♣❡❧❧❛-✐♦♥ ❞❡ ❈❧♦✉❞✲✐♥✲
❈❡❧❧ ✭❈■❈✮ ♣♦✉6 ✐♥-❡6♣♦❧❡6 ❧❛ ✈❛❧❡✉6 ❞✉ ❝❤❛♠♣ ❞❡ ❢♦6❝❡ ❣6❛✈✐-❛-✐♦♥♥❡❧ +✉6 ❧❡+ ♦❜❥❡-+
❣6❛✈✐-❛♥-+✳ ❏✬❛✐ ❞♦♥❝ ♠♦❞✐✜< ❝❡ ♠♦❞✉❧❡ ♣♦✉6 =✉✬✐❧ ♦♣G6❡ +✉6 ❧❡+ ❝❤❛♠♣+ <❧❡❝-6♦♠❛✲
❣♥<-✐=✉❡+ ❞✉ ♠♦❞✉❧❡ ❞❡ ♣6♦♣❛❣❛-✐♦♥✳
✻✳✷✳✸ ❙♣❧✐♥❡ ❝✉❜✐-✉❡
❉✬❛✉-6❡+ <-✉❞❡+ ♦♥- ✉-✐❧✐+< ❞❡+ +❝❤<♠❛+ ❞✬✐♥-❡6♣♦❧❛-✐♦♥ ❞✬♦6❞6❡ ♣❧✉+ <❧❡✈< ❝♦♠♠❡
✉♥ +♣❧✐♥❡ ❝✉❜✐=✉❡ -6✐❞✐♠❡♥+✐♦♥♥❡❧ ❬✽✱ ✶✵✹✱ ✶✵✺❪✳ ▲❡ ♣6✐♥❝✐♣❡ ❞✬✉♥ -❡❧ +❝❤<♠❛ ❡+- ❞❡
♣6<✈❡♥✐6 ✉♥❡ <✈❡♥-✉❡❧❧❡ ✈❛6✐❛-✐♦♥ ❜6✉-❛❧❡ ❞❡+ ❝❤❛♠♣+✱ ❡♥ ✐♥-6♦❞✉✐+❛♥- ❧❛ ❞<6✐✈<❡ +❡✲
❝♦♥❞❡ ❞✉ ❝❤❛♠♣ ✐♥-❡6♣♦❧<✳ ❈❡❧❛ <✈✐-❡ ❧✬❛♣♣❛6✐-✐♦♥ ❞✬✐♥+-❛❜✐❧✐-< ❞❛♥+ ❧❡ -6❛❝❡✉6 ❞❡
♣❛6-✐❝✉❧❡+✳
▲✬❛❧❣♦6✐-❤♠❡ ✉-✐❧✐+< ❝♦♥+✐+-❡ 4 ✐♥-❡6♣♦❧❡6 ❧❡+ ❞✐♠❡♥+✐♦♥+ ✉♥❡ 4 ✉♥❡✱ ❝❡ =✉✐ 6❡✈✐❡♥- 4
❝♦♥+✐❞<6❡6 ❧❡ ♣6♦❜❧G♠❡ 4 ✉♥❡ ❞✐♠❡♥+✐♦♥✳ ❙♦✐- ∆X = xi+1−xi ✉♥ ✐♥-❡6✈❛❧❧❡ ❝♦♥-❡♥❛♥-
✉♥❡ ♣❛6-✐❝✉❧❡ 4 ❧❛ ♣♦+✐-✐♦♥ x✱ ♦♥ ❞<✜♥✐- ❬✼✻❪
✶✶✻ ❈❍❆#■❚❘❊ ✻✳ ■▼#▲➱▼❊◆❚❆❚■❖◆ ❉❊ ▲✬■◆❚➱●❘❆❚❊❯❘
Cx =
xi+1 − x
∆X
,
Dx = 1− Cx =
x− xi
∆X
,
Fx =
1
6
(
C3x − Cx
)
∆X2,
✭✻✳✾✮
Gx =
1
6
(
D3x −Dx
)
∆X2. ✭✻✳✶✵✮
▲❛ ❝♦♠♣♦-❛♥/❡ l ❞✉ ❝❤❛♠♣ ♠❛❣♥5/✐7✉❡ ✐♥/❡8♣♦❧5❡ -✉✐✈❛♥/ x -✬5❝8✐/ ❛❧♦8-
Bxl (yj, zk) = CxBl (xi, yj, zk) +DxBl (xi+1, yj, zk)
+ Fx∂xxBl (xi, yj, zk) +Gx∂xxBl (xi+1, yj, zk) . ✭✻✳✶✶✮
▲❛ ❞✐✣❝✉❧/5 ✈✐❡♥/ ❞❡ ❧✬❛-♣❡❝/ /8✐❞✐♠❡♥-✐♦♥♥❡❧ ❞✉ ♣8♦❜❧>♠❡✳ ❊♥ ❡✛❡/✱ ❧❛ 7✉❛♥/✐/5
Bxl (yj, zk) ❡-/ ✈❛❧❛❜❧❡ -✉8 ❧✬❛8B/❡ ❞✉ ❝✉❜❡ ♦C y = yj ❡/ z = zk✳ D♦✉8 ❧❛ -✉✐/❡✱ ❥✬5❝8✐8❛✐
❞♦♥❝ Bxl ♣♦✉8 ❧❡- /8♦✐- ❛✉/8❡- ❛8B/❡-
Bxl (yj+1, zk) = CxBl (xi, yj+1, zk) +DxBl (xi+1, yj+1, zk)
+ Fx∂xxBl (xi, yj+1, zk) +Gx∂xxBl (xi+1, yj+1, zk) , ✭✻✳✶✷✮
Bxl (yj, zk+1) = CxBl (xi, yj, zk+1) +DxBl (xi+1, yj, zk+1)
+ Fx∂xxBl (xi, yj, zk+1) +Gx∂xxBl (xi+1, yj, zk+1) , ✭✻✳✶✸✮
Bxl (yj+1, zk+1) = CxBl (xi, yj+1, zk+1) +DxBl (xi+1, yj+1, zk+1)
+ Fx∂xxBl (xi, yj+1, zk+1) +Gx∂xxBl (xi+1, yj+1, zk+1) .✭✻✳✶✹✮
❯♥❡ ❢♦✐- ❧❡- Bxl ♦❜/❡♥✉- -✉8 ❧❡- ❛8B/❡-✱ ❥❡ ❝❛❧❝✉❧❡ ❝❛❧❝✉❧♦♥- ❧❡- ❝❤❛♠♣- -✉8 ❧❡-
❢❛❝❡-✱ Bxyl ✱ ❞✬57✉❛/✐♦♥ z = zk ❡/ z = zk+1 ❛✈❡❝
Bxyl (zk) = CyB
x
l (yj, zk) +DyB
x
l (yj+1, zk)
+ Fy∂yyB
x
l (yj, zk) +Gy∂yyB
x
l (yj+1, zk) , ✭✻✳✶✺✮
Bxyl (zk+1) = CyB
x
l (yj, zk+1) +DyB
x
l (yj+1, zk+1)
+ Fy∂yyB
x
l (yj, zk+1) +Gy∂yyB
x
l (yj+1, zk+1) , ✭✻✳✶✻✮
✻✳✷✳ ❊◗❯❆❚■❖◆❙ ❊❚ ■◆❚❊❘-❖▲❆❚■❖◆ ❉❊❙ ❈❍❆▼-❙ ✶✶✼
♦# ∂yyB
x
l (yj, zk) ❡% ∂yyB
x
l (yj+1, zk) &♦♥% ❞)%❡*♠✐♥)& ♣❛* ✐♥%❡*♣♦❧❛%✐♦♥ ❧✐♥)❛✐*❡
∂yyB
x
l (yj, zk) = Cx∂yyBl (xi, yj, zk) +Dx∂yyBl (xi+1, yj, zk) ,
∂yyB
x
l (yj+1, zk) = Cx∂yyBl (xi, yj+1, zk) +Dx∂yyBl (xi+1, yj+1, zk) , ✭✻✳✶✼✮
❛✐♥&✐ 4✉❡ ❧❡& ∂yyB
x
l (yj, zk+1) ❡% ∂yyB
x
l (yj+1, zk+1)✱ ♣✉✐&4✉✬✐❧ &✉✣% ❞❡ *❡♠♣❧❛❝❡* k
❞❛♥& ❧✬)4✉❛%✐♦♥ ✭✻✳✶✼✮ ♣❛* k + 1✳
❊♥ ❝♦♠❜✐♥❛♥% ❧❡& )4✉❛%✐♦♥& ✭✻✳✶✻✮ ❡% ✭✻✳✶✶✮✱ ♦♥ ♦❜%✐❡♥% ❧❛ ✈❛❧❡✉* ❞✉ ❝❤❛♠♣ ♠❛❣♥)✲
%✐4✉❡ @ ❧❛ ♣♦&✐%✐♦♥ ❞❡ ❧❛ ♣❛*%✐❝✉❧❡
Bl (x, y, z) = CzB
xy
l (zk) +DzB
xy
l (zk+1) +Fz∂zzB
xy
l (zk) +Gz∂zzB
xy
l (zk+1) , ✭✻✳✶✽✮
♦# ❧❡& ❞)*✐✈)❡& &❡❝♦♥❞❡& &♦♥% ❝❛❧❝✉❧)❡& @ ♣❛*%✐* ❞✬✉♥ &♣❧✐♥❡ ❧✐♥)❛✐*❡ ❜✐❞✐♠❡♥&✐♦♥♥❡❧
∂zzB
xy
l (zk) = CxCy∂zzBl (xi, yj, zk) +DxCy∂zzBl (xi+1, yj, zk)
+ CxDy∂zzBl (xi, yj+1, zk) +DxDy∂zzBl (xi+1, yj+1, zk) , ✭✻✳✶✾✮
∂zzB
xy
l (zk+1) = CxCy∂zzBl (xi, yj, zk+1) +DxCy∂zzBl (xi+1, yj, zk+1)
+ CxDy∂zzBl (xi, yj+1, zk+1) +DxDy∂zzBl (xi+1, yj+1, zk+1) .
✭✻✳✷✵✮
❆✉ ✜♥❛❧✱ ❧❡ &♣❧✐♥❡ ❝✉❜✐4✉❡ @ %*♦✐& ❞✐♠❡♥&✐♦♥& ❢❛✐% ✐♥%❡*✈❡♥✐* &❡♣% ❢♦✐& ❧✬♦♣)*❛%✐♦♥
❞❡ &♣❧✐♥❡ ❝✉❜✐4✉❡ ✉♥✐❞✐♠❡♥&✐♦♥♥❡❧✱ ❡% ❞✐① ❢♦✐& ❧❡ ❝❛❧❝✉❧ ❞✬✉♥ &♣❧✐♥❡ ❞❡ ♣*❡♠✐❡* ♦*❞*❡
♣♦✉* ❡&%✐♠❡* ❧❡& ❞)*✐✈)❡& &❡❝♦♥❞❡&✱ ❝❡ 4✉✐ ❛ ♥❛%✉*❡❧❧❡♠❡♥% ✉♥ ❝♦I% ❡♥ %❡♠♣& ❞❡
❝❛❧❝✉❧
✶
✳
✶✳ ❆✜♥ ❞✬'❝♦♥♦♠✐,❡. ❧❡ 0❡♠♣, ❞❡ ❝❛❧❝✉❧✱ ✐❧ ❡,0 ♣❧✉, .❛♣✐❞❡ ❞❡ ❞'✜♥✐. ❧❡, ✸✷ ❝♦❡✣❝✐❡♥0, ❡0 ❞✬✐♠✲
♣❧'♠❡♥0❡. ❧❛ ❢♦.♠❡ ❝♦♠♣❧:0❡ ❞✉ ,♣❧✐♥❡ ❝✉❜✐<✉❡
Bl (x, y, z) = (CxCyCz + FxCyCz∂xx + CxFyCz∂yy + CxCyFz∂zz)Bl (xi, yj , zk)
+ (CxCyDz + FxCyDz∂xx + CxFyDz∂yy + CxCyGz∂zz)Bl (xi, yj , zk+1)
+ (CxDyCz + FxDyCz∂xx + CxGyCz∂yy + CxDyFz∂zz)Bl (xi, yj+1, zk)
+ (CxDyDz + FxDyDz∂xx + CxGyDz∂yy + CxDyGz∂zz)Bl (xi, yj+1, zk+1)
+ (DxCyCz +GxCyCz∂xx +DxFyCz∂yy +DxCyFz∂zz)Bl (xi+1, yj , zk)
+ (DxCyDz +GxCyDz∂xx +DxFyDz∂yy +DxCyGz∂zz)Bl (xi+1, yj , zk+1)
+ (DxDyCz +GxDyCz∂xx +DxGyCz∂yy +DxDyFz∂zz)Bl (xi+1, yj+1, zk)
+ (DxDyDz +GxDyDz∂xx +DxGyDz∂yy +DxDyGz∂zz)Bl (xi+1, yj+1, zk+1) ,
✭✻✳✷✶✮
<✉✐ ♥❡ ❢❛✐0 ❛♣♣❡❧ <✉✬@ ✉♥❡ ❢♦♥❝0✐♦♥ ❞❡ ✶✵ ✈❛.✐❛❜❧❡, @ 0.❛✈❡., ✸✷ ❝♦❡✣❝✐❡♥0,✳
✶✶✽ ❈❍❆#■❚❘❊ ✻✳ ■▼#▲➱▼❊◆❚❆❚■❖◆ ❉❊ ▲✬■◆❚➱●❘❆❚❊❯❘
✻✳✷✳✹ $✐❡❝❡✇✐)❡ ❈✉❜✐❝ ❙♣❧✐♥❡
❯♥❡ ❞❡&♥✐(&❡ ♠*+❤♦❞❡ ✐♠♣❧*♠❡♥+*❡ ❡0+ ✉♥❡ ♠*+❤♦❞❡ ❞✬✐♥+❡&♣♦❧❛+✐♦♥ ❞❡ +&♦✐0✐(♠❡
♦&❞&❡✱ ❞✐+❡ ✧6✐❡❝❡✇✐0❡ ❈✉❜✐❝ ❙♣❧✐♥❡✧✱ ♦✉  ❈❙✱ ❡+ ❝♦♥0✐0+❡ < ✉+✐❧✐0❡& ❧❡0 64 ❝❡❧❧✉❧❡0
❡♥+♦✉&❛♥+ ❧❛ ♣❛&+✐❝✉❧❡ ✭❝❢✳ ✜❣✉&❡ ✻✳✷✮✳
❋✐❣✉$❡ ✻✳✷ ✕ ❯+✐❧✐0❛+✐♦♥ ❞❡0 ✻✹ ❝❡❧❧✉❧❡0 ❧❡0 ♣❧✉0 ♣&♦❝❤❡0 ❞❡ ❧❛ ♣❛&+✐❝✉❧❡✳ ▲❡0 ♣♦✐♥+0
&❡♣&*0❡♥+❡♥+ ❧❡ ❝❡♥+&❡ ❞❡ ❝❤❛❝✉♥❡ ❞✬❡❧❧❡✱ ♦H ❧✬♦♥ &❡+&♦✉✈❡ ❧❡0 ✈❛&✐❛❜❧❡0 ▼❍❉✳
▲❡ ♣&✐♥❝✐♣❡ ❞❡ ❝❛❧❝✉❧ ❡0+ ❧❡ ♠M♠❡ N✉❡ ♣♦✉& ❧❛ ♠*+❤♦❞❡ ❈■❈✱ ♦H ❧✬*N✉❛+✐♦♥ ✭✻✳✺✮
❡0+ &❡♠♣❧❛❝*❡ ♣❛&
Bi (xp, yp, zp) =
64∑
n=1
αn (xc − xp)Bn,i, ✭✻✳✷✷✮
♦H ❧❡0 αn (xn − xp) 0♦♥+ ❝❛❧❝✉❧*0 ♣♦✉& ❝❤❛❝✉♥❡ ❞❡0 ❞✐&❡❝+✐♦♥0✳ 6❛& ❡①❡♠♣❧❡✱ ♣♦✉& ❧❛
❞✐&❡❝+✐♦♥ x✱ 0✐ ♦♥ ❞*✜♥✐+ ❧✬*❝❛&+ δ = xp − xn✱ ❛❧♦&0 ❧❛ ♠*+❤♦❞❡  ❈❙ ❞♦♥♥❡
αn (δ) =
1
6



4− 6δ2 + 3 |δ|3 si |δ| < 1
(2− |δ|)3 si |δ| ∈ [1; 2[
0 ailleurs
✭✻✳✷✸✮
❈❡++❡ ♠*+❤♦❞❡ ❞✬✐♥+❡&♣♦❧❛+✐♦♥ ✈*&✐✜❡ ❧❛ &❡❧❛+✐♦♥
64∑
n=1
αn (xc − xp) = 1. ✭✻✳✷✹✮
✻✳✸✳ ▲❊❙ ❙❈❍➱▼❆❙ ◆❯▼➱❘■◗❯❊❙ ✶✶✾
▲❛ ❝♦♠♣❛(❛✐*♦♥ ❞❡ ❝❡* *❝❤/♠❛* ❞✬✐♥1❡(♣♦❧❛1✐♦♥ *❡(❛ ❛❜♦(❞/❡ ❞❛♥* ❧❛ *❡❝1✐♦♥ ✻✳✹✳
▼❛✐♥1❡♥❛♥1 8✉❡ ♥♦✉* *♦♠♠❡* ❡♥ ♠❡*✉(❡ ❞❡ ❞/1❡(♠✐♥❡( ❧❡* ❝❤❛♠♣* /❧❡❝1(♦♠❛❣♥/✲
1✐8✉❡* < ❧❛ ♣♦*✐1✐♦♥ ❞❡ ❧❛ ♣❛(1✐❝✉❧❡✱ ❥❡ ♣❡✉① ♣❛**❡( < ❧✬✐♥1/❣(❛1❡✉( ❞❡* 1(❛❥❡❝1♦✐(❡*✳
✻✳✸ ▲❡% %❝❤(♠❛% ♥✉♠(-✐/✉❡%
❉❛♥* ❝❡11❡ *❡❝1✐♦♥✱ ❥❡ ❞/1❛✐❧❧❡(❛✐ ❧❡* ❞✐✛/(❡♥1* 1(❛❝❡✉(* ❞❡ ♣❛(1✐❝✉❧❡*✱ ❝✬❡*1✲<✲❞✐(❡
❧❡* *❝❤/♠❛* ♥✉♠/(✐8✉❡*✱ (/*♦❧✈❛♥1 ❧❡* /8✉❛1✐♦♥* ❞✉ ♠♦✉✈❡♠❡♥1 ❞❡* ♣❛(1✐❝✉❧❡*✱ ✐♠♣❧/✲
♠❡♥1/* ♣♦✉( ❘❆▼❙❊❙✳ ▲❡* ❞✐✛/(❡♥1* 1(❛❝❡✉(* ♦♥1 /1/ ✐♥1(♦❞✉✐1* ❛✉ ❢✉( ❡1 < ♠❡*✉(❡✱
❞❛♥* ❧❡ *♦✉❝✐ ❞❡ 1(♦✉✈❡( ✉♥ ❝♦♠♣(♦♠✐* ❡♥1(❡ ❧❛ ♣(/❝✐*✐♦♥ ❞❡ ❝❡* ❞✐✛/(❡♥1* *❝❤/♠❛* ❡1
❧❛ *❛✉✈❡❣❛(❞❡ ❞❡ ❧❛ (❡**♦✉(❝❡ ♣(✐♥❝✐♣❛❧❡ ❞❡* ❝❡♥1(❡* ❞❡ ❝❛❧❝✉❧ ♥❛1✐♦♥❛✉①✱ ♠H♠❡ *✐✱ ❞❡
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k5 = Hnf (tn + a5Hn, yn + b51k1 + b52k2 + b53k3 + b54k4) ,
k6 = Hnf (tn + a6Hn, yn + b61k1 + b62k2 + b63k3 + b64k4 + b65k5) , ✭✻✳✸✼✮
✐ ai bij ci c
⋆
i
✶
37
378
2825
27648
✷
1
5
1
5
0 0
✸
3
10
3
40
9
40
250
621
18575
48384
✹
3
5
3
10
− 9
10
6
5
125
594
13525
55296
✺ 1 −11
54
5
2
−70
27
35
27
0 277
14336
✻
7
8
1631
55296
175
512
575
13824
44275
110592
253
4096
512
1771
1
4
❥ ❂ ✶ ✷ ✸ ✹ ✺
❚❛❜❧❡ ✻✳✷ ✕ Z❛$❛♠Q,$❡- ❞✬✐♥,)❣$❛,✐♦♥ ❞❡ ❧❛ ♠),❤♦❞❡ ❘❑✺◗❈✳
❧❛ ✈❛❧❡✉$ ❞❡ yn+1 ❡-, ❛❧♦$- ❝❛❧❝✉❧)❡ ♣❛$
yn+1 = yn +
6∑
i=1
ciki, ✭✻✳✸✽✮
✶✷✷ ❈❍❆#■❚❘❊ ✻✳ ■▼#▲➱▼❊◆❚❆❚■❖◆ ❉❊ ▲✬■◆❚➱●❘❆❚❊❯❘
♦# ❧❡& ci &♦♥( ❧❡& ❝♦❡✣❝✐❡♥(& ,-❢-,❡♥❝-& ❞❛♥& ❧❡ (❛❜❧❡❛✉ ✻✳✷✳ ▲✬-(❛♣❡ ❡①♣,✐♠-❡ : (,❛✈❡,&
❧✬-<✉❛(✐♦♥ ✭✻✳✸✽✮ ❡&( ,-♣-(-❡ ❛✈❡❝ ❧❡& <✉❛♥(✐(-& c⋆i ♣♦✉, ❞♦♥♥❡,
y⋆n+1 = yn +
6∑
i=1
c⋆i ki, ✭✻✳✸✾✮
❡( ❛✐♥&✐ ❡&(✐♠❡, ❧✬❡,,❡✉, ∆n &✉, ❧❛ ❞-(❡,♠✐♥❛(✐♦♥ ❞❡ ❧❛ &♦❧✉(✐♦♥ : tn+1
∆n ≡ yn+1 − y⋆n+1 =
6∑
i=1
(ci − c⋆i ) ki. ✭✻✳✹✵✮
▲❡ ♣❛& ❞❡ (❡♠♣& Hn+1 ❡&( ,--✈❛❧✉- : ♣❛,(✐, ❞❡ ❧❛ ,❡❧❛(✐♦♥
Hn+1 = Hn
∣∣∣∣
∆n+1
∆n
∣∣∣∣
0.2
, ✭✻✳✹✶✮
❝❡ <✉✐ ♣❡,♠❡( ❞❡ ❝♦♥(,D❧❡, ❧❡& ✈❛,✐❛(✐♦♥& ❜,✉(❛❧❡& ❞❡& ❢♦,❝❡& -❧❡❝(,♦♠❛❣♥-(✐<✉❡&✳
❈❡((❡ ♠-(❤♦❞❡ ❡&( ♣❧✉& ❝♦H(❡✉&❡ ❡♥ (❡♠♣& ❞❡ ❝❛❧❝✉❧ ❡( ❥❡ ♠♦♥(,❡,❛✐ <✉✬❡❧❧❡ ♥✬♦✛,❡
♣❛& ❢♦,❝-♠❡♥( ❧❛ ♠❡✐❧❧❡✉,❡ &♦❧✉(✐♦♥ ♣♦✉, ❧✬✐♥(-❣,❛(✐♦♥ ❞❡& (,❛❥❡❝(♦✐,❡& ✭❝❢✳ ✻✳✹✮✳
✻✳✸✳✸ ▼$%❤♦❞❡ ❞❡ ❇✉,❧✐/❤✲❙%♦❡,
❈❡((❡ ♠-(❤♦❞❡ ❛ -(-✱ <✉❛♥( : ❡❧❧❡✱ ✐♠♣❧-♠❡♥(-❡ ❡♥ (❛♥( <✉✬❛❧(❡,♥❛(✐✈❡ : ❧❛ ♠-✲
(❤♦❞❡ ❘❑✺◗❈✳ ❊❧❧❡ ♥✬❡&( ❝❡♣❡♥❞❛♥( ♣❛& ❛❞❛♣(-❡ : ❞❡& ❢♦♥❝(✐♦♥& ❛✉① ✈❛,✐❛(✐♦♥&
❡,,❛(✐<✉❡&✱ ❝❡ <✉✐ ❡♥ ❢❛✐(✱ ❡♥ ❣-♥-,❛❧✱ ✉♥❡ ♠-(❤♦❞❡ ❛✈❡❝ ✉♥❡ ❝❡,(❛✐♥❡ ❢,❛❣✐❧✐(-✳ ❊❧❧❡
❝♦♥&✐&(❡ : ❢❛✐,❡ ❛✈❛♥❝❡, ❧✬-(❛( ❞✬✉♥❡ ♣❛,(✐❝✉❧❡ ❞❡ yn : yn+1 ♦# ∆t ≡ H = tn+1 − tn
♣❡✉( R(,❡ ❣,❛♥❞✱ ✈♦✐, (,S& ❣,❛♥❞✱ ❞❡✈❛♥( ❧❡ ♣❛& ❞❡ (❡♠♣& ❝❛❧❝✉❧- ♣❛, ❘❆▼❙❊❙✳ W♦✉,
❝❡ ❢❛✐,❡✱ ❝❡((❡ ♠-(❤♦❞❡ ✉(✐❧✐&❡ m &❡❣♠❡♥(❛(✐♦♥& -❣❛❧❡& ❞✉ ♣❛& ❞❡ (❡♠♣& H✱ ❛✈❡❝
m = 2, 4, 6, 8, 10, ..., nj = 2j, ... ✭✻✳✹✷✮
❈❤❛<✉❡ ♣❛& ❞❡ (❡♠♣& H ❡&( ✐♥❞-♣❡♥❞❛♥(✱ ,-&✉❧(❛♥( ❡♥ ✉♥ ♥♦♠❜,❡ ❞❡ &❡❣♠❡♥(❛(✐♦♥
m ❞✐✛-,❡♥(✳ W♦✉, ❝❤❛<✉❡ m✱ ❧✬❡,,❡✉, &✉, ❧❛ &♦❧✉(✐♦♥ : yn+1 ❡&( ❝❛❧❝✉❧-❡✱ ❞-(❡,♠✐♥❛♥(
&✐ ♦✉✐ ♦✉ ♥♦♥ m ❞♦✐( R(,❡ ❛✉❣♠❡♥(-✳ ❆✉✲❞❡❧: ❞✬✉♥❡ ❝❡,(❛✐♥❡ ✈❛❧❡✉, ❞❡ m✱ ❧❛ &♦❧✉(✐♦♥
&❡,❛ ❝♦♥&✐❞-,-❡ ❝♦♠♠❡ ✐♥❝❛❧❝✉❧❛❜❧❡✱ ❝♦♠♠❡ ❝✬❡&( ❧❡ ❝❛& ❧♦,& ❞❡ ❧❛ ♣,-&❡♥❝❡ ❞❡ ❞✐&✲
❝♦♥(✐♥✉✐(-& &✉, ❧❛ (,❛❥❡❝(♦✐,❡ ❞✬✐♥(-❣,❛(✐♦♥✳
❈❡♣❡♥❞❛♥(✱ ❘❆▼❙❊❙ ✐♠♣♦&❡ ❧❡ ♣❛& ❞❡ (❡♠♣& ∆t : R(,❡ (❡❧ <✉❡
∆t = α
∆x
vp
, ✭✻✳✹✸✮
♦# vp ❡&( ❧❛ ✈✐(❡&&❡ ❞❡ ❧❛ ♣❛,(✐❝✉❧❡✱ ∆x ❧❛ (❛✐❧❧❡ ❞✬✉♥❡ ❝❡❧❧✉❧❡ ❞❡ ❧❛ ❣,✐❧❧❡ ❞❡ ❝❛❧❝✉❧✱
❡( α ✉♥ ❝♦❡✣❝✐❡♥( ❞❡ &H,❡(-✱ ❡♥ ❣-♥-,❛❧ ✐♥❢-,✐❡✉, : ❧✬✉♥✐(-✳ ❈❡❧❛ &✐❣♥✐✜❡ <✉✬❡♥ ✉♥
♣❛& ❞❡ (❡♠♣&✱ ❧❛ ♣❛,(✐❝✉❧❡ ♥❡ ♣❡✉( ♣❛& ♣❛,❝♦✉,✐, ✉♥❡ ❞✐&(❛♥❝❡ &✉♣-,✐❡✉,❡ : ❧❛ (❛✐❧❧❡
❞✬✉♥❡ ❝❡❧❧✉❧❡✳ ❉❛♥& ❝❡( ✐♥(❡,✈❛❧❧❡ ❞❡ (❡♠♣&✱ ❧❡ ❝❤❛♠♣ -❧❡❝(,♦♠❛❣♥-(✐<✉❡ ✈❛,✐❡ ❧❡♥✲
(❡♠❡♥(✱ ❥✉&(✐✜❛♥( ❧✬✉(✐❧✐&❛(✐♦♥ ❞❡ ❝❡((❡ ♠-(❤♦❞❡✱ ♠❛✐& ,-✈S❧❡ -❣❛❧❡♠❡♥( <✉❡ m &❡,❛
,❛,❡♠❡♥( &✉♣-,✐❡✉, : ❞❡✉①✱ ,-&✉❧(❛♥( ❡♥ ✉♥ &❝❤-♠❛ ❝❧❛&&✐<✉❡ ❞❡ ♣♦✐♥(✲♠✐❧✐❡✉ ❬✼✻❪✳
▲❛ ❝♦♠♣❛,❛✐&♦♥ ❞❡ ❝❡& ❞✐✛-,❡♥(& (,❛❝❡✉, &❡,❛ ❧✬♦❜❥❡( ❞❡ ❧❛ &❡❝(✐♦♥ ✻✳✹✳
✻✳✹✳ ❈❖▼&❆❘❆■❙❖◆ ✶✷✸
✻✳✹ ❈♦♠♣❛(❛✐*♦♥
❉❛♥# ❝❡&&❡ #❡❝&✐♦♥ ❥❡ ❝♦♥❢+♦♥&❡ ❧❡# ❞✐✛/+❡♥&# #❝❤/♠❛# ❞✬✐♥&❡+♣♦❧❛&✐♦♥ ❡& ❞✬✐♥&/✲
❣+❛&✐♦♥ ♣+/❝/❞❡♠♠❡♥& ❧✐#&/#✱ ❡& ♥♦✉# ✐❞❡♥&✐✜❡+♦♥# ❧❛ ♠/&❤♦❞❡ ❧❛ ♣❧✉# ❡✣❝❛❝❡ ♣♦✉+
♠❡♥❡+ : ❜✐❡♥ ❧❡# /&✉❞❡# #✉✐✈❛♥&❡#✳ ❉❛♥# &♦✉&❡ ❝❡&&❡ ♣❛+&✐❡✱ ❥❡ ♥/❣❧✐❣❡+❛✐ ❧✬❡✛❡& ❞✉
❝❤❛♠♣ /❧❡❝&+✐>✉❡ ❞❛♥# ❧✬/>✉❛&✐♦♥ ❞✉ ♠♦✉✈❡♠❡♥&✳
❉❛♥# ✉♥ ♣+❡♠✐❡+ &❡♠♣#✱ ❥❡ ✈❛✐# #♦✉❧✐❣♥❡+ ❧❡ ❝♦♠♣♦+&❡♠❡♥& ❞❡# &+❛❥❡❝&♦✐+❡# #♦✉#
❧✬✐♥✢✉❡♥❝❡ ❞❡# &❡❝❤♥✐>✉❡# ❞✬✐♥&❡+♣♦❧❛&✐♦♥✳ @♦✉+ ❝❡❧❛✱ ❥❡ ❢❛✐# ♣+♦♣❛❣❡+ ✉♥ /❝❤❛♥&✐❧❧♦♥
❞❡ Np = 1000 ♣❛+&✐❝✉❧❡#✱ #✉+ ❞❡✉① #✐♠✉❧❛&✐♦♥#✱ ✉&✐❧✐#❛♥& &♦✉&❡# ❧❡# ❞❡✉① ❧❡ &+❛✲
❝❡✉+ ❘❑✺◗❈✳ ▲❡# ♣❛+&✐❝✉❧❡# ♦♥& ❧❡# ♠H♠❡# ❝♦♥❞✐&✐♦♥# ✐♥✐&✐❛❧❡#✱ ❞❡ #♦+&❡ >✉❡ ❞✬✉♥❡
#✐♠✉❧❛&✐♦♥ : ❧✬❛✉&+❡✱ ❝❡ #♦✐& ✉♥✐>✉❡♠❡♥& ❧❛ ♠/&❤♦❞❡ ❞❡ ❝❛❧❝✉❧ ❞❡# ❝❤❛♠♣# /❧❡❝&+♦✲
♠❛❣♥/&✐>✉❡# >✉✐ #♦✐& ❞✐✛/+❡♥&❡✳
✻✳✹✳✶ ❙❝❤'♠❛* ❞✬✐♥/❡1♣♦❧❛/✐♦♥
■♥✢✉❡♥❝❡ ❞✉ '❛②♦♥ ❞❡ ▲❛'♠♦'
▲❛ +✐❣✐❞✐&/ R &+❛❞✉✐& ❧❛ ❝❛♣❛❝✐&/ ❞❡ ❞/✢❡①✐♦♥ ❞✬✉♥❡ ♣❛+&✐❝✉❧❡ #♦✉# ❧✬❡✛❡& ❞✬✉♥
❝❤❛♠♣ ♠❛❣♥/&✐>✉❡✳ ❊❧❧❡ #✬❡①♣+✐♠❡ ❝♦♠♠❡
R =
cp
q
= B0rL, ✭✻✳✹✹✮
❡& ❛✉❣♠❡♥&❡ ❛✈❡❝ ❧✬/♥❡+❣✐❡ ❞❡ ❧❛ ♣❛+&✐❝✉❧❡✱ &+❛❞✉✐#❛♥& ❧❡ ❢❛✐& >✉✬✉♥❡ ♣❛+&✐❝✉❧❡ ❞❡
❤❛✉&❡ /♥❡+❣✐❡ #❡+❛ ♣❧✉# ❞✐✣❝✐❧❡♠❡♥& ❞/✈✐/❡✳ ◆♦✉# ♣♦✉✈♦♥# ♣+/❞✐+❡ >✉❡ ❧❛ ♠/&❤♦❞❡
❞✬✐♥&❡+♣♦❧❛&✐♦♥ ✐♥✢✉❡♥❝❡+❛ &+O# ♣❡✉ ❧❛ &+❛❥❡❝&♦✐+❡ ❞✬✉♥❡ ♣❛+&✐❝✉❧❡ ❞❡ ❤❛✉&❡ /♥❡+❣✐❡✱
♣✉✐#>✉❡ ❝❡❧❧❡✲❝✐ #❡+❛ #❡♥#✐❜❧❡ ❛✉① ✢✉❝&✉❛&✐♦♥# ❞❡ ❣+❛♥❞❡ /❝❤❡❧❧❡✳ ❆ ❧✬✐♥✈❡+#❡✱ #✐ ❧❡
+❛②♦♥ ❞❡ ▲❛+♠♦+ ❞❡✈✐❡♥& ❝♦♠♣❛+❛❜❧❡ : ❧❛ &❛✐❧❧❡ ❞✬✉♥❡ ❝❡❧❧✉❧❡ /❧/♠❡♥&❛✐+❡ ❞❡ ❧❛ ❣+✐❧❧❡
❞❡ ❝❛❧❝✉❧✱ ❧❛ &+❛❥❡❝&♦✐+❡ #❡+❛ ❣+❛♥❞❡♠❡♥& ✐♥✢✉❡♥❝/❡ ♣❛+ ❧❛ ♠/&❤♦❞❡ ❞✬✐♥&❡+♣♦❧❛&✐♦♥✳
@♦✉+ >✉❛♥&✐✜❡+ ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧✬✐♥&❡+♣♦❧❛&✐♦♥✱ ♥♦✉# ❛❧❧♦♥# &+❛❝❡+ ❧❛ ❞✐#&❛♥❝❡ ♠♦②❡♥♥❡
❡♥&+❡ ❧❡# ♣❛+&✐❝✉❧❡#✱ ♥♦&/❡ δx✱ ❞/✜♥✐❡ ❝♦♠♠❡
δx (t) =
1
Np
Np∑
i=1
∥∥∥x(1)i (t)− x
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❧❛ ❧✐❣♥❡ ❞❡ ❝❤❛♠♣✱ ♠♦✐♥2 ❧❛ ❞✐✛✉2✐♦♥ ❞❛♥2 ❧✬❡2♣❛❝❡ ❞❡2 ♣❤❛2❡2 2❡*❛ ❡✣❝❛❝❡✳ ❙✉* ❧❛
✜❣✉*❡ ✻✳✹✱ ♥♦✉2 *❡♠❛*M✉♦♥2 M✉❡ ♣❧✉2 ❧❛ ✈✐+❡22❡ ✐♥✐+✐❛❧❡ ❡2+ ❛❧✐❣♥6❡ ❛✈❡❝ ❧❡ ❝❤❛♠♣
♠❛❣♥6+✐M✉❡✱ ♠♦✐♥2 ❧❡ 2❝❤6♠❛ ❞✬✐♥+❡*♣♦❧❛+✐♦♥ ✐♥✢✉❡✱ ❡+ ❝❡✱ ♠V♠❡ < +❡♠♣2 ❧♦♥❣✳ W♦✉*
❧❡2 +❡♠♣2 ✐♥❢6*✐❡✉*2 < ✉♥❡ ♣6*✐♦❞❡ ❞❡ ❣✐*❛+✐♦♥ τ ✱ ♥♦✉2 *❡♠❛*M✉♦♥2 6❣❛❧❡♠❡♥+ M✉❡
❧❛ ❞✐2+❛♥❝❡ ♠♦②❡♥♥❡ ❡♥+*❡ ❧❡2 +*❛❥❡❝+♦✐*❡2 2✉✐+ ✉♥❡ ❧♦✐ 2❡ ♣✉✐22❛♥❝❡✳ ❆✉✲❞❡❧< ❞❡ ❧❛
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❋✐❣✉$❡ ✻✳✻ ✕ ❊♥ ❤❛✉+✱ -✈♦❧✉+✐♦♥ ❞❡ BC ❝❛❧❝✉❧-❡ 5 ♣❛7+✐7 ❞✉ 8❝❤-♠❛ ❞✬✐♥+❡7♣♦❧❛+✐♦♥
❧✐♥-❛✐7❡ ❀ ❡♥ ❜❛8✱ ❧❛ =✉❛♥+✐+- BC ♣❛7 ❧❡ 8♣❧✐♥❡ ❞✬♦7❞7❡ ✸ ❡8+ +7❛❝-❡✳ ■❝✐✱ ❧❛ 8✐♠✉❧❛+✐♦♥
▼❍❉ ✉+✐❧✐8-❡ ❡8+ L8W1B1P1C5✳ ❏✬❛✐ ✐♥✐+✐❛❧✐8- 105 ♣❛7+✐❝✉❧❡8 ❛✈❡❝ ✉♥❡ ❞✐8+7✐❜✉+✐♦♥
❡♥ µ0 ❤♦♠♦❣E♥❡ 5 ✉♥❡ ❞✐8+7✐❜✉+✐♦♥ ❞❡ ❉✐7❛❝ ❡♥ ❞✐✛-7❡♥+8 µ0✳ ❏❡ ❧❡8 ❛✐ ❢❛✐+ ♣7♦♣❛❣❡7
8✉7 ✶✵ ♣-7✐♦❞❡8 ❞❡ ❣✐7❛+✐♦♥ ❛✈❡❝ ✉♥ 7❛②♦♥ ❞❡ ▲❛7♠♦7 ✐♥✐+✐❛❧ rL/L = 3 ·10−2✳ ▲❛ ❧✐❣♥❡
♥♦✐7❡ ❝♦77❡8♣♦♥❞ 5 ❧❛ ✈❛❧❡✉7 ♦K BC (t) = 0.1✳
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BC (t) =
[
1
Np
Np∑
i=1
(µi (t)− µi (0))2
]1/2
, ✭✻✳✹✻✮
Dµµ (t) =
BC (t)
2t
. ✭✻✳✹✼✮
▲❛ ✜❣✉.❡ ✻✳✻ 0.❛❝❡ ❧✬4✈♦❧✉0✐♦♥ ❞❡ BC ♣♦✉. ❧❡; ❞❡✉① ;❝❤4♠❛; ❞✬✐♥0❡.♣♦❧❛0✐♦♥✳ ▲❛
✜❣✉.❡ ✻✳✼ 0.❛❝❡ ❧❡ .❛♣♣♦.0 ❡♥0.❡ BC(1) (t) ❞40❡.♠✐♥4 ❛✈❡❝ ❧✬✐♥0❡.♣♦❧❛0✐♦♥ ❧✐♥4❛✐.❡✱ ❡0
BC(3) (t) ❞40❡.♠✐♥4 ❛✈❡❝ ❧✬✐♥0❡.♣♦❧❛0✐♦♥ ❞❡ ;♣❧✐♥❡ ❝✉❜✐A✉❡✳ ▲✬4❝❛.0 ❝.♦B0 ♣❧✉; ✈✐0❡
❛✈❡❝ ❞❡; µ0 ♣.♦❝❤❡; ❞❡ ❧✬✉♥✐04✱ ❥✉;A✉✬D ✉♥ ❢❛❝0❡✉. ✷ ♣♦✉. µ0 = 1✳ ❈❡0 ❡✛❡0 ;❡♠❜❧❡
❝♦♥0.❛❞✐❝0♦✐.❡ ❛✈❡❝ ❧❛ ✜❣✉.❡ ✻✳✹✱ ❝❡♣❡♥❞❛♥0 ✐❧ ;✬❛❣✐0 ✐❝✐ ❞❡ ❧❛ ❞✐✛✉;✐♦♥ ❞❛♥; ❧✬❡;♣❛❝❡
❞❡; ❝♦;✐♥✉; ❞❡ ❧✬❛♥❣❧❡ ❞✬❛00❛A✉❡ µ✳ ❊♥ ♠♦②❡♥♥❡✱ ❧✬4❝❛.0 (µ− µ0)2 ❡♥ ❢♦♥❝0✐♦♥ ❞✉
0❡♠♣; ♣♦✉. ❧❡; µ ♣.♦❝❤❡; ❞❡ ③4.♦ .❡;0❡ ❢❛✐❜❧❡✱ ❝❛. ❧❡; ♣❛.0✐❝✉❧❡; ✈♦♥0 ❞✐✛✉;❡. ❞❡
❢❛K♦♥ ;②♠40.✐A✉❡ ❛✉0♦✉. ❞❡ µ = 0✱ ❝♦♥;❡.✈❛♥0 ✉♥❡ ♠♦②❡♥♥❡ ❢❛✐❜❧❡✳ ❆✉ ❝♦♥0.❛✐.❡✱ ❧❡;
♣❛.0✐❝✉❧❡; ❛✈❡❝ ❧❛ ✈✐0❡;;❡ ❢♦❝❛❧✐;4❡ ❞✐✛✉;❡♥0 ♠♦✐♥; ✈✐0❡ ❞❛♥; ❧✬❡;♣❛❝❡ ❞❡; µ✱ ♣✉✐;A✉✬✐❧;
;✉✐✈❡♥0 ❧❛ ❧✐❣♥❡ ❞❡ ❝❤❛♠♣✳ ▲❛ ❞✐✛4.❡♥❝❡ ❡♥0.❡ ❧❡; ;❝❤4♠❛; ❞✬✐♥0❡.♣♦❧❛0✐♦♥ ❡;0 ❞♦♥❝
❧♦❣✐A✉❡♠❡♥0 ❡①❛❝❡.❜4❡ ♣♦✉. ❞❡; ❛♥❣❧❡; ❞✬❛00❛A✉❡ ♥✉❧;✳
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❋✐❣✉$❡ ✻✳✼ ✕ ❘❛♣♣♦.0 ❡♥0.❡ ❧❡; BC (t) ♣♦✉. ❧❡; ❞❡✉① ;❝❤4♠❛; ❞✬✐♥0❡.♣♦❧❛0✐♦♥✳
▼❛❧❣.4 ❧❡; ❞✐✛4.❡♥❝❡; ♥♦0❛❜❧❡; ;✉. ❧❡ ❝♦❡✣❝✐❡♥0 ❞❡ ❞✐✛✉;✐♦♥ ❛♥❣✉❧❛✐.❡ D µ0 ∼ 1✱
♥♦✉; ♠♦♥0.❡.♦♥; ❞❛♥; ❧❛ ❞✐;❝✉;;✐♦♥ ;✉✐✈❛♥0❡ A✉❡ ❧❡ ❧✐❜.❡ ♣❛.❝♦✉.; ♠♦②❡♥ ❡;0 ♣❡✉
❛✛❡❝04 ♣❛. ❝❡0 4❝❛.0✳
✻✳✹✳ ❈❖▼&❆❘❆■❙❖◆ ✶✷✾
▲✐❜#❡ ♣❛#❝♦✉#* ♠♦②❡♥
▲❡ ❧✐❜(❡ ♣❛(❝♦✉(. ♠♦②❡♥ ❡.2 ❞42❡(♠✐♥4 ♣❛( ❧✬46✉❛2✐♦♥ ❬✸✸✱ ✷✹❪
λ‖ =
3v
8
∫ 1
0
dµ
(1− µ2)2
Dµµ
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❋✐❣✉$❡ ✻✳✽ ✕ ▲✐❜(❡ ♣❛(❝♦✉(. ♠♦②❡♥ ♣❛(❛❧❧B❧❡ λ‖/L (❛♣♣♦(24 C ❧✬4❝❤❡❧❧❡ ❞✉ ❝✉❜❡✱ ❡♥
❢♦♥❝2✐♦♥ ❞✉ 2❡♠♣.✳
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❋✐❣✉$❡ ✻✳✾ ✕ ❊❝❛*+ *❡❧❛+✐❢ ❡♥+*❡ ❧❡1 ❧✐❜*❡1 ♣❛*❝♦✉*1 ♠♦②❡♥1 ❞9+❡*♠✐♥91 ♣❛* ❧❡1 ❞❡✉①
♠9+❤♦❞❡1 ❞✬✐♥+❡*♣♦❧❛+✐♦♥✳
▲✬9+✉❞❡ ❞❡ ❧✬✐♥+9❣*❛♥+ ♠♦♥+*❡ ?✉❡ ❧❡1 ❡✛❡+1 ♣♦✉* ❧❡1 µ ♣*♦❝❤❡1 ❞❡ ❧✬✉♥✐+9 1♦♥+ ❡✛❛✲
❝91 ♣❛* ❧❡ ♥✉♠9*❛+❡✉*✳ ▲❡ ❢❛❝+❡✉* 2 ♦❜+❡♥✉ ❞❛♥1 ❧❛ ❞✐1❝✉11✐♦♥ ♣*9❝9❞❡♥+❡ 1❡*❛ ❛❜1♦*❜9
❧♦*1 ❞✉ ❝❛❧❝✉❧ ❞✉ ❧✐❜*❡ ♣❛*❝♦✉*1 ♠♦②❡♥✳ ▲❛ ✜❣✉*❡ ✻✳✽ ❝♦♠♣❛*❡ ❧❡1 *91✉❧+❛+1 ♦❜+❡♥✉1
♣❛* ❧❡1 ❞❡✉① ♠9+❤♦❞❡1 ❞✬✐♥+❡*♣♦❧❛+✐♦♥ D ♣❛*+✐* ❞❡ ❧❛ 1✐♠✉❧❛+✐♦♥ L8W1B1P1C5✱ ♣♦✉*
1.1 · 106 ♣❛*+✐❝✉❧❡1✱ *9♣❛*+✐1 ❞❛♥1 ♦♥③❡ ✧❜✐♥✧ ❞❡ µ0 ❞❛♥1 ❧✬✐♥+❡*✈❛❧❧❡ [0, 1]✱ 1♦✐+
µ0 ∈ {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0} . ✭✻✳✹✾✮
❆✈❡❝ 105 ♣❛*+✐❝✉❧❡1 ♣❛* µ0✱ ❥❡ ❝❛❧❝✉❧❡ ❧❡ ❧✐❜*❡ ♣❛*❝♦✉*1 ♠♦②❡♥ ❛✈❡❝ ❧✬9?✉❛+✐♦♥ ✭✻✳✹✽✮✳
▲❡ *❛♣♣♦*+ ❡♥+*❡ ❧❡1 ❧✐❜*❡1 ♣❛*❝♦✉*1 ♠♦②❡♥1 ❞9+❡*♠✐♥91 ♣❛* ❧❡1 ❞✐✛9*❡♥+❡1 ♠9+❤♦❞❡1
♥✬❡①❝N❞❡ ♣❛1 10% ✭✜❣✉*❡ ✻✳✾✮✳
✻✳✹✳✷ ❊✣❝❛❝✐)*
O♦✉* ❛❝❤❡✈❡* ❧✬9+✉❞❡ ❞❡1 ❞✐✛9*❡♥+❡1 ♠9+❤♦❞❡1✱ ❥❡ ❞♦✐1 ✐♥+*♦❞✉✐*❡ ❧❛ ♥♦+✐♦♥ ❞✬❡❢✲
✜❝❛❝✐+9✱ ♥♦+✐♦♥ ❛♣♣❛*+❡♥❛♥+ ❛✉ ❞♦♠❛✐♥❡ ❞✉ ❝❛❧❝✉❧ ❤❛✉+❡ ♣❡*❢♦*♠❛♥❝❡ ✭❡♥ ❛♥❣❧❛✐1✱
❍O❈✮✳ ❋❛✐*❡ ♣*♦♣❛❣❡* ❞❡1 ♠✐❧❧✐♦♥1 ❞❡ ♣❛*+✐❝✉❧❡1 ♣❡✉+ ♣*❡♥❞*❡ ❞✉ +❡♠♣1✱ 1✉*+♦✉+
❧♦*1?✉✬♦♥ 1✬✐♥+9*❡11❡ D ❧❛ ❞✐✛✉1✐♦♥✳
▲✬9+✉❞❡ ❞❡1 *91✉❧+❛+1 1✉* ❧❡1 ❞✐✛9*❡♥+1 1❝❤9♠❛1 ❞✬✐♥+9❣*❛+✐♦♥ ♥✬❛ ♣❛1 ♠♦♥+*9 ❞❡ ❞✐❢✲
❢9*❡♥❝❡✱ ❝❡❧❛ ❞S ❛✉ ❢❛✐+ ?✉❡ ❘❆▼❙❊❙ ❧✐♠✐+❡ ❧❡ ♣❛1 ❞❡ +❡♠♣1 ❡♥ 1♦*+❡ ?✉❡ ❧❛ ♣❛*+✐❝✉❧❡
♥❡ ♣✉✐11❡ ♣❛1 1❡ ❞9♣❧❛❝❡* ❞✬✉♥❡ ❞✐1+❛♥❝❡ 1✉♣9*✐❡✉*❡ D ❧❛ ❧♦♥❣✉❡✉* ❞✬✉♥❡ ❝❡❧❧✉❧❡ 9❧9✲
♠❡♥+❛✐*❡✳
❈❡++❡ ❝♦♥+*❛✐♥+❡ 1✉* ❧❡ ♣❛1 ❞❡ +❡♠♣1 ✐♠♣♦1❡ ✉♥❡ +*N1 ❢❛✐❜❧❡ ✈❛*✐❛+✐♦♥ ❞❡1 ❝❤❛♠♣1
✻✳✹✳ ❈❖▼&❆❘❆■❙❖◆ ✶✸✶
"❧❡❝&'♦♠❛❣♥"&✐.✉❡0✱ ❝❛' ❧❛ ❝♦♥0&'✉❝&✐♦♥ ❞❡ ❧❛ 0♦❧✉&✐♦♥ ▼❍❉ ♣❛' ❘❆▼❙❊❙ ❢♦'❝❡ ❧❡0
❣'❛❞✐❡♥&0 ❞❡0 ❣'❛♥❞❡✉'0 ▼❍❉ < ♥❡ ♣❛0 =&'❡ &'♦♣ "❧❡✈"0 ❡♥&'❡ ❧❡0 ❝❡❧❧✉❧❡0✳ ▲❛ ❝♦♥0"✲
.✉❡♥❝❡ 0✉' ❧❡0 &'❛❝❡✉'0 ❡0& ❞✐'❡❝&❡ ✿ ❧❛ ♠"&❤♦❞❡ ❞❡ ❘❑✺◗❈ ♥❡ ❞♦♥♥❡ ♣❛0 ❞❡ ❞✐✛"'❡♥❝❡
❛✈❡❝ ❝❡❧❧❡ ❞❡ ❇✉'❧✐0❤✲❙&♦❡'✱ ❡& ❧❡0 ❞✐✛"'❡♥❝❡0 ❛✈❡❝ ❧❡ &'❛❝❡✉' ❞✐& ▲❡❛♣✲❋'♦❣ 0♦♥& ❞❡
❧✬♦'❞'❡ ❞✉ % 0✉' 105 ♣❛0 ❞❡ &❡♠♣0✳ L♦✉' ✉♥ ❣'❛♥❞ ♥♦♠❜'❡ ❞❡ ♣❛'&✐❝✉❧❡0✱ ❝❡&&❡ ❡'✲
'❡✉' ❡0& ❝♦♠♣❧N&❡♠❡♥& ❞♦♠✐♥"❡ ♣❛' ❧❛ ✈❛'✐❛♥❝❡ 0&❛&✐0&✐.✉❡✱ ❝❡ .✉✐ ♥♦✉0 ♣❡'♠❡& ❞❡
❝♦♥0✐❞"'❡' ❧❡ &'❛❝❡✉' ❧❡ ♣❧✉0 '❛♣✐❞❡ ♣♦✉' '❡❝♦♥0&'✉✐'❡ ❧❛ &'❛❥❡❝&♦✐'❡ ❞❡0 ♣❛'&✐❝✉❧❡0✳
❊♥ &❡'♠❡ ❞❡ '❛♣✐❞✐&" ❞✬❡①"❝✉&✐♦♥✱ ❧❛ ✜❣✉'❡ ✻✳✶✵ ♠♦♥&'❡ .✉❡ ❧❛ ♠"&❤♦❞❡ ❘❑✺◗❈
❡0& ❡♥ ♣'❛&✐.✉❡ ❡♥&'❡ 1.5 ❡& &'♦✐0 ❢♦✐0 ♣❧✉0 ❧♦♥❣✉❡ .✉❡ ❝❡❧❧❡ ❞❡ ❇✉'❧✐0❤✲❙&♦❡'✳ ❈❡❧❛
0✬❡①♣❧✐.✉❡ ♣❛' ❧❡ ❢❛✐& .✉❡ ❧❡0 ❝❛❧❝✉❧0 ❞✉ ❘❑✺◗❈ 0❡'♦♥& ❞❡ &♦✉&❡ ❢❛T♦♥ '"❛❧✐0"0✱ ❛❧♦'0
.✉❡ ❧❛ 0❡❝♦♥❞❡ ♠"&❤♦❞❡ 0❡ ❧✐♠✐&❡'❛ < ❞✐✈✐0❡' ❧❡ ♣❛0 ❞❡ &❡♠♣0 ❡♥ ❞❡✉①✳ ❙✉' 106 ♣❛0
❞❡ &❡♠♣0✱ ❧✬"❝♦♥♦♠✐❡ ❞❡ '❡00♦✉'❝❡ ❡0& &'N0 ♣'♦✜&❛❜❧❡ ✭✜❣✉'❡ ✻✳✶✵✮✳
▲❡ &'❛❝❡✉' ▲❡❛♣✲❋'♦❣ ❡0& .✉❛♥& < ❧✉✐ ♣❧✉0 '❛♣✐❞❡ .✉❡ ❧❡0 ❞❡✉① ♣'"❝"❞❡♥&0✱ ♣✉✐0.✉❡
❞"❥< ♦♣&✐♠✐0" < ❧✬❛'❝❤✐&❡❝&✉'❡ ❞❡ ❘❆▼❙❊❙✳ ▲❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❢♦'❝❡ ❞❡ ▲♦'❡♥&③ ❡0& ✉&✐✲
❧✐0" ❞❡✉① ❢♦✐0✱ ❛✉ ❧✐❡✉ ❞❡ ✹ ♣♦✉' ❧❡ ❇✉'❧✐0❤✲❙&♦❡'✳ ▲✬❛♣♣❡❧ ❞❡0 '♦✉&✐♥❡0 ❝♦♥0&✐&✉❡ ✉♥❡
"❝♦♥♦♠✐❡ ❞❡ 40% ❞❡ &❡♠♣0✱ '❛♠❡♥❛♥& ✉♥❡ 0✐♠✉❧❛&✐♦♥ ❞❡ 22h ❛✈❡❝ ❧❡ ❇✉'❧✐0❤✲❙&♦❡'
< 13h ♣♦✉' ❧❡ ▲❡❛♣✲❋'♦❣✳
❉❛♥0 &♦✉&❡ ❧❛ 0✉✐&❡✱ ♥♦✉0 ✉&✐❧✐0❡'♦♥0 ❧✬✐♥&"❣'❛&❡✉' ▲❡❛♣✲❋'♦❣ ♣♦✉' "❝♦♥♦♠✐0❡' ❧❡
&❡♠♣0 ❞❡ ❝❛❧❝✉❧✳ ❈❡&&❡ ❞"❝✐0✐♦♥ ❡0& ✉♥ ❜♦♥ ❝♦♠♣'♦♠✐0 ❡♥&'❡ '❛♣✐❞✐&" ❡& ♣'"❝✐0✐♦♥✱
♣✉✐0.✉❡ ❧✬❡''❡✉' 0&❛&✐0&✐.✉❡ 0❡'❛ &♦✉❥♦✉'0 0✉♣"'✐❡✉'❡ < ❝❡❧❧❡ ❡♥❣❡♥❞'"❡ ♣❛' ❧❛ ♣'"❝✐✲
0✐♦♥ ❞✉ &'❛❝❡✉'✳
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❋✐❣✉$❡ ✻✳✶✵ ✕ ❚❡♠♣0 ❞❡ 0✐♠✉❧❛&✐♦♥ ❡♥ ❢♦♥❝&✐♦♥ ❞❡0 ♦✉&✐❧0 ♥✉♠"'✐.✉❡0 ✉&✐❧✐0"0✳ ■❝✐✱ ▲❋
❢❛✐& '"❢"'❡♥❝❡ ❛✉ 0❝❤"♠❛ ❞✉ ♣♦✐♥&✲♠✐❧✐❡✉✱ ♦✉ ▲❡❛♣✲❋'♦❣ ✭➓✻✳✷✳✶✮✱ ❇❙ ♣♦✉' ❧❛ ♠"&❤♦❞❡
❞❡ ❇✉'❧✐0❝❤✲❙&♦❡' ✭➓✻✳✷✳✸✮✳ ▲❡0 ❣'♦✉♣❡♠❡♥&0 ❙✶ ❡& ❙✸ ❢♦♥& '"❢"'❡♥❝❡ ❛✉ 0♣❧✐♥❡ ❞✬♦'❞'❡
✶ ❡& ❞✬♦'❞'❡ ✸ '❡0♣❡❝&✐✈❡♠❡♥&✳ ❈❡&&❡ ♠❡0✉'❡ ❞❡0 ♣❡'❢♦'♠❛♥❝❡0 ❡0& ❛♣♣❧✐.✉"❡ < ✉♥❡
0✐♠✉❧❛&✐♦♥ ♦^ 106 ♣❛'&✐❝✉❧❡0 0❡ ♣'♦♣❛❣❡♥& 0✉' 106 ♣❛0 ❞❡ &❡♠♣0✳
✶✸✷ ❈❍❆#■❚❘❊ ✻✳ ■▼#▲➱▼❊◆❚❆❚■❖◆ ❉❊ ▲✬■◆❚➱●❘❆❚❊❯❘
▲✬❛✉'(❡ ❛*♣❡❝' ❞❡ ❝❡''❡ ❞✐*❝✉**✐♦♥ ♣♦('❡ *✉( ❧❡ *❝❤3♠❛ ❞✬✐♥'❡(♣♦❧❛'✐♦♥✱ ❞✐*❝✉'3
❡♥ ❞3'❛✐❧ ❞❛♥* ❧❛ ♣❛('✐❡ ✻✳✹✳✶✳ ▲✬✉'✐❧✐*❛'✐♦♥ ❞✉ *♣❧✐♥❡ ❝✉❜✐:✉❡ ❛✉❣♠❡♥'❡ ❧❡ '❡♠♣*
❞❡ ❝❛❧❝✉❧ ❞❡ 60% ❧♦(* ❞❡ ❧✬✉'✐❧✐*❛'✐♦♥ ❞❡* '(❛❝❡✉(* ▲❡❛♣✲❋(♦❣ ❡' ❇✉(❧✐*❤✲❙'♦❡(✱ ❡' ❞❡
180% ❧❡ '❡♠♣* ❞❡ ❝❛❧❝✉❧ ❞✉ '(❛❝❡✉( ❘❑✺◗❈✳ ❆✉ ✈✉❡ ❞❡ ❧❛ ❞✐✛3(❡♥❝❡ ❡♥'(❡ ❧❡* (3*✉❧✲
'❛'* ❞✉ *♣❧✐♥❡ ❝✉❜✐:✉❡ ❡' ❧✬✐♥'❡(♣♦❧❛'✐♦♥ ❧✐♥3❛✐(❡✱ ❥❡ ❝❤♦✐*✐(❛✐ ❧✬✐♥'❡(♣♦❧❛'✐♦♥ ❧✐♥3❛✐(❡
❞❛♥* '♦✉'❡ ❧❛ *✉✐'❡✱ ❡♥ ❛♣♣♦*❛♥' ❛✉ (3*✉❧'❛' ✉♥❡ ❡((❡✉( *②*'3♠❛'✐:✉❡ ❞❡ 10% :✉❡
❧✬♦♥ ❛❥♦✉'❡(❛ J ❧✬❡((❡✉( *'❛'✐*'✐:✉❡ ♣❛( ❧❛ ❢♦(♠✉❧❡ ❞❡ ♣(♦♣❛❣❛'✐♦♥ ❞❡ ❧✬❡((❡✉(✳ ❈❡''❡
❢♦(♠✉❧❡ ✐♥'❡(✈✐❡♥' ♣♦✉( '♦✉'❡ ❣(❛♥❞❡✉( f (Xi)✱ ❞3'❡(♠✐♥3❡ J ♣❛('✐( ❞❡* ♠❡*✉(❡* Xi
❛✉①:✉❡❧❧❡* ♦♥ ❛**♦❝✐❡ ❧❡* ❡((❡✉(* ∆Xi✳ ▲✬❡((❡✉( *✉( ❧❛ :✉❛♥'✐'3 f (Xi)✱ ♥♦'3❡ ∆f ✱
*✬3❝(✐'
∆f =
√√√√
N∑
i=1
(
∂f (Xi)
∂Xi
∆Xi
)2
, ✭✻✳✺✵✮
♦P ❧❡* ∂f (Xi) /∂Xi *♦♥' ❧❡* ❞3(✐✈3❡* ♣❛('✐❡❧❧❡* ❞❡ f ♣❛( (❛♣♣♦(' J ❧❛ ✈❛(✐❛❜❧❡ Xi✳
❉❛♥* '♦✉'❡ ❧❛ *✉✐'❡✱ ❧❡* ❡((❡✉(* *❡(♦♥' ❝❛❧❝✉❧3❡* *❡❧♦♥ ❧✬3:✉❛'✐♦♥ ❞❡ ♣(♦♣❛❣❛'✐♦♥ ❞❡*
❡((❡✉(* ✐❧❧✉*'(3❡ ♣❛( ❧✬3:✉❛'✐♦♥ ✻✳✺✵✳
❆✉ ❝♦✉(* ❞❡ ❝❡''❡ ♣❛('✐❡✱ ❥✬❛✐ ♣(3*❡♥'3 ❧❡* ❞✐✛3(❡♥'❡* '❡❝❤♥✐:✉❡* :✉❡ ❥✬❛✐ ✐♠✲
♣❧3♠❡♥'3❡* ♣♦✉( 3'✉❞✐❡( ❧❛ ♣(♦♣❛❣❛'✐♦♥ ❞❡* ♣❛('✐❝✉❧❡*✳ ❏✬❛✐ ❞3✜♥✐ ❧❡ ♣(♦'♦❝♦❧❡ :✉❡
❥✬✉'✐❧✐*❡(❛✐ ♣❛( ❧❛ *✉✐'❡ ♣♦✉( ❞(❡**❡( ❧❡* (3*✉❧'❛'*✳ ❏❡ ✈❛✐* ♠❛✐♥'❡♥❛♥' ❡①♣♦*❡( ❧❡*
❞✐✛3(❡♥'* (3*✉❧'❛'* :✉❡ ❥✬❛✐ ♦❜'❡♥✉* ❞❛♥* ❧❡ ❝❛❞(❡ ❞❡ ❝❡ '(❛✈❛✐❧ ❞❡ '❤T*❡✳
❈❤❛♣✐%&❡ ✼
❙✐♠✉❧❛%✐♦♥/ ♥✉♠0&✐1✉❡/
❆✉ ❝♦✉$% ❞❡ ❝❡ ❝❤❛♣✐,$❡✱ ❥✬❛❜♦$❞❡$❛✐ ❧❡% $2%✉❧,❛,% ♣$2❝2❞❡♠♠❡♥, ♦❜,❡♥✉% ♣❛$ ❧❛
❝♦♠♠✉♥❛✉,2 %❝✐❡♥,✐✜6✉❡ ❞❛♥% ❧❛ %❡❝,✐♦♥ ✼✳✶✱ ❛✈❛♥, ❞✬❡①♣♦%❡$ ♠❡% ♣$♦♣$❡% $2%✉❧,❛,%
%✉$ ❧❛ ♣$♦♣❛❣❛,✐♦♥ = ♣$♦♣$❡♠❡♥, ♣❛$❧2✳ ❥❡ ❞2✜♥✐$❛✐ ❧❡ ❝♦❡✣❝✐❡♥, ❞❡ ❞✐✛✉%✐♦♥ ❛♥❣✉❧❛✐$❡
Dµµ ,❡❧ 6✉✬✉,✐❧✐%2 ❞❛♥% ♠♦♥ ,$❛✈❛✐❧ ❞❛♥% ❧❛ %❡❝,✐♦♥ ✼✳✷ ❛✈❛♥, ❞✬✐♥✈❡%,✐❣✉❡$ ❧❡% ❧✐❜$❡%
♣❛$❝♦✉$% ♠♦②❡♥% ♣❛$❛❧❧B❧❡% ❡, ♣❡$♣❡♥❞✐❝✉❧❛✐$❡% ❞❛♥% ❧❡% %❡❝,✐♦♥% ✼✳✸ ❡, ✼✳✹ $❡%♣❡❝,✐✲
✈❡♠❡♥,✳ ▲❡% $2%✉❧,❛,% ♣$2%❡♥,2% ❞❛♥% ❝❡,,❡ ♣❛$,✐❡ ❢❡$♦♥, ❧✬♦❜❥❡, ❞✬✉♥❡ ♣✉❜❧✐❝❛,✐♦♥ ❡♥
♣$2♣❛$❛,✐♦♥ ✭❈♦❤❡, ❡, ▼❛$❝♦✇✐,❤ ✷✵✶✺✮✳
✼✳✶ ❘$%✉❧(❛(% ♣+$❝$❞❡♥(%
❉❛♥% ❝❡,,❡ %❡❝,✐♦♥✱ ❥❡ ♠♦♥,$❡$❛✐ 6✉❡ ❧❡% ❣$❛♥❞❡✉$% ❝❛$❛❝,2$✐%,✐6✉❡% ❞✉ ,$❛♥%♣♦$,
❞2♣❡♥❞❡♥, ❞✉ ,②♣❡ ❞❡ ,✉$❜✉❧❡♥❝❡ ❝♦♥%✐❞2$2 ✭❝♦♠♣$❡%%✐❜❧❡ ♦✉ ✐♥❝♦♠♣$❡%%✐❜❧❡✮✱ ❛✐♥%✐
6✉❡ ❞✉ ♥✐✈❡❛✉ ❞❡ ,✉$❜✉❧❡♥❝❡ ✭%✉❜✲ ♦✉ %✉♣❡$✲ ❛❧❢✈2♥✐6✉❡✮✳
✼✳✶✳✶ ❈❛% ❞❡ ❧❛ )✉+❜✉❧❡♥❝❡ ✐♥❝♦♠♣+❡%%✐❜❧❡
▲❡% ,$❛✈❛✉① ❜❛%2% %✉$ ❧❛ ,✉$❜✉❧❡♥❝❡ ✐♥❝♦♠♣$❡%%✐❜❧❡ ♠♦♥,$❡♥, ✉♥ ❞2%❛❝❝♦$❞ ❛✈❡❝
❧❛ ♣$2❞✐❝,✐♦♥ 6✉❛%✐❧✐♥2❛✐$❡✳ ❉❛♥% ❬✽❪✱ ❧✬❛✉,❡✉$ ✉,✐❧✐%❡ ✉♥ ❢♦$S❛❣❡ ❞2♣❡♥❞❛♥, ❞❡ ❧❛ ❝♦♠✲
♣♦%❛♥,❡ ❞✬❊❧%U%%❡$✱ ❞2✜♥✐ ❞❛♥% ❧✬26✉❛,✐♦♥ ✭✸✳✼✮✳ ❈❡❧❛ ♣❡$♠❡, ❞❡ ❝♦♥,$V❧❡$ ❧✬✐♥❥❡❝,✐♦♥
❞✬2♥❡$❣✐❡ ❞❛♥% ❝❤❛❝✉♥❡ ❞❡% ❝♦♠♣♦%❛♥,❡% w+ ❡, w−✱ ♣$♦✈♦6✉❛♥, ❞❡✉① %♣❡❝,$❡% ❞✐✛2✲
$❡♥,%✱ ❝♦♠♠❡ ♣$2%❡♥,2 %✉$ ❧❛ ✜❣✉$❡ ✼✳✶✳ ▲❛ ❞✐✛2$❡♥❝❡ ❞❡ ♣✉✐%%❛♥❝❡ ❞❛♥% ❧❡% %♣❡❝,$❡%
,$❛❞✉✐, ✉♥ ,❛✉① ❞❡ ♣$2%❡♥❝❡ ♣❧✉% 2❧❡✈2 ❞❡% ♦♥❞❡% w+✱ %❡ ♣$♦♣❛❣❡❛♥, ❧❡ ❧♦♥❣ ❞✉ ❝❤❛♠♣
♠❛❣♥2,✐6✉❡ ♠♦②❡♥✳
❉❛♥% ❧❡ ❝♦♥,❡①,❡ ❞✬✉♥❡ ,✉$❜✉❧❡♥❝❡ ✧26✉✐❧✐❜$2❡✧ ,$❛♥%✲❛❧❢✈2♥✐6✉❡✱ ❧❛ ✜❣✉$❡ ✼✳✸
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❉❡ ♣❧✉%✱ ❧✬❛❜%❡♥❝❡ ❞❡ ♠♦❞❡ ❞✬♦♥❞❡ ❝♦♠♣$❡%%✐❜❧❡ ❞❛♥% ❧❛ ,✉$❜✉❧❡♥❝❡ ✐♥❝♦♠♣$❡%%✐❜❧❡
❞✐♠✐♥✉❡ ❧✬❡✛❡, ❞❡ ❧❛ ❞✐✛✉%✐♦♥ ❛♥❣✉❧❛✐$❡ ❬✶✵✽❪✱ ❝❡ 6✉✐ ♣♦✉$$❛✐, ♠❡♥❡$ = ❞❡% ❞✐✛2$❡♥❝❡%
❛❝❝$✉❡% ❧♦$%6✉✬♦♥ ❝♦♥%✐❞2$❡$❛ ❞❡% %✐♠✉❧❛,✐♦♥% ❞❡ ,✉$❜✉❧❡♥❝❡ ❝♦♠♣$❡%%✐❜❧❡✳
✶✸✸
✶✸✹ ❈❍❆#■❚❘❊ ✼✳ ❙■▼❯▲❆❚■❖◆❙ ◆❯▼➱❘■◗❯❊❙
❋✐❣✉$❡ ✼✳✶ ✕ ❙♣❡❝*+❡, ❡♥ .♥❡+❣✐❡ ❞❡, ✈❛+✐❛❜❧❡, ❞✬❊❧,8,,❡+✱ ♥♦+♠❛❧✐,., < ❧✬.♥❡+❣✐❡
*♦*❛❧❡✳ ❆ ❣❛✉❝❤❡ ❧❡ ❝❛, ✧.A✉✐❧✐❜+.✧✱ ♦B ❧✬.♥❡+❣✐❡ *+❛♥,❢.+.❡ ❡,* .❣❛❧❡ ❞❛♥, ❧❡, ❞❡✉①
❝♦♠♣♦,❛♥*❡, ❀ < ❞+♦✐*❡✱ ❧❡ ❝❛, ✧❞.,.A✉✐❧✐❜+.✧ ❛✈❡❝ ❧❡ +❛♣♣♦+* ❞❡, ❛♠♣❧✐*✉❞❡, ❞❡ ❢♦+F❛❣❡
❞.✜♥✐ ♣❛+ f+/f− = 3✳ ǫ+/ǫ− ❡,* ❧❡ +❛♣♣♦+* ❞❡, *❛✉① ❞❡ *+❛♥,❢❡+* ❞✬.♥❡+❣✐❡ ♣♦✉+ ❧❡,
❞❡✉① ✈❛+✐❛❜❧❡, ❞✬❊❧,8,,❡+ w+ ❡* w−✳ ❋✐❣✉+❡ ❡①*+❛✐*❡ ❞❡ ❬✽❪✳
▲❛ ✜❣✉+❡ ✼✳✸ ♠♦♥*+❡ .❣❛❧❡♠❡♥* A✉❡ ❧❡ ❝♦❡✣❝✐❡♥* ❞❡ ❞✐✛✉,✐♦♥ ❛♥❣✉❧❛✐+❡ ❡,* ❝♦♥,*❛♥*
❛✈❡❝ ❧✬.♥❡+❣✐❡✱ ❡* ❝❡ ❥✉,A✉✬< ✉♥ +❛②♦♥ ❞❡ ▲❛+♠♦+ ❛✉✲❞❡❧< ❞✉A✉❡❧ ❧❛ +✐❣✐❞✐*. ❞❡, ♣❛+✲
*✐❝✉❧❡, ❛✉❣♠❡♥*❡ ❧✬❡✣❝❛❝✐*. ❞❡ ❧❛ ❞✐✛✉,✐♦♥✱ ❡* ❢❛✐,❛♥* *❡♥❞+❡ ❧❛ ❞✐✛✉,✐♦♥ ✈❡+, ✉♥❡
❞✐✛✉,✐♦♥ ❞❡ ❇♦❤♠ ✭♦B ❧❡ ❝♦❡✣❝✐❡♥* ❞❡ ❞✐✛✉,✐♦♥ ❛♥❣✉❧❛✐+❡ ❡,* ❝♦♥,*❛♥* ❛✈❡❝ ❧✬.♥❡+❣✐❡
❞❡, ♣❛+*✐❝✉❧❡,✮✳
▲❛ ❝♦♥,.A✉❡♥❝❡ ❡,* A✉✬✉♥❡ ❞❡,❝+✐♣*✐♦♥ A✉❛,✐✲❧✐♥.❛✐+❡ ♥✬❡,* ♣❛, ,✉✣,❛♥*❡ ❞❛♥, ✉♥
+.❣✐♠❡ ❞❡ *✉+❜✉❧❡♥❝❡ ♦B MA ∼ 1✳ ▲❡, ✐♥*❡+❛❝*✐♦♥, ♦♥❞❡, ♣❛+*✐❝✉❧❡, ❞♦✐✈❡♥* U*+❡ ❞.✲
❝+✐*❡, ♣❛+ ❞❡, ❛♣♣+♦❝❤❡, ♥♦♥ ❧✐♥.❛✐+❡, ❞✉ *+❛♥,♣♦+*✳
▲❡ ❝♦❡✣❝✐❡♥* ❞❡ ❞✐✛✉,✐♦♥ ♣❛+❛❧❧V❧❡ D‖✱ ❡,* ❞.✜♥✐ ❝♦♠♠❡
D‖ = lim
t→∞
〈(
x‖ (t)− x‖ (0)
)2〉
2t
, ✭✼✳✶✮
♦B ❧❡, ♣❛+❡♥*❤V,❡, 〈·〉 ,✐❣♥✐✜❡♥* ❧❛ ✈❛❧❡✉+ ♠♦②❡♥♥❡ ,✉+ ❧✬❡♥,❡♠❜❧❡ ❞❡, ♣❛+*✐❝✉❧❡,✱ ❡*
x‖ ❧❛ ❝♦♦+❞♦♥♥.❡ ❛❧✐❣♥.❡ ❛✉ ❝❤❛♠♣ ♠❛❣♥.*✐A✉❡ ♠♦②❡♥ B0✳ ❖♥ ❞.✜♥✐* ❞❡ ❧❛ ♠U♠❡
❢❛F♦♥ ❧❡ ❝♦❡✣❝✐❡♥* ❞❡ ❞✐✛✉,✐♦♥ ♣❡+♣❡♥❞✐❝✉❧❛✐+❡✱
D⊥ = lim
t→∞
〈
(x⊥ (t)− x⊥ (0))2
〉
2t
. ✭✼✳✷✮
❆ ♣❛+*✐+ ❞❡, .A✉❛*✐♦♥, ✭✼✳✶✮ ❡* ✭✼✳✷✮✱ ♦♥ ❞.✜♥✐* ❧❡, ❧✐❜+❡, ♣❛+❝♦✉+, ♠♦②❡♥, ♣❛+❛❧❧V❧❡,
λ| ❡* ♣❡+♣❡♥❞✐❝✉❧❛✐+❡, λ⊥ ❝♦♠♠❡
λ‖ =
3
vp
D‖,
λ⊥ =
3
vp
D⊥, ✭✼✳✸✮
✼✳✶✳ ❘➱❙❯▲❚❆❚❙ *❘➱❈➱❉❊◆❚❙ ✶✸✺
❛✈❡❝ vp ❧❛ ✈✐)❡**❡ ❞❡* ♣❛-)✐❝✉❧❡*✳
❈❡* 1✉❛♥)✐)3* *♦♥) ❞3)❡-♠✐♥3❡* ♥✉♠3-✐1✉❡♠❡♥) ❡♥ -❡♠♣❧❛6❛♥) ❧❛ ❧✐♠✐)❡ ❞❡* )❡♠♣*
✐♥✜♥✐* ♣❛- ✉♥ )❡♠♣* tf ❛✉✲❞❡❧9 ❞✉1✉❡❧ ❧❡* ❝♦❡✣❝✐❡♥)* ❞❡ ❞✐✛✉*✐♦♥ -❡♣-3*❡♥)3* ♣❛-
❧❡* 31✉❛)✐♦♥* ✭✼✳✶✮ ❡) ✭✼✳✷✮ *♦♥) ❝♦♥*)❛♥)* ❞❛♥* ❧❡ )❡♠♣*✳ ▲❛ ✜❣✉-❡ ✼✳✷ ✐❧❧✉*)-❡ ❧✬3)❛✲
❜❧✐**❡♠❡♥) ❞✉ -3❣✐♠❡ ❞❡ ❞✐✛✉*✐♦♥ ♣♦✉- ✉♥❡ ♣❛-)✐❝✉❧❡ ❞✬3♥❡-❣✐❡ rL/L = 0.12 ❞❛♥*
♣❧✉*✐❡✉-* -3❛❧✐*❛)✐♦♥* )✉-❜✉❧❡♥)❡*✳
-5
-4
-3
-2
-1
 0
 1
 2
-3 -2 -1  0  1  2  3  4
l
o
g
(
λ
/
L
)
log(t/τ)
Ma=0.34
Ma=0.66
Ma=0.89
❋✐❣✉$❡ ✼✳✷ ✕ ❊✈♦❧✉)✐♦♥ ❞❡* ❧✐❜-❡* ♣❛-❝♦✉-* ♠♦②❡♥* ♣❛-❛❧❧G❧❡* ✭❡♥ )-❛✐)* ♣❧❡✐♥✮ ❡)
♣❡-♣❡♥❞✐❝✉❧❛✐-❡ ✭❡♥ )-❛✐)* ♣♦✐♥)✐❧❧3✮ ♥♦-♠❛❧✐*3 9 ❧❛ )❛✐❧❧❡ ❞❡ ❧❛ ❜♦H)❡ ❞❡ ❝❛❧❝✉❧ L✱
❧❡ )♦✉) ❡♥ ❢♦♥❝)✐♦♥ ❞✉ )❡♠♣* ♥♦-♠❛❧✐*3 9 ❧❛ ♣3-✐♦❞❡ ❞❡ ❣②-❛)✐♦♥ τ ✱ ♣♦✉- ❞✐✛3-❡♥)❡*
-3❛❧✐*❛)✐♦♥* )✉-❜✉❧❡♥)❡*✳ ▲✬3♥❡-❣✐❡ ❞❡* ♣❛-)✐❝✉❧❡* ❡*) )❡❧ 1✉❡ rL/L = 0.117✳ ▲❡ -3❣✐♠❡
❞❡ ❞✐✛✉*✐♦♥ ❡*) ❛))❡✐♥❞ ❧♦-*1✉❡ ❧❡* ❣-❛♥❞❡✉-* ❞❡✈✐❡♥♥❡♥) ✐♥❞3♣❡♥❞❛♥)❡* ❞✉ )❡♠♣*✳ ▲❡
♣❧❛)❡❛✉ ❛✐♥*✐ ♦❜)❡♥✉ ❛♣♣❛-❛H) ❞✬❛✉)❛♥) ♣❧✉* -❛♣✐❞❡♠♠❡♥) 1✉❡ ❧❡ ♥✐✈❡❛✉ ❞❡ )✉-❜✉❧❡♥❝❡
❡*) 3❧❡✈3✳
▲❛ ✜❣✉-❡ ✼✳✹ )-❛❝❡✱ ❞❛♥* ❧❡ ❝♦♥)❡①)❡ ❞✬✉♥❡ )✉-❜✉❧❡♥❝❡ ♦M MA ∼ 1✱ ❧❛ ❞3♣❡♥❞❛♥❝❡
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❢❛✐❜❧❡♠❡♥) ❞3*31✉✐❧✐❜-3❡ ❀ ❡♥ )✐-❡)*✱ ❞3*31✉✐❧✐❜-3❡ ❀ ❡♥ )-❛✐)* ♠✐①)❡*✱ ❢♦-)❡♠❡♥) ❞3*✲
31✉✐❧✐❜-3❡✳
✶✸✻ ❈❍❆#■❚❘❊ ✼✳ ❙■▼❯▲❆❚■❖◆❙ ◆❯▼➱❘■◗❯❊❙
❋✐❣✉$❡ ✼✳✸ ✕ ❚❛✉① ❞❡ ❞✐✛✉.✐♦♥ ❛♥❣✉❧❛✐3❡ 3❡❧❛4✐❢ 6 ❧❛ ♣83✐♦❞❡ ❞❡ ❣✐3❛4✐♦♥ Dµµ/Ω ❡♥
❢♦♥❝4✐♦♥ ❞❡ ❧✬8♥❡3❣✐❡ ❞❡. ♣❛34✐❝✉❧❡. ❡♥ ✉♥✐48 ❞❡ 4❛✐❧❧❡ ❞❡ ❝✉❜❡✳ ❋✐❣✉3❡ ❡①43❛✐4❡ ❞❡ ❬✽❪✳
✼✳✶✳ ❘➱❙❯▲❚❆❚❙ *❘➱❈➱❉❊◆❚❙ ✶✸✼
❋✐❣✉$❡ ✼✳✹ ✕ ❈♦❡✣❝✐❡♥- ❞❡ ❞✐✛✉1✐♦♥ ♣❛4❛❧❧6❧❡ ✭❡♥ ❤❛✉-✮ ❡- ♣❡4♣❡♥❞✐❝✉❧❛✐4❡ ✭❡♥
❜❛1✮ ♥♦4♠❛❧✐1< = ❧❛ ♣✉❧1❛-✐♦♥ 1②♥❝❤4♦-4♦♥ ❡♥ ❢♦♥❝-✐♦♥ ❞✉ 4❛②♦♥ ❞❡ ▲❛4♠♦4 rL/L ❞❡1
♣❛4-✐❝✉❧❡1✱ ♣♦✉4 ✉♥ ♥✐✈❡❛✉ ❞❡ -✉4❜✉❧❡♥❝❡ Ma ∼ 1✳ ▲❡1 -4❛✐-1 ♣❧❡✐♥1 ❝♦44❡1♣♦♥❞❡♥-
= ✉♥ 4❛♣♣♦4- ❞❡1 ❛♠♣❧✐-✉❞❡1 ❞❡ ❢♦4C❛❣❡ f+/f− = 1 ❀ ❧❡1 ❧✐❣♥❡1 ❡♥ -4❛✐-1 ♠✐①-❡1
4❡♣4<1❡♥-❡♥- ❧❡ ❝❛1 ♦G f+/f− = 3 ❀ ❧❡1 ❝♦✉4❜❡1 ❡♥ ♣♦✐♥-✐❧❧<1✱ f+/f− = 1.33 ❀ ❧❡1
❝♦✉4❜❡1 ❡♥ -✐4❡-1✱ f+/f− = 2✳ ❋✐❣✉4❡ ❡①-4❛✐-❡ ❞❡ ❬✽❪✳
▲✬<-✉❞❡ ❞❡ ❧❛ ✜❣✉4❡ ✼✳✹ ♠♦♥-4❡ N✉❡ ❧❡ ❞<1<N✉✐❧✐❜4❡ ❛♣♣♦4-< ❛✉① ♦♥❞❡1 ❞✬❆❧❢✈<♥ =
-4❛✈❡41 ❧❡1 ✈❛4✐❛❜❧❡1 ❞✬❊❧1Q11❡4 ♣❡✉- ✐♥✢✉❡♥❝❡4 ❧❡ 4<1✉❧-❛- = ❤❛✉-❡✉4 ❞❡ 50%✳ ▲✬<-✉❞❡
♥❡ ♣❡4♠❡- ❝❡♣❡♥❞❛♥- ♣❛1 ❞❡ ❞<-❡4♠✐♥❡4 1✐ ❝❡1 <❝❛4-1 1♦♥- ❝♦♠♣4✐1 ❞❛♥1 ❧❡1 ❡44❡✉41
♥✉♠<4✐N✉❡1✳
✶✸✽ ❈❍❆#■❚❘❊ ✼✳ ❙■▼❯▲❆❚■❖◆❙ ◆❯▼➱❘■◗❯❊❙
✼✳✶✳✷ ❈❛& ❞❡ ❧❛ *✉,❜✉❧❡♥❝❡ ❝♦♠♣,❡&&✐❜❧❡
▲❛ ♣&♦❞✉❝+✐♦♥ ❞❡ ❧❛ +✉&❜✉❧❡♥❝❡ ❝♦♠♣&❡22✐❜❧❡ ✐♥❝❧✉+ ♠❛✐♥+❡♥❛♥+ ❧❡2 ♠♦❞❡2 ♠❛❣♥4+♦✲
2♦♥♦&❡2 &❛♣✐❞❡2✱ ❡+ ♣❡&♠❡+ ❞❡ ❝♦♥❢&♦♥+❡& ❧❡2 4+✉❞❡2 ❞❛♥2 ❧❡2 ❝❛2 ❝♦♥❝&❡+2 +❡❧2 8✉❡
❬✾✹✱ ✶✵✹❪✱ ❛❧♦&2 8✉❡ ❞✬❛✉+&❡2 4+✉❞❡2 ❝❤❡&❝❤❡♥+ ✉♥❡ ❛♣♣❧✐❝❛+✐♦♥ ❞❛♥2 ❝❡&+❛✐♥❡2 ♣❤❛2❡2
❞✉ ♠✐❧✐❡✉ ✐♥+❡&2+❡❧❧❛✐&❡ ❬✶✵✺❪✳
❉❛♥2 ❬✶✵✹❪✱ ❧❡2 ❛✉+❡✉&2 ✉+✐❧✐2❡♥+ ✉♥ ❝♦❞❡ ❜❛24 2✉& ❧❛ ♠4+❤♦❞❡ ❞❡2 ✈♦❧✉♠❡2 ✜♥✐2
♣♦✉& ❞4✈❡❧♦♣♣❡& ✉♥❡ +✉&❜✉❧❡♥❝❡ ❝♦♠♣&❡22✐❜❧❡ ✐2♦+&♦♣❡✱ ❛✈❡❝ ✉♥ ❢♦&E❛❣❡ ❝♦♠♣&❡22✐❜❧❡
♦✉ 2♦❧4♥♦F❞❛❧✳ ▲❛ ❞✐2+&✐❜✉+✐♦♥ fk ❞✉ ❢♦&E❛❣❡ ❡♥ 8✉❡2+✐♦♥ ❡2+ &4♣❛&+✐❡ ❞❛♥2 ❧✬❡2♣❛❝❡
❞❡ ❋♦✉&✐❡& ❝♦♠♠❡
fk =
{
sk−9/2e(2iπp) ∀k ∈ [1, kmax]
0 ∀k ∈ R− [1, kmax]
, ✭✼✳✹✮
♦K k ❡2+ ❧❡ ♠♦❞✉❧❡ ❞✉ ♠♦❞❡ ❞❡ ❋♦✉&✐❡&✱ s ✉♥ ♥♦♠❜&❡ ❛❧4❛+♦✐&❡ &4♣❛&+✐ 2✉& ✉♥❡ ❞❡♥2✐+4
❞❡ ♣&♦❜❛❜✐❧✐+4 ❣❛✉22✐❡♥♥❡ ❡+ p ✉♥ ❛✉+&❡ ♥♦♠❜&❡ ❛❧4❛+♦✐&❡ ❞❡ ❞✐2+&✐❜✉+✐♦♥ ❝♦♥2+❛♥+❡✳
Lkmax = 3
√
3 ❡2+ ❧❛ ❜♦&♥❡ 2✉♣4&✐❡✉&❡ ❞❡ ❧✬✐♥+❡&✈❛❧❧❡ ❞❡ ❧✬❡2♣❛❝❡ ❞❡ ❋♦✉&✐❡& ❞❛♥2
❧❡8✉❡❧ ❧❡ ❢♦&E❛❣❡ ❡2+ ❛❝+✐❢✳ ▲❛ ❝♦♥2+&✉❝+✐♦♥ ❞❡ ❧❛ ♣&♦♣&✐4+4 ❞❡ ❝♦♠♣&❡22✐❜✐❧✐+4 ❡2+
&4❛❧✐24❡ ❛♣&L2 ❛✈♦✐& ♣❛224 ❧❡ ❢♦&E❛❣❡ ❞❛♥2 ❧✬❡2♣❛❝❡ &4❡❧✱ ❡♥ ❞4✜♥✐22❛♥+ ❧✬✐♥❝&4♠❡♥+ ❞❡
✈✐+❡22❡ δv ❝♦♠♠❡ ❞4&✐✈4 ❞✬✉♥ ♣♦+❡♥+✐❡❧ 2❝❛❧❛✐&❡ f ✱ ♦✉ ❞✬✉♥ ♣♦+❡♥+✐❡❧ ✈❡❝+❡✉& f +❡❧
8✉❡
δv =
{
∇f pour ∇.δv = 0
∇× f pour ∇× δv = 0 , ✭✼✳✺✮
♦K f = fa✱ ❛✈❡❝ a ✉♥ ✈❡❝+❡✉& ❝♦♠♣♦24 ❞❡ +&♦✐2 ♥♦♠❜&❡2 ❛❧4❛+♦✐&❡2 ❞❡ ❞❡♥2✐+4 ❞❡
♣&♦❜❛❜✐❧✐+4 ❝♦♥2+❛♥+❡✳
✼✳✶✳ ❘➱❙❯▲❚❆❚❙ *❘➱❈➱❉❊◆❚❙ ✶✸✾
❋✐❣✉$❡ ✼✳✺ ✕ ❊♥ ❤❛✉,✱ .♣❡❝,2❡. ❡♥ 3♥❡2❣✐❡ 36✉✐✈❛❧❡♥,. ❝❛❧❝✉❧3. 9 ♣❛2,✐2 ❞✬✉♥❡ .✐✲
♠✉❧❛,✐♦♥ 2563✱ .✐♠✉❧❛♥, ❧❛ ♣❡2,❡ ❞✬✐♥❢♦2♠❛,✐♦♥ .✉2 ❧❡. ♣❡,✐,❡. 3❝❤❡❧❧❡.✳ ❊♥ ❜❛.✱ ❧✐❜2❡
♣❛2❝♦✉2. ♠♦②❡♥ ❡♥ ❢♦♥❝,✐♦♥ ❞❡ ❧❛ 23.♦❧✉,✐♦♥✳ ❋✐❣✉2❡ ❡①,2❛✐,❡ ❞❡ ❬✶✵✹❪✳
▲❛ ✜❣✉2❡ ✼✳✺ ♠♦♥,2❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡. ♣❡,✐,❡. 3❝❤❡❧❧❡. .✉2 ❧❡ ❧✐❜2❡ ♣❛2❝♦✉2. ♠♦②❡♥
♣❛2❛❧❧K❧❡ ❞❡. 2❛②♦♥. ❝♦.♠✐6✉❡.✱ ❛✈❡❝ ✉♥ 3❝❛2, ❝♦♥.,❛,3 ❞❡ ❧✬♦2❞2❡ ❞❡ 5✪ ❡♥,2❡ ❧❡
.♣❡❝,2❡ 323 ❡, ❝❡❧✉✐ 2563✳ ◆♦✉. ❞❡✈♦♥. ❝❡♣❡♥❞❛♥, ♣23❝✐.❡2 6✉❡ ❝❡. .♣❡❝,2❡. ♦♥, 3,3
❢❛❜2✐6✉3. 9 ♣❛2,✐2 ❞✬✉♥❡ .✐♠✉❧❛,✐♦♥ ▼❍❉ 2563✱ ❡, 6✉✬❡♥✲❞❡..♦✉. ❞✬✉♥❡ 23.♦❧✉,✐♦♥ 9
1283✱ ♥♦. ♣2♦♣2❡. ❡①♣32✐❡♥❝❡. ♦♥, ♠♦♥,23✱ ❞❛♥. ❧❡. .♣❡❝,2❡.✱ ❧✬❛❜.❡♥❝❡ ❞❡ ③♦♥❡ ✐♥❡2✲
,✐❡❧❧❡✳
✶✹✵ ❈❍❆#■❚❘❊ ✼✳ ❙■▼❯▲❆❚■❖◆❙ ◆❯▼➱❘■◗❯❊❙
❋✐❣✉$❡ ✼✳✻ ✕ ❙✐♠✉❧❛-✐♦♥ 2563 ♠♦♥-0❛♥- ❧✬✐♥❝✐❞❡♥❝❡ ❞✉ ♥♦♠❜0❡ ❞❡ ♣❛0-✐❝✉❧❡7 7✉0 ❧❡
❧✐❜0❡ ♣❛0❝♦✉07 ♠♦②❡♥✳ ❋✐❣✉0❡ ❡①-0❛✐-❡ ❞❡ ❬✶✵✹❪✳
▲❛ ✜❣✉0❡ ✼✳✻ ♠♦♥-0❡ ❧❛ ❞@♣❡♥❞❛♥❝❡ ❞✉ ❧✐❜0❡ ♣❛0❝♦✉07 ♠♦②❡♥ ♣❛0❛❧❧A❧❡ ❛✈❡❝ ❧❡
♥♦♠❜0❡ -♦-❛❧ ❞❡ ♣❛0-✐❝✉❧❡7✱ ✐❧❧✉7-0❛♥- ✉♥ @❝❛0- ❞❡ ♣❧✉7 ❞❡ 20% ❡♥-0❡ ✉♥❡ 7✐♠✉❧❛-✐♦♥
D 103 ❡- 105 ♣❛0-✐❝✉❧❡7✳ ▲❡7 ❛✉-❡✉07 0❡-✐❡♥♥❡♥- ❧✬@❝❤❛♥-✐❧❧♦♥ ❞❡ 105 ♣❛0-✐❝✉❧❡7 ♣♦✉0
❧❡✉07 @-✉❞❡7✱ ♠♦-✐✈@ ♣❛0 ❧❡ ❢❛✐❜❧❡ @❝❛0-✲-②♣❡ 7-❛-✐7-✐H✉❡✳ ❈❡♣❡♥❞❛♥-✱ ❧❛ ❞✐7-0✐❜✉-✐♦♥
✐♥✐-✐❛❧❡ ❡7- ❝♦♥7-❛♥-❡ ❡- @❝❤❛♥-✐❧❧♦♥♥@❡ ❞❛♥7 ❧✬❡7♣❛❝❡ ❞❡7 ❛♥❣❧❡7 ❞✬❛--❛H✉❡✱ ❝❡ H✉✐
✐♥❞✉✐- ✉♥❡ ❞✐7-0✐❜✉-✐♦♥ ♥♦♥ ❝♦♥7-❛♥-❡ ❞❛♥7 ❧✬❡7♣❛❝❡ ❞❡7 µ✳
❉❛♥7 ❬✶✵✺❪✱ ❧❡7 ❛✉-❡✉07 7✬✐♥-@0❡77❡♥- ♣❧✉7 ♣❛0-✐❝✉❧✐A0❡♠❡♥- D ❧✬❡✛❡- ❞✉ ♥♦♠❜0❡ ❞❡
▼❛❝❤ ❛❧❢✈@♥✐H✉❡ Ma✱ ♦✉ ♥✐✈❡❛✉ ❞❡ -✉0❜✉❧❡♥❝❡✱ 7✉0 ❧❡7 H✉❛♥-✐-@7 ❝❛0❛❝-@0✐7-✐H✉❡7 ❞✉
-0❛♥7♣♦0-✳ ❈❡--❡ @-✉❞❡ 7✬❛♣♣✉✐❡ 7✉0 ✉♥❡ 7@0✐❡ ❞❡ 7✐♠✉❧❛-✐♦♥7 ▼❍❉ 5123 H✉✐ 0@✉♥✐-
❞✐① 7✐♠✉❧❛-✐♦♥7 7✉❜✲❛❧❢✈@♥✐H✉❡7 ✭MA < 0.8✮ ❡- ✉♥❡ 7✐♠✉❧❛-✐♦♥ 7✉♣❡0✲❛❧❢✈@♥✐H✉❡✱ ♦Q
MA = 1.5✳ ❉❛♥7 ❝❡--❡ @-✉❞❡✱ 7❡✉❧❡♠❡♥- 10
3
♣❛0-✐❝✉❧❡7 ♣❛0 7✐♠✉❧❛-✐♦♥ 7♦♥- ✉-✐❧✐7@❡7
♣♦✉0 ❝❛❧❝✉❧❡0 ❧❡7 ❧✐❜0❡7 ♣❛0❝♦✉07 ♠♦②❡♥7 ♣❛0❛❧❧A❧❡7 ❡- ♣❡0♣❡♥❞✐❝✉❧❛✐0❡7✱ ❥✉7-✐✜❛♥- ❝❡
❝❤♦✐① ♣❛0 ❧❛ ❢❛✐❜❧❡ ✈❛0✐❛♥❝❡ 7-❛-✐7-✐H✉❡ 7✉0 ❧❡7 0@7✉❧-❛-7 ❞✉ ❧✐❜0❡ ♣❛0❝♦✉07 ♠♦②❡♥ ♣❡0✲
♣❡♥❞✐❝✉❧❛✐0❡✳ ❈❡♣❡♥❞❛♥-✱ ❝❡--❡ ❡①♣❧✐❝❛-✐♦♥ ❡7- ❝♦♥-0❛❞✐❝-♦✐0❡ ❛✈❡❝ ❧✬@-✉❞❡ ♣0@❝@❞❡♥-❡
❬✶✵✹❪ ❡- ❧❛ ♥S-0❡✱ ♣✉✐7H✉❡ ❧✬@❝❛0- ❡♥-0❡ ❧❡7 ❧✐❜0❡7 ♣❛0❝♦✉07 ♠♦②❡♥7 ♣❛0❛❧❧A❧❡7 ❞@-❡0✲
♠✐♥@7 D ♣❛0-✐0 ❞❡ 103 ❡- 105 ♣❛0-✐❝✉❧❡7 ❛--❡✐♥- 20%✳ ◆♦✉7 ❞❡✈0♦♥7 ❛♣♣0♦❢♦♥❞✐0 ❝❡--❡
0@✢❡①✐♦♥ ❞❛♥7 ❧❡7 7❡❝-✐♦♥7 7✉✐✈❛♥-❡7 ❞❡ ❝❡ ❝❤❛♣✐-0❡ ✭➓✼✳✷ ❡- ➓✼✳✸✮✳
▲❛ ✜❣✉0❡ ✼✳✼ ♠♦♥-0❡ ❧✬@✈♦❧✉-✐♦♥ ❞❡7 ❧✐❜0❡7 ♣❛0❝♦✉07 ♠♦②❡♥7 ♣❛0❛❧❧A❧❡7 ❡- ♣❡0♣❡♥❞✐✲
❝✉❧❛✐0❡7 ❛✈❡❝ ❧❡ ♥♦♠❜0❡ ❞❡ ▼❛❝❤ ❛❧❢✈@♥✐H✉❡✳ ▲❡ ❧✐❜0❡ ♣❛0❝♦✉07 ♠♦②❡♥ ♣❛0❛❧❧A❧❡ λ‖ ❡7-
❝❛❧❝✉❧@ ❞❡ ❞❡✉① ❢❛Y♦♥7✳ ❙♦✐- ❡♥ ✉-✐❧✐7❛♥- ❧✬@H✉❛-✐♦♥ ✭✼✳✸✮✱ 7♦✐- D ♣❛0-✐0 ❞❡ ❧✬@H✉❛-✐♦♥
✭✻✳✹✽✮✳
✼✳✶✳ ❘➱❙❯▲❚❆❚❙ *❘➱❈➱❉❊◆❚❙ ✶✹✶
❋✐❣✉$❡ ✼✳✼ ✕ ❊✈♦❧✉*✐♦♥- ❞❡- ❧✐❜1❡- ♣❛1❝♦✉1- ♠♦②❡♥- ♣❛1❛❧❧7❧❡- ✭❡♥ ❤❛✉*✮ ❡* ♣❡1♣❡♥✲
❞✐❝✉❧❛✐1❡- ✭❡♥ ❜❛-✮✱ ❡♥ ✉♥✐*= ❞❡ ❝✉❜❡✱ ❛✈❡❝ ❧❡ ♥✐✈❡❛✉ ❞❡ *✉1❜✉❧❡♥❝❡ ♠❛❣♥=*✐?✉❡ Ma✳
❋✐❣✉1❡- ❡①*1❛✐*❡- ❞❡ ❬✶✵✺❪
▲❡ 1=-✉❧*❛* ✐❧❧✉-*1= ❞❛♥- ❧❛ ✜❣✉1❡ ✼✳✼ -❡♠❜❧❡ ♠♦♥*1❡1 ✉♥❡ ❧♦✐ ❞❡ ♣✉✐--❛♥❝❡ ❡♥*1❡
❧❡ ♥♦♠❜1❡ ❞❡ ▼❛❝❤ ❛❧❢✈=♥✐?✉❡ ❡* λ⊥ *❡❧ ?✉❡ ❬✶✵✺❪
λ⊥ ∝ M4.21±0.75A , ✭✼✳✻✮
❝♦♥✜1♠❛♥* ❧❡- 1=-✉❧*❛*- *❤=♦1✐?✉❡- ♣1=❝=❞❡♥*- ❬✶✵✽❪✳ ❈❡ 1=-✉❧*❛* ❡-* ♥=❛♥♠♦✐♥- ✈❛✲
❧❛❜❧❡ ❞❛♥- ✉♥❡ ❧✐♠✐*❡ -✉❜✲❛❧❢✈=♥✐?✉❡✱ ♦M MA < 0.8✳
❯♥ ❛✉*1❡ 1=-✉❧*❛*✱ 1❡❧✐= ❛✉ ❝♦❡✣❝✐❡♥* ❞❡ ❞✐✛✉-✐♦♥ ❛♥❣✉❧❛✐1❡ Dµµ✱ 1❡♣1=-❡♥*= ❞❛♥- ❧❛
✜❣✉1❡ ✼✳✽✱ ✈❛❧✐❞❡ =❣❛❧❡♠❡♥* ❧❡- ♣1=❞✐❝*✐♦♥- *❤=♦1✐?✉❡- ❧✐=❡- Q ❧✬=❧❛1❣✐--❡♠❡♥* ❞❡ ❧❛
❢♦♥❝*✐♦♥ ❞❡ 1=-♦♥❛♥❝❡ ❧✐= ❛✉① ✐♥*❡1❛❝*✐♦♥- ❞❡ ❚❚❉✳
✶✹✷ ❈❍❆#■❚❘❊ ✼✳ ❙■▼❯▲❆❚■❖◆❙ ◆❯▼➱❘■◗❯❊❙
❋✐❣✉$❡ ✼✳✽ ✕ ❈♦❡✣❝✐❡♥. ❞❡ ❞✐✛✉2✐♦♥ ❛♥❣✉❧❛✐6❡ ♣♦✉6 ❞❡2 ♣❛6.✐❝✉❧❡2 ❞❡ 6❛②♦♥ ❞❡
▲❛6♠♦6 rl = 0.01 ❡♥ ❧♦♥❣✉❡✉6 ❞❡ ❜♦<.❡✳ ▲❡2 6=2✉❧.❛.2 ♥✉♠=6✐>✉❡2 2♦♥. 6❡♣6=2❡♥.=2
♣❛6 ❧❡2 ♣♦✐♥.2✱ ❡. ❧❡2 ❞✐✛=6❡♥.❡2 ❝♦♥.6✐❜✉.✐♦♥2 ❞❡2 6=2♦♥❛♥❝❡2 2♦♥. 6❡♣6=2❡♥.=❡2 ♣❛6 ❧❡2
❝♦✉6❜❡2 ❡♥ ♣♦✐♥.✐❧❧= ♣♦✉6 ❧✬✐♥.❡6❛❝.✐♦♥ ❣②6♦✲6=2♦♥♥❛♥.❡✱ ❡. ❡♥ .✐6❡. ♣♦✉6 ❧✬✐♥.❡6❛❝.✐♦♥
❈❤❡6❡♥❦♦✈ ✭❚❚❉✮✳ ❋✐❣✉6❡ ❡①.6❛✐.❡ ❞❡ ❬✶✵✺❪
✼✳✷ ▲❡ ❝♦❡✣❝✐❡♥* ❞❡ ❞✐✛✉.✐♦♥ ❛♥❣✉❧❛✐2❡ Dµµ
❉❛♥2 ❝❡..❡ 2❡❝.✐♦♥✱ ♥♦✉2 ❛❜♦6❞❡6♦♥2 ❧❛ ❞=❧✐❝❛.❡ >✉❡2.✐♦♥ ❞✉ ❝❛❧❝✉❧ ♥✉♠=6✐>✉❡ ❞✉
❝♦❡✣❝✐❡♥. ❞❡ ❞✐✛✉2✐♦♥ ❞❛♥2 ❧✬❡2♣❛❝❡ ❞❡2 ❝♦2✐♥✉2 ❞❡ ❧✬❛♥❣❧❡ ❞✬❛..❛>✉❡✱ Dµµ✱ >✉❡ ♥♦✉2
❛♣♣❡❧❧❡6♦♥2 ♣❛6 ❝♦♠♠♦❞✐.=✱ ❝♦❡✣❝✐❡♥. ❞❡ ❞✐✛✉2✐♦♥ ❛♥❣✉❧❛✐6❡✳
❈❡..❡ >✉❛♥.✐.= ♣❡✉. O.6❡ ❝❛❧❝✉❧=❡ ❞❡ ♥♦♠❜6❡✉2❡2 ❢❛Q♦♥2✱ ❝♦♥.6❛✐6❡♠❡♥. R 2❡2 ❤♦♠♦✲
❧♦❣✉❡2 2♣❛.✐❛✉①✱ ❝❛6 ✐❧ ♣6=2❡♥.❡ ✉♥ ♥♦♠❜6❡ ❞❡ ♣❛6❛♠S.6❡2 ♣❧✉2 ✐♠♣♦6.❛♥.✳ ❘✐❡♥ >✉❡
2❛ ✈❛6✐❛❜❧❡ ♣6✐♥❝✐♣❛❧❡✱ µ✱ ♣❡✉. O.6❡ ❞=✜♥✐❡ ♣❛6 6❛♣♣♦6. ❛✉ ❝❤❛♠♣ .♦.❛❧ B (x)✱ ♦✉ ♣❛6
6❛♣♣♦6. ❛✉ ❝❤❛♠♣ ♠♦②❡♥✱ ♦✉ ❣❧♦❜❛❧✱ B0✱ 2❡❧♦♥ ❧✬=>✉❛.✐♦♥ ✭✷✳✺✮✱ ✈♦✐6❡ ❛✉ ❝❤❛♠♣ ❧♦❝❛❧
✭❝❢✳ ➓✽✮✳
❉❡ ♣❧✉2✱ ❧✬❡2♣❛❝❡ ❞❡2 ♣❤❛2❡2 >✉❡ ❝♦♥2.✐.✉❡♥. ❧❡2 ❝♦2✐♥✉2 ❞❡2 ❛♥❣❧❡2 ❞✬❛..❛>✉❡ ❡2.
❜♦6♥= R ❧✬✐♥.❡6✈❛❧❧❡ [−1, 1]✳ ■♥.=❣6❡6 2✉6 ❞❡2 .❡♠♣2 ❧♦♥❣2 ♥❡ ❞♦♥♥❡6❛✐. ❞♦♥❝ ♣❛2 ❧❛
❜♦♥♥❡ ✐♥❢♦6♠❛.✐♦♥ ❬✶✵✵❪✳
◆♦✉2 .❡♥.❡6♦♥2 ❞❡ ❞=✜♥✐6 ❞❡ ♠❛♥✐S6❡ ❝❧❛✐6❡ ❝❡ ♣❛6❛♠S.6❡✱ >✉✐ ❡2. .6S2 ✐♠♣♦6.❛♥.
♣♦✉6 ❧✬=.✉❞❡ ❞❡ ❧❛ ❞✐✛✉2✐♦♥ ❞❡2 ♣❛6.✐❝✉❧❡2 ❝❤❛6❣=❡2 ❬✽✱ ✶✵✻✱ ✶✵✽✱ ✶✵✺✱ ✶✵✶✱ ✾✼❪✳
✼✳✷✳✶ ❋♦♥❝(✐♦♥ ❞✬❛✉(♦✲❝♦//0❧❛(✐♦♥ C (τ)
❈❡..❡ >✉❛♥.✐.= ♣❡6♠❡. ❞❡ ❝❛❧❝✉❧❡6 ❧❡ .❡♠♣2 ❞❡ ❞✐✛✉2✐♦♥ TS ❞❡2 ♣❛6.✐❝✉❧❡2 2❡
♣6♦♣❛❣❡❛♥. ❞❛♥2 ✉♥ ❝❤❛♠♣ ♠❛❣♥=.✐>✉❡ .✉6❜✉❧❡♥.✳ ❈❡..❡ ❢♦♥❝.✐♦♥ ❡2. ❞=✜♥✐❡ ❝♦♠♠❡
✼✳✷✳ ▲❊ ❈❖❊❋❋■❈■❊◆❚ ❉❊ ❉■❋❋❯❙■❖◆ ❆◆●❯▲❆■❘❊ Dµµ ✶✹✸
❬✶✸❪
C (τ) =
〈µ (t)µ (t+ τ)〉
〈µ2 (t)〉 , ✭✼✳✼✮
♦* ❧❡- ♣❛0❡♥2❤4-❡- 〈·〉 ❞6✜♥✐--❡♥2 ❧❛ ♠♦②❡♥♥❡ -✉0 ❧❡ 2❡♠♣- ❡2 -✉0 ❧✬6❝❤❛♥2✐❧❧♦♥ ❞❡
♣❛02✐❝✉❧❡-✱ ❝✬❡-2✲@✲❞✐0❡ ♣♦✉0 ❧❡ ♥✉♠60❛2❡✉0 ❞✉ 2❡0♠❡ ❞❡ ❞0♦✐2❡ ❞❡ ❧✬6A✉❛2✐♦♥ ✭✼✳✼✮
〈µ (t)µ (t+ τ)〉 = 1
Np
Np∑
i=1
1
tf − τ
∫ tf−τ
t=0
dt µi (t)µi (t+ τ) , ✭✼✳✽✮
❡2 ♣♦✉0 ❧❡ ❞6♥♦♠✐♥❛2❡✉0
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C
(τ
)
t/tL
µ0 =0.1
µ0 =0.5
µ0 =1.0
❋✐❣✉$❡ ✼✳✾ ✕ C (τ) ♣♦✉0 ❞✐✛60❡♥2❡- ✈❛❧❡✉0- ❞❡ µ0 ❡♥ ❢♦♥❝2✐♦♥ ❞✉ 2❡♠♣- 0❛♣♣♦026 @ ❧❛
♣60✐♦❞❡ ❞❡ ❣✐0❛2✐♦♥ tL✱ ❞❡- ♣❛02✐❝✉❧❡- ❞✬6♥❡0❣✐❡ rL/L = 0.03✳ ▲❡ ❝✉❜❡ ❞❡ -✐♠✉❧❛2✐♦♥
L9W1B1P1C5 ❛ 626 ✉2✐❧✐-6✳
〈
µ2 (t)
〉
=
1
Np
Np∑
i=1
1
tf
∫ tf
t=0
dt µ2i (t) . ✭✼✳✾✮
❊♥ 0❡♠❛0A✉❛♥2 A✉❡ ❧❡ 2❡♠♣- ❞❡ ✜♥ ❞❡ -✐♠✉❧❛2✐♦♥ tf ❡-2 ❧❡ ♠L♠❡ ♣♦✉0 2♦✉2❡- ❧❡-
♣❛02✐❝✉❧❡-✱ ♦♥ ♣❡✉2 066❝0✐0❡ ❧❛ ❢♦♥❝2✐♦♥ ❞✬❛✉2♦❝♦006❧❛2✐♦♥ C (τ) ❝♦♠♠❡
C (τ) =
∑Np
i=1
1
1−τ/tf
∫ tf−τ
t=0
dt µi (t)µi (t+ τ)
∑Np
i=1
∫ tf
t=0
dt µ2i (t)
. ✭✼✳✶✵✮
✶✹✹ ❈❍❆#■❚❘❊ ✼✳ ❙■▼❯▲❆❚■❖◆❙ ◆❯▼➱❘■◗❯❊❙
▲❛ ❢♦&♠❡ ❞❡ ❧❛ ❢♦♥❝-✐♦♥ ❞✬❛✉-♦✲❝♦&&2❧❛-✐♦♥ 3✉✐- ✉♥❡ ❧♦✐ ❡①♣♦♥❡♥-✐❡❧❧❡ ❞❡ ❧❛ ❢♦&♠❡
C (τ) = e−τ/TS . ✭✼✳✶✶✮
❆✈❛♥- ❞❡ ♣♦✉&3✉✐✈&❡ ❧✬2-✉❞❡ ❞❡ ❧❛ ❢♦♥❝-✐♦♥ C (τ)✱ ❥❡ ♣❡✉① ❞✬♦&❡3 ❡- ❞2❥> ♣&2❞✐&❡
?✉❡ ❧❡ -❡♠♣3 ❞❡ ❞✐✛✉3✐♦♥ TS ❡3- ❢♦♥❝-✐♦♥ ❞❡ ❧✬❛♥❣❧❡ ❞✬❛--❛?✉❡✳ ❙✐ ♦♥ ❝♦♥3✐❞C&❡ ✉♥
❡♥3❡♠❜❧❡ ❞❡ ♣❛&-✐❝✉❧❡3 ❞❡ ♠E♠❡ 2♥❡&❣✐❡ ❡- ❞✬❛♥❣❧❡ ❞✬❛--❛?✉❡ µ0 > ✉♥ ✐♥3-❛♥- t = 0✱
♦♥ ♣❡✉- ❝❛❧❝✉❧❡& ❧❛ ❞2♣❡♥❞❛♥❝❡ ❞❡ ❝❡ -❡♠♣3 ❞❡ ❞✐✛✉3✐♦♥ ❛✈❡❝ ❧❡3 ❛♥❣❧❡3 ❞✬❛--❛?✉❡✳
▲❛ ✜❣✉&❡ ✼✳✾ -&❛❝❡ ❧✬2✈♦❧✉-✐♦♥ ❞❡ ❧❛ ❢♦♥❝-✐♦♥ ❞✬❛✉-♦✲❝♦&&2❧❛-✐♦♥ ❡♥ ❢♦♥❝-✐♦♥ ❞❡ τ ✱
♣♦✉& ❞✐✛2&❡♥-❡3 ✈❛❧❡✉&3 ❞❡ µ0✱ ♣♦✉& ❞❡3 ♣❛&-✐❝✉❧❡3 ❞❡ &❛②♦♥ ❞❡ ▲❛&♠♦& rL/L = 0.03✱
♣♦✉& ❧❛ 3✐♠✉❧❛-✐♦♥ ✶✸✱ L9W1B1P1C5 ✭❝❢✳ ✹✳✶✮✳
▲❛ ✜❣✉&❡ ✼✳✾ ♥♦✉3 ♠♦♥-&❡ ?✉❡ ❧❛ ❞✐✛✉3✐♦♥ ♣♦✉& ❞❡3 ♣❛&-✐❝✉❧❡3 ✐♥✐-✐❛❧❡♠❡♥- ♣&♦❝❤❡3
❞❡ µ0 = 0 ❡3- ♣❧✉3 ❡✣❝❛❝❡✱ ♣✉✐3?✉❡ ❧❛ ❢♦♥❝-✐♦♥ ❞2❝&♦L- ♣❧✉3 &❛♣✐❞❡♠❡♥-✳ ❖♥ &❡♠❛&?✉❡
2❣❛❧❡♠❡♥- ?✉❡ C (τ) ❡3- -&C3 ✢✉❝-✉❛♥-❡ ♣♦✉& ❧❡3 2❝❤❛♥-✐❧❧♦♥3 ♦O µ0 < 0.8✳ ▲❛ ♠❡3✉&❡
❞❡ ❧❛ ❞✐✛✉3✐♦♥ ❛♥❣✉❧❛✐&❡ ❞♦✐- 3❡ ❢❛✐&❡ ♣♦✉& ❞❡3 -❡♠♣3 ❝♦✉&-3✱ ❞❡ ♣&2❢2&❡♥❝❡ ❛✈❛♥- ❧❡3
✈❛&✐❛-✐♦♥3 ❞❡ ❧❛ ❢♦♥❝-✐♦♥ ❞✬❛✉-♦✲❝♦&&2❧❛-✐♦♥✳ ❈♦♠♠❡ ❧❡ ♠♦♥-&❡♥- ❧❡3 ✜❣✉&❡3 ✼✳✾✱ ✐❧
❡3- ❞✐✣❝✐❧❡ ❞❡ -&♦✉✈❡& ✉♥ -❡♠♣3 3✉✣3❛♠♠❡♥- ❧♦♥❣ ♣♦✉& ?✉❛♥-✐✜❡& ❧❡ ❝♦❡✣❝✐❡♥- ❞❡
❞✐✛✉3✐♦♥✳ ❈✬❡3- ❞❛♥3 ❝❡--❡ ♦♣-✐?✉❡ ?✉❡ ❧✬♦♥ ❞2✈❡❧♦♣♣❡&❛ ❧❡ ❝&✐-C&❡ ❞❡ ❧❛ 3❡❝-✐♦♥ ✼✳✷✳✷
✼✳✷✳✷ ❈$✐&'$❡ ❞❡ ✧❇❡$❡,♥②❛❦✧
▲❛ ❞2✜♥✐-✐♦♥ ❞✉ ❝♦❡✣❝✐❡♥- ❞❡ ❞✐✛✉3✐♦♥ ❛♥❣✉❧❛✐&❡ ❡3- ❡①♣&✐♠2❡ > ♣❛&-✐& ❞❡ ❧❛
❢♦&♠✉❧❛-✐♦♥ ❞❡ ❚❛②❧♦&✲●&❡❡♥✲❑✉❜♦ ✭❚●❑✮
Dµµ =
∫ ∞
0
ds 〈µ̇ (s) µ̇ (0)〉 ,
=
1
2
d
dt
〈
(µ (t)− µ0)2
〉
, ✭✼✳✶✷✮
♦O ❧❡ ♣❛33❛❣❡ ❞❡ ❧❛ ♣&❡♠✐C&❡ ❧✐❣♥❡ > ❧❛ 3❡❝♦♥❞❡ ❡3- ✈❛❧❛❜❧❡ ❞❛♥3 ❧❛ ❧✐♠✐-❡ ♦O t ❡3- 3✉❢✲
✜3❛♠♠❡♥- ❧♦♥❣ ♣♦✉& ?✉❡ ❧❡3 ❞❡✉① ❡①♣&❡33✐♦♥3 ❞❡✈✐❡♥♥❡♥- ❝♦♥3-❛♥-❡3✱ ✐♥❞2♣❡♥❞❛♥-❡3
❞✉ -❡♠♣3 ❬✽✾✱ ✶✵✵❪✳
❯♥❡ -&♦✐3✐C♠❡ ❡①♣&❡33✐♦♥✱ ❝❡❧❧❡ ?✉❡ ❧✬♦♥ ✉-✐❧✐3❡&❛ ❞❛♥3 ❧✬❡♥3❡♠❜❧❡ ❞❡ ❝❡--❡ -❤C3❡✱
❞2❥> ♠❡♥-✐♦♥♥2❡ ❛✉ -&❛✈❡&3 ❧✬2?✉❛-✐♦♥ ✭✻✳✹✼✮✱
Dµµ (µ, t) =
〈
(µ (t)− µ0)2
〉
2t
, ✭✼✳✶✸✮
❡3- 2❣❛❧❡♠❡♥- ✈❛❧❛❜❧❡ ❞❛♥3 ❧❛ ❧✐♠✐-❡ ❞❡3 ❣&❛♥❞3 t✳ ❈❡♣❡♥❞❛♥-✱ ❧❛ ❧✐♠✐-❡ t → ∞ ❞♦♥✲
♥❡&❛✐- ✉♥❡ ✈❛&✐❛-✐♦♥ ♠♦②❡♥♥❡ ∆µ ❞❡ ❧✬♦&❞&❡ ❞❡ ❞❡✉①✱ ♣✉✐3?✉❡ ❧✬❡3♣❛❝❡ ❞❡3 µ ❡3- ❜♦&♥2
> ❧✬✐♥-❡&✈❛❧❧❡ [−1, 1]✱ ❡- ?✉❡ ❧❡3 ❝♦3✐♥✉3 ❞❡3 ❛♥❣❧❡3 ❞✬❛--❛?✉❡ 3✉❜✐33❡♥- ✉♥ ♣&♦❝❡33✉3
❞✬✐3♦-&♦♣✐3❛-✐♦♥ ❛✉ ❢✉& ❡- > ♠❡3✉&❡ ❞❡ ❧❛ ❞✐✛✉3✐♦♥ ❞❡3 ♣❛&-✐❝✉❧❡3 ❬✶✵✶❪✳ ❈❡❧❛ 3✐❣♥✐✜❡
?✉✬> ❞❡3 -❡♠♣3 3✉✣3❛♠♠❡♥- ❧♦♥❣3✱ ❧❡ ❝♦❡✣❝✐❡♥- ❞❡ ❞✐✛✉3✐♦♥ ❛♥❣✉❧❛✐&❡ Dµµ 3❡&❛
-♦✉❥♦✉&3 ❞♦♠✐♥2 ♣❛& ❧❡ -❡&♠❡ ❡♥ 1/t✱ ❡- ❝❡ ?✉❡❧❧❡ ?✉❡ 3♦✐- ❧❛ ❢♦&♠✉❧❡ ✉-✐❧✐32❡✳
✼✳✷✳ ▲❊ ❈❖❊❋❋■❈■❊◆❚ ❉❊ ❉■❋❋❯❙■❖◆ ❆◆●❯▲❆■❘❊ Dµµ ✶✹✺
▲❛ ❜♦♥♥❡ ♠❛♥✐+,❡ ❞❡ ♣,♦❝0❞❡, ❡12 ❞❡ ❝♦♥1✐❞0,❡, ✉♥ 2❡♠♣1 1✉✣1❛♠♠❡♥2 ❧♦♥❣ ♣♦✉,
7✉❡ ❧✬♦♥ ❛✐2 ♣❡,❞✉ ❧❡1 ❝♦♥❞✐2✐♦♥1 ✐♥✐2✐❛❧❡1✱ ♠❛✐1 0❣❛❧❡♠❡♥2 1✉✣1❛♠♠❡♥2 ❝♦✉,2 ♣♦✉,
♥❡ ♣❛1 :2,❡ ❞♦♠✐♥0 ♣❛, ❧✬❤②♣❡,❜♦❧❡ ❡♥ t ❬✽✱ ✶✵✺✱ ✶✵✵❪✳
❈✬❡12 ❞❛♥1 ❝❡ ❝♦♥2❡①2❡ 7✉❡ ❧✬♦♥ ✐♥2,♦❞✉✐2 ❧❛ 7✉❛♥2✐20
BC (t) =
〈
(µ (t)− µ0)2
〉
, ✭✼✳✶✹✮
7✉❡ ❥✬❛♣♣❡❧❡,❛✐ ❧❡ ❝,✐2+,❡ ❞❡ ❇❡,❡1♥②❛❦ ❬✽❪✳ ❆✉ ♠:♠❡ 2✐2,❡ 7✉❡ ❧❛ ❢♦♥❝2✐♦♥ ❞✬❛✉2♦✲
❝♦,,0❧❛2✐♦♥ C (τ)✱ ❝❡22❡ 7✉❛♥2✐20 ❞♦✐2 ♥♦✉1 ,❡♥1❡✐❣♥❡, 1✉, ❧✬✐♥12❛♥2 ❞❡ ✜♥ ❞❡ 1✐♠✉❧❛✲
2✐♦♥✱ ❛✉✲❞❡❧N ❞✉7✉❡❧ ❧❛ ❧✐♠✐2❡ ♥✉♠0,✐7✉❡ ❞❡ ❧✬07✉❛2✐♦♥ ✭✼✳✶✷✮ ❞❡✈✐❡♥2 ✐♥❝♦,,❡❝2❡✳ ❊♥
1✉✐✈❛♥2 ❧❡1 ,❡❝♦♠♠❡♥❞❛2✐♦♥1 ❞❡ ❬✽❪✱ ❥✬✐♠♣♦1❡,❛✐ ❛✉ ❝,✐2+,❡ ❞❡ ❇❡,❡1♥②❛❦ ✉♥❡ ♣❧❛❣❡
❞❡ ✈❛❧❡✉,✱ ❡♥2,❡ 10−2 ❡2 10−1 ♣♦✉, 2❡,♠✐♥❡, ❧❛ 1✐♠✉❧❛2✐♦♥ ✭✜❣✉,❡ ✼✳✶✵ ❡2 ✼✳✶✶✮✳ ◆0❛♥✲
♠♦✐♥1✱ ❝❡2 ❛1♣❡❝2 ❡12 1✉✣1❛♠♠❡♥2 ✐♠♣♦,2❛♥2 ♣♦✉, ♠0,✐20 ✉♥❡ 02✉❞❡ ♣❛,2✐❝✉❧✐+,❡✱
❛❜♦,❞0❡1 ♣❛, ❬✶✵✵❪✱ ❡2 ❢❡,❛ ❧✬♦❜❥❡2 ❞❡ ❢✉2✉,❡1 ✐♥✈❡12✐❣❛2✐♦♥1✳
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rL=0.03
rL=0.06
rL=0.09
❋✐❣✉$❡ ✼✳✶✵ ✕ ❈,✐2+,❡ ❞❡ ❇❡,❡1♥②❛❦ ❡♥ ❢♦♥❝2✐♦♥ ❞✉ 2❡♠♣1 ♥♦,♠❛❧✐10 N ❧❛ ♣0,✐♦❞❡
❞❡ ❣✐,❛2✐♦♥ tL✳ ❉✐✛0,❡♥2❡1 0♥❡,❣✐❡1 1♦♥2 ,❡♣,01❡♥20❡1✱ ❧❡ ♥♦♠❜,❡ 2♦2❛❧ ❞❡ ♣❛,2✐❝✉❧❡1
♣♦✉, ❝❤❛❝✉♥❡ ❞❡ ❝❡1 0♥❡,❣✐❡1 ❡12 105✳
❈❡♣❡♥❞❛♥2✱ ❧❛ 1❡❝2✐♦♥ ♣,0❝0❞❡♥2❡ ♥♦✉1 ♠♦♥2,❡ 7✉❡ ❧❡1 ❛♥❣❧❡1 ❞✬❛22❛7✉❡ 2❡❧1 7✉❡
❧❡1 µ 1♦✐❡♥2 ♣❧✉1 ♣,♦❝❤❡1 ❞❡ ③0,♦ ❞✐✛✉1❡♥2 ♣❧✉1 ✈✐2❡ ❞❛♥1 ❧✬❡1♣❛❝❡ ❞❡1 ♣❤❛1❡1✳ ❉❛♥1
❧❛ ✜❣✉,❡ ✼✳✶✶✱ ❥❡ 2,❛❝❡ ❧✬0✈♦❧✉2✐♦♥ 2❡♠♣♦,❡❧❧❡ ❞✉ ❝,✐2+,❡ ❞❡ ❇❡,❡1♥②❛❦✱ ♣♦✉, ❞✐✛0,❡♥21
µ0✱ ❡2 ♦♥ ✈♦✐2 7✉❡ ❧✬✐♥2❡,✈❛❧❧❡ ❞❡ 2❡♠♣1 ♣❡✉2 ❝❤❛♥❣❡, ❞✬✉♥ ❢❛❝2❡✉, ✶✵✳ ▲❡1 ❧✐❣♥❡1
❤♦,✐③♦♥2❛❧❡1 ❝♦,,❡1♣♦♥❞❡♥2 N ❧✬✐♥2❡,✈❛❧❧❡ ❞❡ ✜♥ ❞❡ 1✐♠✉❧❛2✐♦♥✳ ❖♥ ✈♦✐2 ❞❛♥1 ❝❡22❡
✜❣✉,❡ 7✉❡ ❝❡ 1♦♥2 ❧❡1 ♣❛,2✐❝✉❧❡1 ❞♦♥2 ❧❡1 ❛♥❣❧❡1 ❞✬❛22❛7✉❡ 1♦♥2 ♣,♦❝❤❡1 ❞❡ 90 deg
✶✹✻ ❈❍❆#■❚❘❊ ✼✳ ❙■▼❯▲❆❚■❖◆❙ ◆❯▼➱❘■◗❯❊❙
#✉✐ ✈♦♥) ❝♦♥)+,❧❡+ ❧❛ ❞✐✛✉2✐♦♥ ❞❛♥2 ❧✬❡2♣❛❝❡ ❞❡2 ♣❤❛2❡2✳ ❯♥❡ ♣❛+)✐❝✉❧❡ ❛✈❡❝ ✉♥ ❛♥❣❧❡
❞✬❛))❛#✉❡ ♥✉❧✱ µ = 1✱ ❛✉+❛ )❡♥❞❛♥❝❡ : 2✉✐✈+❡ ❧❛ ❧✐❣♥❡ ❞❡ ❝❤❛♠♣ ♠❛❣♥<)✐#✉❡ 2✉+
❧❛#✉❡❧❧❡ ❡❧❧❡ 2❡ )+♦✉✈❡✱ ❡) ❞♦♥❝ ❞✐✛✉2❡+ ❞❡ ♠❛♥✐=+❡ ❧❡♥)❡✱ ❝✬❡2) ♣♦✉+#✉♦✐ C(τ) ❡2)
♣❧✉2 ❧✐22❡ : µ0 = 1✳ ❯♥❡ ✐❧❧✉2)+❛)✐♦♥ ❞❡ ❝❡ ♣❤<♥♦♠=♥❡ ❡2) ♣+♦♣♦2<❡ 2✉+ ❧❛ ✜❣✉+❡ ✼✳✶✷✳
▲❡ )❡♠♣2 ❞❡ ✜♥ ❞❡ 2✐♠✉❧❛)✐♦♥ ♣♦✉+ ❧❡2 ❝❛❧❝✉❧2 ❞✉ Dµµ 2❡+❛ ❞♦♥❝ ❞<)❡+♠✐♥< ♣❛+ ❧❡
❝+✐)=+❡ ❞❡ ❇❡+❡2♥②❛❦✱ ❡) ❥✬<)✉❞✐❡+❛✐ ❧✬✐♠♣❛❝) ❞❡ 2❛ ✈❛❧❡✉+ 2✉+ ❧❡ ❝♦❡✣❝✐❡♥) ❞❡ ❞✐✛✉2✐♦♥
❛♥❣✉❧❛✐+❡✳ ❘❡♠❛+#✉♦♥2 <❣❛❧❡♠❡♥) #✉❡ 2✐ ♦♥ +❛♣♣+♦❝❤❡ ❧❡2 ✜❣✉+❡2 ✼✳✶✶ ❡) ✼✳✾✱ : ✉♥
❝+✐)=+❡ ❞❡ ❇❡+❡2♥②❛❦ BCt = 0.05 ✭❧❛ ❝♦✉+❜❡ ❡♥ ♥♦✐+ 2✉+ ❧❛ ✜❣✉+❡ ✼✳✶✶✮✱ ❝♦++❡2♣♦♥❞
✉♥❡ ✈❛❧❡✉+ ❞❡ C (τ) = 0.95 ± 0.02 ♣♦✉+ µ ∈ [−1 : 1]✱ ❝❡ #✉✐ ❡2) ♣❧✉),) 2✉+♣+❡♥❛♥)✱
❧❛ ❢♦♥❝)✐♦♥ ❞✬❛✉)♦✲❝♦++<❧❛)✐♦♥ ♠❡2✉+❛♥) ❥✉2)❡♠❡♥) ❧❡2 ❝♦++<❧❛)✐♦♥2 ❛✉① ❝♦♥❞✐)✐♦♥2
✐♥✐)✐❛❧❡2✳ ■❧ 2❡♠❜❧❡+❛✐) #✉❡ t ❞♦✐✈❡ P)+❡ 2✉✣2❛♠♠❡♥) ❝♦✉+) ♣♦✉+ ♥❡ ♣❛2 2❡ )+♦✉✈❡+
❞❛♥2 ❧❛ ❝♦✉♣✉+❡ ❡①♣♦♥❡♥)✐❡❧❧❡ ❞❡ ❧❛ ❢♦♥❝)✐♦♥ ❞✬❛✉)♦✲❝♦++<❧❛)✐♦♥ C (τ)✳
▼❛✐♥)❡♥❛♥) #✉❡ ❥✬❛✐ ♣✉ ❞<)❡+♠✐♥❡+ ❧❛ ♣❧❛❣❡ )❡♠♣♦+❡❧❧❡ ❞❛♥2 ❧❛#✉❡❧❧❡ ✐♥)❡++♦♠♣+❡
❧❛ 2✐♠✉❧❛)✐♦♥✱ ❥❡ ♣❡✉① ♠✬✐♥)<+❡22❡+ : ❧✬✐♠♣❛❝) #✉✬❛✉+❛ ❝❡ )❡♠♣2 2✉+ ❧❡ ❧✐❜+❡ ♣❛+❝♦✉+2
♠♦②❡♥✳
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❋✐❣✉$❡ ✼✳✶✶ ✕ ❈+✐)=+❡ ❞❡ ❇❡+❡2♥②❛❦ ❡♥ ❢♦♥❝)✐♦♥ ❞✉ )❡♠♣2 ♥♦+♠❛❧✐2< : ❧❛ ♣<+✐♦❞❡
❞❡ ❣②+❛)✐♦♥ tL✳ ■❝✐✱ ❧✬<♥❡+❣✐❡ ❞❡2 ♣❛+)✐❝✉❧❡2 ❡2) ✜①<❡ : rL/L = 0.03✱ 2❡✉❧2 ❞✐✛=+❡♥)
❧❡2 ❛♥❣❧❡2 ❞✬❛))❛#✉❡ ✐♥✐)✐❛✉①✳ ▲❛ ❝♦✉+❜❡ ❡♥ ♥♦✐+ +❡♣+<2❡♥)❡ ❧❡ ❝+✐)=+❡ ❞❡ ❇❡+❡2♥②❛❦
✧)♦)❛❧✧✱ ❝✬❡2)✲:✲❞✐+❡ ❝❡❧✉✐ ❝❛❧❝✉❧< ♣♦✉+ ❧✬❡♥2❡♠❜❧❡ ❞❡2 ♣❛+)✐❝✉❧❡2✳
✼✳✷✳ ▲❊ ❈❖❊❋❋■❈■❊◆❚ ❉❊ ❉■❋❋❯❙■❖◆ ❆◆●❯▲❆■❘❊ Dµµ ✶✹✼
 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
t/tL
µ
 0.01  0.1  1  10
-1
-0.8
-0.6
-0.4
-0.2
 0
 0.2
 0.4
 0.6
 0.8
 1
 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
t/tL
µ
 0.01  0.1  1  10
-1
-0.8
-0.6
-0.4
-0.2
 0
 0.2
 0.4
 0.6
 0.8
 1
 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9
 1
t/tL
µ
 0.01  0.1  1  10
-1
-0.8
-0.6
-0.4
-0.2
 0
 0.2
 0.4
 0.6
 0.8
 1
❋✐❣✉$❡ ✼✳✶✷ ✕ ❊✈♦❧✉+✐♦♥ +❡♠♣♦1❡❧❧❡ ❞✬✉♥❡ ❞✐4+1✐❜✉+✐♦♥✱ ✐♥✐+✐❛❧❡♠❡♥+ ❞❡ ❉✐1❛❝✱ ❞❛♥4
❧✬❡4♣❛❝❡ ❞❡4 ♣❤❛4❡4 ❞❡4 µ✳ ❊♥ ❤❛✉+✱ ❧❛ ❞✐4+1✐❜✉+✐♦♥ ❡4+ µ0 = 0 ❀ ❛✉ ♠✐❧✐❡✉ µ0 = 0.5
❡+ ❡♥ ❜❛4 µ0 = 1✳ ❖♥ ✈♦✐+ ✐❝✐ =✉❡ ❧❛ ❞✐✛✉4✐♦♥ ❡4+ ♣❧✉4 ❡✣❝❛❝❡ 4✉1 ✉♥ ❧❛♣4 ❞❡ +❡♠♣4
❞♦♥♥@ ♣♦✉1 ❞❡4 ♣❛1+✐❝✉❧❡4 ❛✈❡❝ ✉♥ ❢❛✐❜❧❡ µ✳
✼✳✷✳✸ ❉%♣❡♥❞❛♥❝❡, ❞✉ Dµµ ❡. ❞✉ ❧✐❜2❡ ♣❛2❝♦✉2, ♠♦②❡♥
❉❛♥4 +♦✉+❡ ❧❛ 4✉✐+❡ ❞❡ ❝❡ ♣❛1❛❣1❛♣❤❡✱ ❥✬✉+✐❧✐4❡1❛✐ ✉♥❡ 4✐♠✉❧❛+✐♦♥ 5123 ❡+ ✉♥❡ ❢♦1❝❡
❞❡ +✉1❜✉❧❡♥❝❡ MA = 0.58✳
✶✹✽ ❈❍❆#■❚❘❊ ✼✳ ❙■▼❯▲❆❚■❖◆❙ ◆❯▼➱❘■◗❯❊❙
▲❡% &'✉❞❡% ♣+&❝&❞❡♥'❡% ❬✶✵✺✱ ✽❪ ❝❛❧❝✉❧❡♥' ❧✬❡①♣+❡%%✐♦♥ ❞✉ ❝♦❡✣❝✐❡♥' ❞❡ ❞✐✛✉%✐♦♥
❛♥❣✉❧❛✐+❡ < ♣❛+'✐+ ❞❡ ♣❧✉%✐❡✉+% +&❛❧✐%❛'✐♦♥% ✐♥❞&♣❡♥❞❛♥'❡% ❛②❛♥' ❞❡% ❞✐%'+✐❜✉'✐♦♥%
❞❡ ❉✐+❛❝ ❝♦♠♠❡ ❝♦♥❞✐'✐♦♥% ✐♥✐'✐❛❧❡%✳ ❊♥ +❡❝♦♥%'+✉✐%❛♥' ❧❡ ❝♦❡✣❝✐❡♥' ❞❡ ❞✐✛✉%✐♦♥
❛♥❣✉❧❛✐+❡ < ♣❛+'✐+ ❞✉ +&%✉❧'❛' ❞❡ ❧❡✉+% %✐♠✉❧❛'✐♦♥%✱ ❧❡% ❛✉'❡✉+% ♦♥' ❝❛❧❝✉❧& ✉♥ ❧✐❜+❡
♣❛+❝♦✉+% ♠♦②❡♥ ❛%%♦❝✐& < ✉♥ ❝+✐'C+❡ ❞❡ ❇❡+❡%♥②❛❦ ❞♦♥♥&✳
❙✐ ❧❡% ❝♦♥❞✐'✐♦♥% ✐♥✐'✐❛❧❡% ❝♦♥%✐%'❡♥' ❡♥ ✉♥❡ ❞✐%'+✐❜✉'✐♦♥ ❤♦♠♦❣C♥❡ ❞❛♥% ❧✬✐♥'❡+✈❛❧❧❡
[−1, 1]✱ ❧❡ ❝♦❡✣❝✐❡♥' Dµµ %❡+❛ ❞✐✛&+❡♥' ✭❝❢✳ ✜❣✉+❡ ✼✳✶✸✮✱ ♣✉✐%O✉❡ ❧❡ ❝+✐'C+❡ ❞❡ ❇❡✲
+❡%♥②❛❦ ♣+❡♥❞+❛ ❡♥ ❝♦♠♣'❡ ❧❡% ♣❛+'✐❝✉❧❡% O✉❡❧% O✉❡ %♦✐❡♥' ❧❡✉+% ❛♥❣❧❡% ❞✬❛''❛O✉❡
✐♥✐'✐❛✉①✳ ❈♦♠♠❡ ❥❡ ♥❡ '+❛✈❛✐❧ O✉✬❛✈❡❝ ❞❡% ❞✐%'+✐❜✉'✐♦♥% ✐♥✐'✐❛❧❡% ❤♦♠♦❣C♥❡% ❞❛♥%
❧✬❡%♣❛❝❡ ❞❡% µ✱ ❥✬❛✐ %❡❣♠❡♥'& ❝❡' ❡%♣❛❝❡ ❡♥ ✧❜✐♥✧ ❞❡ µ0✳
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❋✐❣✉$❡ ✼✳✶✸ ✕ ❈♦❡✣❝✐❡♥' ❞❡ ❞✐✛✉%✐♦♥ ❛♥❣✉❧❛✐+❡ +❛♣♣♦+'& < ❧❛ ♣✉❧%❛'✐♦♥ %②♥❝❤+♦'+♦♥
Dµµ/Ω ❡♥ ❢♦♥❝'✐♦♥ ❞❡ µ✱ ♣♦✉+ ❞❡% ♣❛+'✐❝✉❧❡% ❞✬&♥❡+❣✐❡ rL/L = 0.03✳ ▲❛ ❝♦✉+❜❡
❞✐%❝♦♥'✐♥✉❡ ✈❡+'❡ ❝♦++❡%♣♦♥❞ < ❧❛ ♠&'❤♦❞❡ ♦U ❧❡% ♣❛+'✐❝✉❧❡% %❡ ♣+♦♣❛❣❡♥' ❞✉+❛♥' ✉♥
'❡♠♣% &❣❛❧✳ ▲❛ ❧✐❣♥❡ ❝♦♥'✐♥✉❡ +♦✉❣❡ +❡♣+&%❡♥'❡ ❧❡% +&%✉❧'❛'% ♦❜'❡♥✉% ♣❛+ ❧❛ ♠&'❤♦❞❡
♦U ❧❡% ♣❛+'✐❝✉❧❡% %♦♥' +&♣❛+'✐❡% ❞❛♥% ❞❡% ✧❜✐♥%✧ ❞❡ µ0✱ ❝❤❛❝✉♥ ❞❡% ❜✐♥% %❡ ♣+♦♣❛❣❡❛♥'
✉♥ '❡♠♣% O✉✐ ❧✉✐ ❡%' ♣+♦♣+❡✳
❈♦♥%✐❞&+♦♥% ❞♦♥❝ ✉♥❡ ❞✐%'+✐❜✉'✐♦♥ ❤♦♠♦❣C♥❡ ❡♥ µ < t = 0✳ ❙✐ Nbin ❡%' ❧❡ ♥♦♠❜+❡
❞❡ ❜✐♥% O✉✐ %❡❣♠❡♥'❡♥' ❧❛ ❞✐%'+✐❜✉'✐♦♥ ✐♥✐'✐❛❧❡✱ ❛❧♦+% np,i = Np/Nbin ❡%' ❧❡ ♥♦♠❜+❡
❞❡ ♣❛+'✐❝✉❧❡% ❞❛♥% ❧❡ ❜✐♥ i✳ ❉❡ ❝❡''❡ ❢❛V♦♥✱ ❥❡ ❝♦♥'+W❧❡ ♣♦✉+ ❝❤❛O✉❡ ❜✐♥ ❧❛ ✈❛❧❡✉+ ❞✉
✼✳✷✳ ▲❊ ❈❖❊❋❋■❈■❊◆❚ ❉❊ ❉■❋❋❯❙■❖◆ ❆◆●❯▲❆■❘❊ Dµµ ✶✹✾
❝$✐&'$❡ ❞❡ ❇❡$❡+♥②❛❦ ❛++♦❝✐1 BCi✱ ❡&✱ 3 ❝❤❛5✉❡ ✐♥+&❛♥&✱ +✐ ❧❛ ✈❛❧❡✉$ ❞❡ BCi ❞❛♥+ ❧❡
❜✐♥ i ❡+& ✐♥❢1$✐❡✉$❡ 3 ❧❛ ✈❛❧❡✉$ ❝♦♥+✐❣♥❡ ❞❡ 10−1✱ ❥❡ ❝❛❧❝✉❧❡ ❧❡ ❝♦❡✣❝✐❡♥& ❞❡ ❞✐✛✉+✐♦♥
❛♥❣✉❧❛✐$❡ ❛++♦❝✐1 3 ❝❡ ❜✐♥✳
❈♦♠♠❡ ❧❡ ♠♦♥&$❡ ❧❛ ✜❣✉$❡ ✼✳✶✶✱ ❧❡ &❡♠♣+ ❞❡ ❞✐✛✉+✐♦♥ ❞❡+ ♣❛$&✐❝✉❧❡+ +❡$❛ ❞1♣❡♥✲
❞❛♥& ❞✉ ❜✐♥ ❞❛♥+ ❧❡5✉❡❧ ❡❧❧❡+ +♦♥& ♣❧❛❝1❡+✳ ▲❛ ✜❣✉$❡ ✼✳✶✸ ❝♦♠♣❛$❡ ❧❡+ ❝♦❡✣❝✐❡♥&+
❞❡ ❞✐✛✉+✐♦♥ ❛♥❣✉❧❛✐$❡ ♦❜&❡♥✉+ ❛✈❡❝ ❧❛ ♠1&❤♦❞❡ ❞❡ ❧✬1❝❤❛♥&✐❧❧♦♥♥❛❣❡ ❡♥ µ0✱ ❡& ❧❛ ♠1✲
&❤♦❞❡ ❝♦♥+✐+&❛♥& 3 ♣$❡♥❞$❡ &♦✉&❡+ ❧❡+ ♣❛$&✐❝✉❧❡+ ♣♦✉$ ❧❡ ❝❛❧❝✉❧ ❞❡ BC✳ ▲✬1♥❡$❣✐❡ ❞❡+
♣❛$&✐❝✉❧❡+ ❡+& ✐❝✐ ✜①1❡ 3 rL/L = 0.03✳ ▲❡+ ♣❛$&✐❝✉❧❡+ ❛✈❡❝ ✉♥ ❛♥❣❧❡ ❞✬❛&&❛5✉❡ ♣$♦❝❤❡
❞❡ 90✝❞✐✛✉+❡♥& ♣❧✉+ ✈✐&❡ 5✉❡ ❝❡❧❧❡+ +✐&✉1❡+ +✉$ ❧❡+ ❛♥❣❧❡+ ❢❛✐❜❧❡+✳ ❈❡❝✐ ❡①♣❧✐5✉❡ ❧❛
❞✐✛1$❡♥❝❡ ❞❡ ♣$♦✜❧ ❡♥&$❡ ❧❡+ ❞❡✉① ♠1&❤♦❞❡+ $❡♣$1+❡♥&1❡+ ✜❣✉$❡ ✼✳✶✸✳
▲❛ ❞✐✛1$❡♥❝❡ ✈✐❡♥& +✉$ ❧❡+ ✧❛✐❧❡+✧ ❞✉ ❝♦❡✣❝✐❡♥& ❞❡ ❞✐✛✉+✐♦♥ ❛♥❣✉❧❛✐$❡✱ ♣♦✉$ |µ| >
0.5✳ ❈❡& ❡✛❡& ❞❡✈$❛✐& ♥1❛♥♠♦✐♥+ ❛✈♦✐$ ❞❡ ❢❛✐❜❧❡+ ❝♦♥+15✉❡♥❝❡+ +✉$ ❧❛ ✈❛❧❡✉$ ❞✉ ❧✐❜$❡
♣❛$❝♦✉$+ ♠♦②❡♥ λ‖✱ ♣✉✐+5✉✬✐❧ ❡+& ❝❛❧❝✉❧1 3 ♣❛$&✐$ ❞✉ ❝♦❡✣❝✐❡♥& ❞❡ ❞✐✛✉+✐♦♥ ❛♥❣✉❧❛✐$❡
Dµµ ♣❛$ ❧❛ $❡❧❛&✐♦♥ ✭✻✳✹✽✮ ❞♦♥& ❥❡ $❛♣♣❡❧❧❡ ✐❝✐ ❧✬❡①♣$❡++✐♦♥
λ‖ =
3v
8
∫ 1
0
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(1− µ2)2
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▲❡ ♥✉♠1$❛&❡✉$ ❞❡ ♠❡♠❜$❡ ❞❡ ❞$♦✐&❡ ❞❡ ❝❡&&❡ 15✉❛&✐♦♥ &❡♥❞ 3 ❛♥♥✉❧❡$ ❧❡+ ❝♦♥&$✐❜✉✲
&✐♦♥+ 3 µ = 1✱ ♣♦✉$ ❞❡+ ❝♦♠♣♦$&❡♠❡♥&+ +&❛♥❞❛$❞+ ❞❡ Dµµ✳ ▲❛ ✜❣✉$❡ ✼✳✶✹ &$❛❝❡ ❧✬1✈♦✲
❧✉&✐♦♥ ❞❡+ ❧✐❜$❡+ ♣❛$❝♦✉$+ ♠♦②❡♥+ ♦❜&❡♥✉+ 3 ♣❛$&✐$ ❞❡+ ❞❡✉① ♠1&❤♦❞❡+✳ ▲❛ 5✉❡+&✐♦♥
+❡ ♣♦+❡ ❛❧♦$+ ❞✬❡❧❧❡✲♠Q♠❡ ✿ ♣♦✉$ 5✉❡❧❧❡ ✈❛❧❡✉$ ❞❡ BC ❞♦✐&✲♦♥ +&♦♣♣❡$ ❧❛ +✐♠✉❧❛&✐♦♥ ❄
❊& +✐ ♦♥ ❝♦♥+❡$✈❡ ❧❛ ♣$❡♠✐'$❡ ♠1&❤♦❞❡✱ ❧❡ ❧✐❜$❡ ♣❛$❝♦✉$+ ♠♦②❡♥ +❡$❛ ❡♥&$❡ 1.2 ❡& 2 ❢♦✐+
♣❧✉+ 1❧❡✈1 5✉✬❛✈❡❝ ❧❛ +❡❝♦♥❞❡ ♠1&❤♦❞❡✱ ❡& ✐❧ ❢❛✉& ❞1❝✐❞❡$ ❞✉ ♠♦♠❡♥& ♦U ✐♥&❡$$♦♠♣$❡
❧❛ +✐♠✉❧❛&✐♦♥✱ ♣❛$ ❡①❡♠♣❧❡ ❧♦$+5✉❡ ❧✬1❝❛$& ❡♥&$❡ ❧❡+ ❞❡✉① ♠1&❤♦❞❡+ ❡+& ❧❡ ♣❧✉+ ❢❛✐❜❧❡✱
❝✬❡+&✲3✲❞✐$❡ 3 BC = 0.05✳
❏❡ ❞♦♥♥❡ 1❣❛❧❡♠❡♥& ❧✬❡①❡♠♣❧❡ ♣♦✉$ ✉♥❡ +✐♠✉❧❛&✐♦♥ ♦U ❧❡+ ♣❛$&✐❝✉❧❡+ +♦♥& +✐① ❢♦✐+
♣❧✉+ 1♥❡$❣1&✐5✉❡+ +✉$ ❧❡+ ✜❣✉$❡+ ✼✳✶✺ ❡& ✼✳✶✻✳ ❙✉$ ❝❡+ ✜❣✉$❡+✱ ❥❡ $❡♠❛$5✉❡ 5✉❡ ❧❡+
♣❛$&✐❝✉❧❡+ ♥✬♦♥& ♣❛+ ❞❡ ❧✐❜$❡ ♣❛$❝♦✉$+ ♠♦②❡♥ ♣❧✉+ 1❧❡✈1✱ ❛❧♦$+ 5✉❡ ❧❡✉$ 1♥❡$❣✐❡ ❡+& +✐①
❢♦✐+ ♣❧✉+ 1❧❡✈1❡✳ ▲❛ ❞✐+❝✉++✐♦♥ ❞❡ ❝❡&&❡ ♦❜+❡$✈❛&✐♦♥ +❡$❛ ❢❛✐&❡ ❞❛♥+ ❧❡ ♣❛$❛❣$❛♣❤❡ ✼✳✸✳
X❛$ ❝♦♥&$❡✱ ❧✬1❝❛$& ❡♥&$❡ ❧❡+ ❞❡✉① ♠1&❤♦❞❡+ ❡+& ✐♥❢1$✐❡✉$ 3 ❝❡❧✉✐ ♣♦✉$ ❧❡+ ♣❛$&✐❝✉❧❡+ ❞❡
❜❛++❡ 1♥❡$❣✐❡✳ ▲✬1❝❛$& $❡❧❛&✐❢ ❡♥&$❡ ❧❡+ ❞❡✉① ♠1&❤♦❞❡+ ❡+& ✐❝✐ ❛✉ ♠❛①✐♠✉♠ ❞❡ 10%✳
❏✬✉&✐❧✐+❡$❛✐ ❧❛ ♠1&❤♦❞❡ ❞❡ ❧✬1❝❤❛♥&✐❧❧♦♥♥❛❣❡ ❡♥ µ0 ♣♦✉$ ❞1&❡$♠✐♥❡$ ❧❡ ❝♦❡✣❝✐❡♥&
❞❡ ❞✐✛✉+✐♦♥ ❛♥❣✉❧❛✐$❡✱ ❛✜♥ ❞❡ ♠❡ $❛♣♣$♦❝❤❡$ ❧❡ ♣❧✉+ ♣♦++✐❜❧❡ ❞❡+ ♣$1❝1❞❡♥&+ $1+✉❧&❛&+
❬✽✱ ✶✵✺❪✳ ❈❡♣❡♥❞❛♥&✱ ❧✬❡$$❡✉$ ❛++♦❝✐1❡ 3 ❧❛ ❞1&❡$♠✐♥❛&✐♦♥ ❞✉ ❧✐❜$❡ ♣❛$❝♦✉$+ ♠♦②❡♥ ❡+&
❛✉❣♠❡♥&1❡ 3 ❝❛✉+❡ ❞❡ ❧✬✐♥❝❡$&✐&✉❞❡ +✉$ ❧❛ ✈❛❧❡✉$ ❞✉ ❝$✐&'$❡ ❞❡ ❇❡$❡+♥②❛❦ 3 ❛❞♦♣&❡$
♣♦✉$ +&♦♣♣❡$ ❧❛ +✐♠✉❧❛&✐♦♥✳ ❯♥❡ ❞❡+❝$✐♣&✐♦♥ ❞1&❛✐❧❧1❡ ❞❡ ❧✬❡$$❡✉$ ❞❡ ♠❡+✉$❡ +❡$❛
❧✬♦❜❥❡& ❞✉ ♣❛$❛❣$❛♣❤❡ ✼✳✷✳✹
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❋✐❣✉$❡ ✼✳✶✹ ✕ ❊♥ ❤❛✉,✱ .✈♦❧✉,✐♦♥ ,❡♠♣♦6❡❧❧❡ ❞✉ ❧✐❜6❡ ♣❛6❝♦✉6: ♠♦②❡♥ ♣❛6❛❧❧<❧❡
λ‖ ♣♦✉6 ❞❡: ♣❛6,✐❝✉❧❡: ❞✬.♥❡6❣✐❡ rL/L = 0.03✳ ▲❡: ♣♦✐♥,: 6❡♣6.:❡♥,❡♥, ❧❡: ♠❡:✉6❡:
♣♦✉6 ❧❡:@✉❡❧❧❡: BC(t) ∈ [10−2, 10−1]✳ ❊♥ ❜❛:✱ ❧❡ ❧✐❜6❡ ♣❛6❝♦✉6: ♠♦②❡♥ ♣❛6❛❧❧<❧❡ ❛✈❡❝ ❧❛
♠.,❤♦❞❡ ❞❡ ❧✬.❝❤❛♥,✐❧❧♦♥♥❛❣❡ ❡♥ µ0 ✭,6❛✐, 6♦✉❣❡✮ ❡♥ ❢♦♥❝,✐♦♥ ❞✉ ❝6✐,<6❡ ❞❡ ❇❡6❡:♥②❛❦✳
▲❡: ♣♦✐♥,: ❡♥ ❜❧❡✉ 6❡♣6.:❡♥,❡♥, ❧❡ ❧✐❜6❡ ♣❛6❝♦✉6: ♠♦②❡♥ F ❞❡: ❝6✐,<6❡: ❞❡ ❇❡6❡:♥②❛❦
❞.,❡6♠✐♥.: F ♣❛6,✐6 ❞❡ ❧❛ ,♦,❛❧✐,. ❞❡: ♣❛6,✐❝✉❧❡:✳ ▲❡ 6❛♣♣♦6, ❞❡: ❞❡✉① ♠.,❤♦❞❡:✱ ❡♥
♣♦✐♥,✐❧❧.: ✈❡6,✱ ♣❡✉, ❛,,❡✐♥❞6❡ ✉♥❡ ✈❛❧❡✉6 ❞❡ ✷✳
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❋✐❣✉$❡ ✼✳✶✺ ✕ ❊♥ ❤❛✉*✱ ,✈♦❧✉*✐♦♥ *❡♠♣♦4❡❧❧❡ ❞✉ ❝4✐*74❡ ❞❡ ❇❡4❡9♥②❛❦✳ ❊♥ ❜❛9✱ ❝♦❡❢✲
✜❝✐❡♥* ❞❡ ❞✐✛✉9✐♦♥ ❛♥❣✉❧❛✐4❡ 4❛♣♣♦4*, B ❧❛ ♣✉❧9❛*✐♦♥ 9②♥❝❤4♦*4♦♥ Dµµ/Ω ❡♥ ❢♦♥❝*✐♦♥
❞❡ µ✳ ❆ ♥♦✉✈❡❛✉✱ ❧❛ ♠,*❤♦❞❡ ❞❡ ❧✬,❝❤❛♥*✐❧❧♦♥♥❛❣❡ ❡♥ µ0 ,❧❛4❣✐* ❧❡9 ❛✐❧❡9 ❞✉ ❝♦❡✣❝✐❡♥*
❞❡ ❞✐✛✉9✐♦♥✳ ▲❡9 ♣❛4*✐❝✉❧❡9 ♦♥* ✉♥ 4❛②♦♥ ❞❡ ▲❛4♠♦4 rL/L = 0.186✳
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❋✐❣✉$❡ ✼✳✶✻ ✕ ❊♥ ❤❛✉,✱ .✈♦❧✉,✐♦♥ ,❡♠♣♦6❡❧❧❡ ❞✉ ❧✐❜6❡ ♣❛6❝♦✉6: ♠♦②❡♥ ♣❛6❛❧❧<❧❡
λ‖ ♣♦✉6 ❞❡: ♣❛6,✐❝✉❧❡: ❞❡ 6❛②♦♥ ❞❡ ▲❛6♠♦6 rL/L = 0.186✳ ▲❡: ♣♦✐♥,: 6❡♣6.:❡♥,❡♥,
❧✬✐♥,❡6✈❛❧❧❡ ❞❡ ,❡♠♣: ❞❛♥: ❧❡?✉❡❧ BC(t) ∈ [10−2, 10−1]✳ ❊♥ ❜❛:✱ ❧✐❜6❡ ♣❛6❝♦✉6: ♠♦②❡♥
♣❛6❛❧❧<❧❡ ❛✈❡❝ ❧❛ ♠.,❤♦❞❡ ❞❡ ❧✬.❝❤❛♥,✐❧❧♦♥♥❛❣❡ ❡♥ µ0 ✭,6❛✐, 6♦✉❣❡✮ ❡♥ ❢♦♥❝,✐♦♥ ❞✉
❝6✐,<6❡ ❞❡ ❇❡6❡:♥②❛❦✳ ▲❡: ♣♦✐♥,: ❝♦66❡:♣♦♥❞❡♥, ❛✉ ❧✐❜6❡ ♣❛6❝♦✉6: ♠♦②❡♥ ❞.,❡6♠✐♥.
F ♣❛6,✐6 ❞✉ ❝6✐,<6❡ ❞❡ ❇❡6❡:♥②❛❦ ,♦,❛❧✳ ▲❡ 6❛♣♣♦6, ❞❡: ❞❡✉① ♠.,❤♦❞❡: ✭,6❛✐, ✈❡6,✮✱
♥♦✉: ♠♦♥,6❡ ?✉❡ ❧❡ 6❛♣♣♦6, ❞❡: 6.:✉❧,❛,: ❡♥,6❡ ❧❡: ❞❡✉① ♠.,❤♦❞❡: ♥❡ ❞.♣❛::❡ ♣❛:
10%✳
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❖♥ ♣❡✉( )❡ ❞❡♠❛♥❞❡- .✉❡❧❧❡ ♠0(❤♦❞❡ ❡)( ❧❛ ❜♦♥♥❡ ♣♦✉- ❡)(✐♠❡- ❧❡ ❧✐❜-❡ ♣❛-❝♦✉-)
♠♦②❡♥✳ ■❧ )❡♠❜❧❡ .✉❡ ❧❛ ♠0(❤♦❞❡ ❞❡ ❧✬0❝❤❛♥(✐❧❧♦♥♥❛❣❡ ❡♥ µ0 ❛✐( ❞❡ ❜♦♥) ❛-❣✉♠❡♥()✳
❊♥ ❡✛❡(✱ )✐ ♦♥ ❝❤❡-❝❤❡ ❧❡ ❧✐❜-❡ ♣❛-❝♦✉-) ♠♦②❡♥✱ ❛❧♦-) ❧❡) ❞♦♥♥0❡) (❡♠♣♦-❡❧❧❡) ♥✬♦♥(
♣❛) ❞✬✐♠♣♦-(❛♥❝❡✳ ❈❡ .✉✐ ✐♠♣♦-(❡✱ ❝✬❡)( ❧❛ ❞✐)(❛♥❝❡ ♠♦②❡♥♥❡ ❛✉✲❞❡❧@ ❞❡ ❧❛.✉❡❧❧❡
❧❛ (-❛❥❡❝(♦✐-❡ ❞❡) ♣❛-(✐❝✉❧❡) ❡)( )✉✣)❛♠♠❡♥( ❞0✈✐0❡✳ ❖-✱ ❞0(❡-♠✐♥❡- ❧❡ ❧✐❜-❡ ♣❛-✲
❝♦✉-) ♠♦②❡♥ @ ♣❛-(✐- ❞✉ ❝♦❡✣❝✐❡♥( ❞❡ ❞✐✛✉)✐♦♥ ❛♥❣✉❧❛✐-❡ ✐♠♣❧✐.✉❡ .✉❡ (♦✉) ❧❡) ❜✐♥)
❝♦♥)(✐(✉❛♥( ❧✬❡)♣❛❝❡ ❞❡) µ0 ❛✐❡♥( ❛((❡✐♥( ❧❡ ❝-✐(D-❡ ❞❡ ❞✐✛✉)✐♦♥✱ ❞♦♥♥0 ♣❛- ❧❡ ❝-✐(D-❡
❞❡ ❇❡-❡)♥②❛❦ BC✳
❉❛♥) ❧❡) ♣❛-❛❣-❛♣❤❡) ✼✳✸✱ ✼✳✹ ❡( ✼✳✺✱ ❥✬✉(✐❧✐)❡-❛✐✱ ♣♦✉- ✈0-✐✜❝❛(✐♦♥✱ ❧❛ ♣-❡♠✐D-❡
♠0(❤♦❞❡✱ @ )❛✈♦✐- ❝❡❧❧❡ ❝♦♥)✐)(❛♥( @ 0❝❤❛♥(✐❧❧♦♥♥❡- ❧✬❡)♣❛❝❡ ❞❡) µ0✱ ♣♦✉- ❝❛❧❝✉❧❡- ❧❡
❧✐❜-❡ ♣❛-❝♦✉-) ♠♦②❡♥ ♣❛-❛❧❧D❧❡✳
✼✳✷✳✹ ■♥❝❡()✐)✉❞❡- ❞❡ ♠❡-✉(❡
▲❡ ♣❛-❛❣-❛♣❤❡ ✻✳✹ ♥♦✉) ❛ ♣❡-♠✐) ❞✬❛♣♣-0❤❡♥❞❡- ❧❡) ❞✐✛0-❡♥(❡) )♦✉-❝❡) ❞✬❡--❡✉-
.✉✐ ✐♥✢✉❡♥( )✉- ❧❡ -0)✉❧(❛( ❞✉ ❧✐❜-❡ ♣❛-❝♦✉-) ♠♦②❡♥✱ @ )❛✈♦✐- ❧❡ ♥♦♠❜-❡ ❞❡ ♣❛-(✐❝✉❧❡)✱
❧❛ -0)♦❧✉(✐♦♥ ♥✉♠0-✐.✉❡✱ ❧❡ ♥♦♠❜-❡ ❞❡ -0❛❧✐)❛(✐♦♥) (✉-❜✉❧❡♥(❡) ❡( ❧❛ ♠0(❤♦❞❡ ❞✬✐♥✲
(❡-♣♦❧❛(✐♦♥✳
▲❡ ♣❛-❛❣-❛♣❤❡ ✼✳✷ ♥♦✉) ❛ 0❣❛❧❡♠❡♥( ♠♦♥(-0 .✉❡ )✐ ❧❡ ❧✐❜-❡ ♣❛-❝♦✉-) ♠♦②❡♥ ♣❛✲
-❛❧❧D❧❡ λ‖ ❡)( ❞0(❡-♠✐♥0 @ ♣❛-(✐- ❞✉ ❝♦❡✣❝✐❡♥( ❞❡ ❞✐✛✉)✐♦♥ ❛♥❣✉❧❛✐-❡ Dµµ✱ ✉♥❡ )♦✉-❝❡
❞✬❡--❡✉- )✉♣♣❧0♠❡♥(❛✐-❡ ❞♦✐( O(-❡ ❛((-✐❜✉0❡ )✉- ❧❡ ❝-✐(D-❡ ❞❡ ❇❡-❡)♥②❛❦ ❝♦♥)✐❞0-0✳ ❊♥
❡✛❡(✱ ❥❡ ♠❡ )✉✐) ❧✐♠✐(0 @ BC = 0.05✱ ♠❛✐) ✐❧ ❡)( ❞✐✣❝✐❧❡ ❞❡ ♣-0(❡♥❞-❡ .✉❡ ❝✬❡)( ❧❛
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❈❤❛❝✉♥❡ ❞❡) )✐♠✉❧❛(✐♦♥) ▼❍❉ ❛ 0(0 ❝♦♥)(✐(✉0❡ ❞❡ ✺ )♥❛♣)❤♦()✱ (♦✉) ❛②❛♥( ❧❡✉-
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❋✐❣✉$❡ ✼✳✶✾ ✕ ❙♣❡❝',❡& ❞✬6♥❡,❣✐❡ ❝✐♥6'✐=✉❡ ,❡❞,❡&&6& ❡♥ k5/3 ♣♦✉, ❧❡& &✐♠✉❧❛'✐♦♥&
L9W1B1P1C5 ❡' L8W1B1P1C5 ❡♥ ❢♦♥❝'✐♦♥ ❞✉ ♠♦❞❡ ❞✬♦♥❞❡ ❦✳ ❏✬❛✐ ♣❧❛❝6 ❧❡& ♣❛,✲
'✐❝✉❧❡& &✉✐✈❛♥' ❧❛ ,❡❧❛'✐♦♥ k = r−1L &✉, ❧❡& &♣❡❝',❡& ♣♦✉, &✐'✉❡, ❧❡✉,& ✐♥'❡,❛❝'✐♦♥&
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▼❍❉✳ ◆♦✉& ❛✈♦♥& ♣❧❛❝6 &✉, ❧❛ ✜❣✉,❡ ❧✬❡♥&❡♠❜❧❡ ❞❡& kres✱ ❞6✜♥✐' ❝♦♠♠❡ rL/L =
k−1res/L✳ ▲❛ ✜❣✉,❡ ✼✳✷✵ ♥♦✉& ♠♦♥',❡ =✉❡ ❧❡ ❧✐❜,❡ ♣❛,❝♦✉,& ♠♦②❡♥ ♣❛,❛❧❧P❧❡ ❡&' ❝♦♥&'❛♥'
❛✈❡❝ ❧✬6♥❡,❣✐❡ &✉, ❧✬❡♥&❡♠❜❧❡ ❞❡ ❧❛ ③♦♥❡ ✐♥❡,'✐❡❧❧❡ ❞✉ &♣❡❝',❡✱ ♣♦✉, ❧❡& &✐♠✉❧❛'✐♦♥& ♦@
MA < 0.7 ✭&✐♠✉❧❛'✐♦♥& ✶✱ ✷✱ ✺✱ ✻ ❡' ✼ ❞✉ '❛❜❧❡❛✉ ✹✳✶✮✳ ◆♦✉& ,❡♠❛,=✉♦♥& '♦✉'❡❢♦✐&
✉♥❡ ❝❛&&✉,❡ ❛✉'♦✉, ❞❡ rL/L = 0.1 ❞✉❡ ❛✉ ❢❛✐' =✉❡ ❧❡& ♣❛,'✐❝✉❧❡& ❞❡ ❤❛✉'❡ 6♥❡,❣✐❡
&✉❜✐&&❡♥' ♠♦✐♥& ❧✬❡✛❡' ❞❡& ♣❡'✐'❡& 6❝❤❡❧❧❡&✳ ❈❡& ,6&✉❧'❛'& &♦♥' ❝♦❤6,❡♥'& ❛✈❡❝ ❝❡✉①
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♣,♦❝❤❡ 6❣❛❧❡♠❡♥' ❞❡ ❧❛ ③♦♥❡ ❞❡ ❢♦,W❛❣❡✱ ❝❡ =✉✐ ✐♥❞✉✐' ✉♥❡ ✐♥❝❡,'✐'✉❞❡ &✉♣♣❧6♠❡♥'❛✐,❡
=✉❛♥' < ❧✬❡✛❡' &✉, ❧❡ ❧✐❜,❡ ♣❛,❝♦✉,& ♠♦②❡♥✳ ❈✬❡&' ♣♦✉,=✉♦✐ ❥❡ ♠❡ &✉✐& ❧✐♠✐'6 < ✉♥
,❛②♦♥ ❞❡ ▲❛,♠♦, ♠❛①✐♠✉♠ < rL/L = 0.186✳
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F♦✉2 ✜♥✐2✱ ❥❡ -2❛❝❡ ❧✬=✈♦❧✉-✐♦♥ ❞✉ ❧✐❜2❡ ♣❛2❝♦✉27 ♠♦②❡♥ λ‖ ❡♥ ❢♦♥❝-✐♦♥ ❞✉ ♥♦♠❜2❡
❞❡ ♠❛❝❤ ❛❧❢✈=♥✐J✉❡✱ 2❡♣2=7❡♥-❛♥- ❧❡ ♥✐✈❡❛✉ ❞❡ -✉2❜✉❧❡♥❝❡✳
❏✬✉-✐❧✐7❡2❛✐ ♣♦✉2 ❝❡❧❛ ❧❡7 7✐♠✉❧❛-✐♦♥7 ♣♦2-❛♥- ❧❡7 ♥✉♠=2♦7 7, 8, 11, 12, 13 ❡- 14 ❞❛♥7
❧❡ -❛❜❧❡❛✉ ✹✳✶✳ ❏✬❛✐ ❢❛✐- ♣2♦♣❛❣❡2 ❞✐✛=2❡♥-❡7 =♥❡2❣✐❡7 ❞❡ ♣❛2-✐❝✉❧❡7✱ ♣♦✉2 ✈♦✐2 ❧✬✐♠♣❛❝-
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)*❛♥#♣♦*)✳ ❈❡ )*❛✈❛✐❧ ❛ 1)1 ♣*1#❡♥)1 = ❧❛ ❝♦♥❢1*❡♥❝❡ ❈❘■❙▼ ✷✵✶✹✱ ❡) ❡#) ❛##♦❝✐1 ❡♥
✜♥ ❞❡ ❝❤❛♣✐)*❡ ✭❈♦❤❡) ❡) ▼❛*❝♦✇✐)❤ ✷✵✶✹✮✳
✽✳✶ ♣$♦♣❛❣❛(✐♦♥ ❞❛♥, ❧❡, ❝❤❛♠♣, ❧♦❝❛✉①
❥✬❛✐ ✉)✐❧✐#1 ❧❛ ♠1)❤♦❞❡ ❞❡ ❝❛❧❝✉❧ ❞❡# ❝❤❛♠♣# ❧♦❝❛✉① ✭❝❢✳ ➓✺✳✹✮✱ ❞♦♥) ❥❡ *❛♣♣❡❧❧❡
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Bσ (x) =
∫∫∫
V
d3x′B (x′) exp
(
−|x
′ − x|2
σ2
)
, ✭✽✳✶✮
#✉* ❧❛ #✐♠✉❧❛)✐♦♥ L8W1B1P1C5 ♣♦✉* ♣❧✉#✐❡✉*# ✈❛❧❡✉*# ❞❡ σ
σ = {2, 3, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 25, 30, 34, 42, 64} . ✭✽✳✷✮
❉✬❛♣*M# ❧✬19✉❛)✐♦♥ ✭✽✳✶✮✱ ♣❧✉# σ ❡#) 1❧❡✈1✱ ♣❧✉# ❧❡# ✢✉❝)✉❛)✐♦♥# #♦♥) ❞❡ ❣*❛♥❞❡#
1❝❤❡❧❧❡#✳ ❆ ❧✬✐♥✈❡*#❡✱ ♣❧✉# ❝❡ ♣❛*❛♠M)*❡ ❡#) ♣❡)✐)✱ ♣❧✉# ❧❡ ❝❤❛♠♣ ❧♦❝❛❧ #❡ *❛♣♣*♦❝❤❡
❞✉ ❝❤❛♠♣ )✉*❜✉❧❡♥) ♦*✐❣✐♥❛❧✱ ❝♦♠♣*❡♥❛♥) )♦✉)❡# ❧❡# 1❝❤❡❧❧❡# ❞❡ ✢✉❝)✉❛)✐♦♥#✳
▲❛ ❧✐♠✐)❡ ♦R σ = 0 )*❛♥#❢♦*♠❡ ❧✬❡①♣♦♥❡♥)✐❡❧❧❡ ❞❡ ❧✬19✉❛)✐♦♥ ✭✽✳✶✮ ❡♥ ✉♥❡ ❞✐#)*✐❜✉)✐♦♥
❞❡ ❉✐*❛❝✱ ♠❡♥❛♥)✱ ❛♣*M# ✐♥)1❣*❛)✐♦♥✱ = ❧❛ *❡❧❛)✐♦♥
Bσ (x) = B (x) . ✭✽✳✸✮
❉❛♥# ❧❛ ❧✐♠✐)❡ ♦R σ ❡#) ❣*❛♥❞✱ ❧✬❡①♣♦♥❡♥)✐❡❧❧❡ )❡♥❞ ✈❡*# ❧✬✉♥✐)1✱ ❡) ♦♥ *❡)*♦✉✈❡ ❧❛
*❡❧❛)✐♦♥ ❞✉ ❝❛❧❝✉❧ ❞✉ ❝❤❛♠♣ ♠♦②❡♥
Bσ (x) = B0. ✭✽✳✹✮
❆ ❧✬❛✐❞❡ ❞❡ ❝❡# ❝❤❛♠♣#✱ ♥♦✉# ❞1✜♥✐##♦♥# ❧❡ ❝❤❛♠♣ ♠♦②❡♥ ✢✉❝)✉❛♥) bσ✱ 9✉✐ ❡#)
)❡❧ 9✉❡
bσ (x) = B (x)−Bσ (x) . ✭✽✳✺✮
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❖♥ ❢❛✐( ♠❛✐♥(❡♥❛♥( ♣,♦♣❛❣❡, Np = 10
5
♣❛,(✐❝✉❧❡2 ❞✬5♥❡,❣✐❡ rL/L = 25/256 ∼ 0.1
(❛✐❧❧❡ ❞❡ ❝✉❜❡ ❞❛♥2 ❧❡2 ❝❤❛♠♣2 ♠❛❣♥5(✐8✉❡2 ❧♦❝❛✉① (✉,❜✉❧❡♥(2✱ ❞5✜♥✐2 ♣❛, ❧✬58✉❛(✐♦♥
✭✽✳✺✮✳ ▲❛ ❢♦,❝❡ ❞❡ ▲♦,❡♥(③ 2✉❜✐❡ ♣❛, ❧❡2 ♣❛,(✐❝✉❧❡2 ❡2( ♠❛✐♥(❡♥❛♥(
fσ = q · vp × bσ. ✭✽✳✻✮
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♦C µσi ❡+0 ❧❡ ❝♦+✐♥✉+ ❞❡ ❧✬❛♥❣❧❡ ❞✬❛00❛D✉❡ ❞❡ ❧❛ ♣❛&0✐❝✉❧❡ i ♣&✐+❡ ♣❛& &❛♣♣♦&0 ❛✉ ❝❤❛♠♣
♠❛❣♥40✐D✉❡ ♠♦②❡♥ Bσ 0❡❧ D✉❡
µσi =
vp,i.Bσ (xp,i)
vp,iBσ (xp,i)
. ✭✽✳✾✮
▲❛ ✜❣✉&❡ ✽✳✶ ♥♦✉+ ❞♦♥♥❡ ✉♥❡ ✐♥❢♦&♠❛0✐♦♥ ♥♦0❛❜❧❡ +✉& ❧❛ ❢♦&♠❡ ❞✉ ❝♦❡✣❝✐❡♥0 ❞❡
❞✐✛✉+✐♦♥ ❛♥❣✉❧❛✐&❡✳ ❙✐ ♦♥ ❝♦♠♣❛&❡ ❧❡+ 0&♦✐+ ❝♦✉&❜❡+ ❧❡+ ♣❧✉+ ♣&♦❝❤❡+ ❞✉ Dµµ ❞❛♥+ ❧❡
❝❤❛♠♣ 0♦0❛❧ ✭❧✐❣♥❡ ❡♥ ❣&❛+ ❝♦♥0✐♥✉❡ &♦✉❣❡✮✱ ❝♦&&❡+♣♦♥❞❛♥0 6 σ ≤ 5✱ ♦♥ +✬❛♣❡&;♦✐0
D✉❡ ❧❡ ♣&♦✜❧ ❞✉ ❝♦❡✣❝✐❡♥0 ❞❡ ❞✐✛✉+✐♦♥ ❛♥❣✉❧❛✐&❡ ✧+✬❛♣❧❛0✐0✧✱ ❝✬❡+0✲6✲❞✐&❡ D✉✬6 µ = 0✱
❧✬❛♠♣❧✐0✉❞❡ ❞✉ Dµµ ❡+0 ❞✐✈✐+4❡ ♣❛& ✉♥ ❢❛❝0❡✉& 0&♦✐+✱ ❛❧♦&+ D✉❡ +❛ ✈❛❧❡✉& 6 µ = 1
♥✬❡+0 ♣❛+ ❛✛❡❝04❡ ♣❛& ❧❡ ✜❧0&❛❣❡✳ ❖♥ ❧✬✐♥0❡&♣&M0❡ ❝♦♠♠❡ 40❛♥0 ❧❛ ❝♦♥0&✐❜✉0✐♦♥ 6 ❧❛
&4+♦♥❛♥❝❡ ❞✉ ❚❚❉ D✉✐ ❞✐♠✐♥✉❡✱ ❛❧♦&+ D✉❡ ❝❡❧✉✐ ❧✐4 6 ❧✬✐♥0❡&❛❝0✐♦♥ ❞❡ ❣②&♦✲&4+♦♥❛♥❝❡
♥❡ ❝❤❛♥❣❡ ♣❛+ +♦✉+ ❧✬❡✛❡0 ❞✉ ✜❧0&❛❣❡✳ ❈❡0 ❡✛❡0 ♠♦♥0&❡ D✉❡ ❧✬✐♥0❡&❛❝0✐♦♥ ❚❚❉✱ ❞♦♥0
❧❡ ♣&✐♥❝✐♣❡ ❡+0 +✐♠✐❧❛✐&❡ 6 ✉♥ ♠✐&♦✐& ♠❛❣♥40✐D✉❡ ♣♦✉& ❧❡+ ♣❛&0✐❝✉❧❡+✱ ❡+0 0&M+ ❡✣❝❛❝❡
+✉& ❧❡+ ♣❡0✐0❡+ 4❝❤❡❧❧❡+✳
▲❛ +❡❝♦♥❞❡ ❡①♣4&✐❡♥❝❡ ❝♦♥+✐+0❡ 6 ❢❛✐&❡ ♣&♦♣❛❣❡& ❧❡+ ♣❛&0✐❝✉❧❡+ ❞❛♥+ ❧❡+ ❝❤❛♠♣+
❧♦❝❛✉① ❡✉①✲♠Q♠❡+✳ ❈❡00❡ ❡①♣4&✐❡♥❝❡✱ &4+✉♠4❡ ✜❣✉&❡ ✽✳✷✱ ❢❛✐0 ✐♥0❡&✈❡♥✐& ❛✉0❛♥0 ❞❡
+✐♠✉❧❛0✐♦♥+ D✉✬✐❧ ② ❛ ❞❡ σ✱ ❞4✜♥✐+ ♣❛& ❧✬4D✉❛0✐♦♥ ✭✽✳✷✮✳ S♦✉& ❝❤❛❝✉♥❡ ❞❡ ❝❡+ +✐♠✉❧❛✲
0✐♦♥+✱ ❥✬❛✐ ✐♥❥❡❝04 105 ♣❛&0✐❝✉❧❡+ ❞❡ ❢❛;♦♥ 6 ♦❜0❡♥✐& ✉♥❡ ❞✐+0&✐❜✉0✐♦♥ ❡♥ µσ ❝♦♥+0❛♥0❡
+✉& ❧✬✐♥0❡&✈❛❧❧❡ [−1 ; 1]✳ ❆ ❧✬✐++✉❡ ❞❡+ +✐♠✉❧❛0✐♦♥+✱ ♦♥ ♣&♦❝M❞❡ ❛✉ ❝❛❧❝✉❧ ❞✉ Dµσµσ ❞❡
❧❛ ♠Q♠❡ ❢❛;♦♥ D✉❡ ❞❛♥+ ❧✬❡①♣4&✐❡♥❝❡ ♣&4❝4❞❡♥0❡✳
▲❛ ✜❣✉&❡ ✽✳✷ &❡♣&4+❡♥0❡ ❧❡+ &4+✉❧0❛0+ ♦❜0❡♥✉+ ♣❛& ❝❡00❡ ❞4♠❛&❝❤❡✳ ■❧ ❡♥ &❡++♦&0 D✉❡
❧✬❛♠♣❧✐0✉❞❡ ❣4♥4&❛❧❡ ❞✉ ❝♦❡✣❝✐❡♥0 ❞❡ ❞✐✛✉+✐♦♥ ❛♥❣✉❧❛✐&❡ ❞✐♠✐♥✉❡ 6 ♠❡+✉&❡ D✉❡ σ
❛✉❣♠❡♥0❡✳ ❈❡0 ❡✛❡0 ❡+0 ♣❛&❢❛✐0❡♠❡♥0 ♥♦&♠❛❧✱ ♣✉✐+D✉❡ ❞❛♥+ ❧❛ ❧✐♠✐0❡ ♦C σ ❡+0 ❣&❛♥❞✱
❧❡ ❝❤❛♠♣ ♠❛❣♥40✐D✉❡ ♠♦②❡♥ ❞❡✈✐❡♥0 ❝♦♥+0❛♥0✱ ❡0 ❧❡ ❧✐❜&❡ ♣❛&❝♦✉&+ ♠♦②❡♥ ♣❛&❛❧❧M❧❡
✐♥✜♥✐✳ ■❧ ❛♣♣❛&❛V0 D✉✬❛✉✲❞❡❧6 ❞❡ σ ∼ 8 − 10✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥40✐D✉❡ ✜❧0&4 ♣❡&❞ ❞❡
❧✬❡✣❝❛❝✐04 +✉& ❧❛ ❞✐✛✉+✐♦♥ ❛✉① ❣&❛♥❞+ ❛♥❣❧❡+ ❞✬❛00❛D✉❡ µ ∼ 0✳
❙✐ ♦♥ ❝♦♠♣❛&❡ ❧❡+ 0&♦✐+ ❝♦✉&❜❡+ ❧❡+ ♣❧✉+ ♣&♦❝❤❡+ ❞✉ Dµµ ❞❛♥+ ❧❡ ❝❤❛♠♣ 0♦0❛❧ ✭❧✐❣♥❡
❡♥ ❣&❛+ ❝♦♥0✐♥✉❡ &♦✉❣❡✮✱ ❝♦&&❡+♣♦♥❞❛♥0 0♦✉❥♦✉&+ 6 σ ≤ 5✱ ♦♥ +✬❛♣❡&;♦✐0 D✉❡ ❧❡ ♣&♦✜❧
❞✉ ❝♦❡✣❝✐❡♥0 ❞❡ ❞✐✛✉+✐♦♥ ❛♥❣✉❧❛✐&❡ ✧+✬❛♣❧❛0✐0✧ ✿ ❧❛ ❝♦♥0&✐❜✉0✐♦♥ 6 ❧❛ &4+♦♥❛♥❝❡ ❞✉
❚❚❉ ❞✐♠✐♥✉❡ ♣❧✉+ &❛♣✐❞❡♠❡♥0 D✉❡ ❝❡❧❧❡ ❞❡ ♥❛0✉&❡ ❣✐&❛0♦✐&❡ +♦✉+ ❧✬❡✛❡0 ❞✉ ✜❧0&❛❣❡✱
0&❛❞✉✐0 ♣❛&
Dµµ
Dσ=4µσµσ
=
{
3 si µ = 0
2 si µ = ±1 . ✭✽✳✶✵✮
✶✼✹ ❈❍❆#■❚❘❊ ✽✳ ❈❍❆▼#❙ ▲❖❈❆❯❳
❯♥ ❛✉'(❡ ♣❤,♥♦♠/♥❡ ♣❡✉' 0'(❡ (❡❧❡✈, ❡♥ ❝♦♠♣❛(❛♥' ❧❡4 ✜❣✉(❡4 ✽✳✶ ❡' ✽✳✷ ✿ ♣♦✉(
σ = 16 ✭❝♦✉(❜❡ ❡♥ ♣♦✐♥'✐❧❧, ♥♦✐( 4✉( ❧❡4 ❞❡✉① ✜❣✉(❡4✮✱ ❝♦((❡4♣♦♥❞❛♥' B ❧✬,❝❤❡❧❧❡
k = 256/16 = 16✳ ❊♥ 4✐'✉❛♥' ❝❡''❡ ,❝❤❡❧❧❡ 4✉( ❧❡ 4♣❡❝'(❡ ❛44♦❝✐, B ❧❛ 4✐♠✉❧❛'✐♦♥
L8W1B1P1C5 ✭✜❣✉(❡ ✼✳✷✵✮✱ ♦♥ 4✬❛♣❡(F♦✐' G✉❡ ❝❡''❡ ,❝❤❡❧❧❡ ❝♦((❡4♣♦♥❞ B ♣❡✉ ❞❡ ❝❤♦4❡
♣(/4 B ❧❛ ❢(,G✉❡♥❝❡ ❞❡ ❝♦✉♣✉(❡ ❞✉ 4♣❡❝'(❡ ▼❍❉ ♣♦✉( ❝❡''❡ 4✐♠✉❧❛'✐♦♥✳
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❋✐❣✉$❡ ✽✳✷ ✕ ❈♦❡✣❝✐❡♥' ❞❡ ❞✐✛✉4✐♦♥ ❛♥❣✉❧❛✐(❡ (❛♣♣♦(', B ❧❛ ♣,(✐♦❞❡ ❞❡ ❣✐(❛'✐♦♥
Dµµ/Ω ❡♥ ❢♦♥❝'✐♦♥ ❞❡ µ B ✉♥ ❝(✐'/(❡ ❞❡ ❇❡(❡4♥②❛❦ BC = 5 × 10−2✳ ▲❛ ❝♦✉(❜❡ ❡♥
❣(❛4 ❡' '(❛✐' ♣❧❡✐♥ (♦✉❣❡ ❡4' ❧❡ (,4✉❧'❛' ❞✉ ❝♦❡✣❝✐❡♥' ❞❡ ❞✐✛✉4✐♦♥ ❛♥❣✉❧❛✐(❡ ♣♦✉( ✉♥❡
♣(♦♣❛❣❛'✐♦♥ ❞❛♥4 ❧❡ ❝❤❛♠♣ '♦'❛❧ ❡' ✉♥ ❝(✐'/(❡ ❞❡ ❇❡(❡4♥②❛❦ BC = 0.05✳
▲♦(4G✉❡ σ = 16✱ ❧❡ ♣(♦✜❧ ❞✉ ❝♦❡✣❝✐❡♥' ❞❡ ❞✐✛✉4✐♦♥ ❞❡ ❧❛ ✜❣✉(❡ ✽✳✶ ❡4' ♠✐♥✐♠✉♠✳
❆✉✲❞❡❧B✱ ❧❡ ❝♦❡✣❝✐❡♥' ❞❡ ❞✐✛✉4✐♦♥ ❛✉❣♠❡♥'❡ ❥✉4G✉✬B 4❡ 4'❛❜✐❧✐4❡( ❞❛♥4 ❧❛ ❧✐♠✐'❡ ♦W
Bσ = B0✳ ❉❛♥4 ❧❛ ✜❣✉(❡ ✽✳✷✱ σ = 16 ❝♦((❡4♣♦♥❞ ❛✉ ♣(♦✜❧ ❝♦♠♣❧/'❡♠❡♥' ♣❧❛' 4✉( ❧✬✐♥✲
'❡(✈❛❧❧❡ |µ| ∈ [0 ; 0.6]✳ ❆✉✲❞❡❧B✱ ❧❛ ❢♦(♠❡ ❣,♥,(❛❧❡ ❞✉ ❝♦❡✣❝✐❡♥' ❞❡ ❞✐✛✉4✐♦♥ ❝❤❛♥❣❡ ✿
❧❡ ♠❛①✐♠✉♠ ❞✉ Dµµ 4❡ ❞,♣❧❛❝❡ 4✉( ❧❡4 ♣♦✐♥'4 ♦W |µ| = 0.6✳ ▲❛ ✜❣✉(❡ ✼✳✽ ♥♦✉4 ♠♦♥'(❡
G✉❡ ❝✬❡4' '②♣✐G✉❡♠❡♥' ❧❡ ♣(♦✜❧ ❞✬✉♥❡ ✐♥'❡(❛❝'✐♦♥ ❣②(♦✲(,4♦♥❛♥'❡ ❬✶✵✺❪✳ ❯♥❡ ❡①♣❧✐❝❛✲
'✐♦♥ ❞❡ ❝❡ (,4✉❧'❛' ❡4' G✉❡ ❧✬✐♥'❡(❛❝'✐♦♥ ❞❡ '②♣❡ ❚❚❉ ♥✬❛ ♣❛4 ❞✬,❝❤❡❧❧❡ ♣(✐✈✐❧,❣✐,❡
❬✽❪✳ ❊♥ ✜❧'(❛♥'✱ ❧❛ ❝♦♥'(✐❜✉'✐♦♥ ❞✉ ❚❚❉ ❞✐♠✐♥✉❡✱ ❝❡ G✉✐ ❝❤❛♥❣❡ ❧❛ ❢♦(♠❡ ❣,♥,(❛❧❡ ❞✉
✽✳✶✳ #❘❖#❆●❆❚■❖◆ ❉❆◆❙ ▲❊❙ ❈❍❆▼#❙ ▲❖❈❆❯❳ ✶✼✺
❝♦❡✣❝✐❡♥) ❞❡ ❞✐✛✉-✐♦♥ ❛♥❣✉❧❛✐1❡✳
3♦✉1 ✜♥✐1✱ ❝♦♠♠❡ ❧❡- ♣❛1)✐❝✉❧❡- ♦♥) ✉♥❡ 8♥❡1❣✐❡ rL/L = 0.1✱ ♦♥ -✬✐♥)81❡--❡ ♠❛✐♥✲
)❡♥❛♥) ; ❧✬8❝❤❡❧❧❡ ❞❡ ✜❧)1❛❣❡ σ = σres = 1/k‖res ∼ rL✳ ❖✉)1❡ ❧❡ ❢❛✐) ?✉❡ ❧❡ ❝❤❛♠♣ ✜❧)18
❛✈❡❝ σ = σres = 25/256 ♥❡ ♣1♦❞✉✐-❡ ?✉✬✉♥❡ ❢❛✐❜❧❡ ❝♦♥)1✐❜✉)✐♦♥ ; ❧❛ 18-♦♥❛♥❝❡ ❣✐1❛✲
)♦✐1❡ ❞✉ ❝♦❡✣❝✐❡♥) ❞❡ ❞✐✛✉-✐♦♥✱ ♦♥ ♣❡✉) ♥8❛♥♠♦✐♥- 1❡♠❛1?✉❡1 ?✉❡ ❧❡- ✢✉❝)✉❛)✐♦♥-
; ❢❛✐❜❧❡ -✐❣♠❛ ❞♦♠✐♥❡♥) ❧❡ )1❛♥-♣♦1)✱ ❥✉-?✉✬; ❞❡- ✈❛❧❡✉1- ♦D
1
k⊥resL
=
(rL
L
)3/2
∼ 8/256. ✭✽✳✶✶✮
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Magneto-hydrodynamic (MHD) turbulence is responsible for the transport of cosmic rays (CRs)
in the interstellar medium. Recent models of MHD turbulence show an anisotropic spectrum
resulting from the balance between the non-linear cascade process and the interaction oppositely
travelling wave packets along the magnetic field lines. The interaction between CRs and magnetic
fluctuations involve wave numbers that have to be calculated with respect to the local magnetic
field, i.e. the magnetic fields seen by a perturbation of scale k−1 which have scales larger than k−1.
We have developed kinetic-MHD simulations using the RAMSES code upgraded with a kinetic
module describing the particle transport via turbulent Lorentz forces. We have reconstructed the
local magnetic fields from the total magnetic field using a Gaussian filter. We have reconstructed
the cosine pitch-angle diffusion coefficient for particles propagating in the random Lorentz force
produced by the total field and the different local filtered fields. The particles have the same
Larmor radius of rL = 0.1 in cube length units and the wave-number r
−1
L fall in the inertial range
of the turbulence. We found that the particle mean free path is dominated by the transport in local
fields with small filter parameters, typically smaller than r
3/2
L in cube length units meaning that
perpendicular small scale fluctuations are important in the wave-particle interaction process. The
filtering procedure hence helps to isolate the physics of the particles and the MHD anisotropic
turbulence interaction.
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1. Introduction
Understanding the properties of cosmic ray (CR) transport in magnetized turbulence is a key
issue in the description of the origin of cosmic ray radiation. The transport involves the interaction
of CRs with various type of waves that usually are described in the long wave length magnetohy-
drodynamic (MHD) limit. The MHD perturbations are part of magnetized turbulent motions that
pervade the interstellar medium (ISM) and induce a random walk of the CR from their sources to
the Earth [1]. The very nature of the MHD turbulence is although not well constrained and matter
of very active research [2].
Recent phenomenological models of MHD turbulence have pointed out that the mean magnetic
(lare scale) field induces a natural anisotropy in the energy transfer. They considered that the
source of small scale turbulent motions is produced by the interaction of opposite wave packets
travelling along the local mean magnetic field lines. The balance between the interaction timescale
and the perpendicular cascade timescale leads to a relation between the parallel and the perpen-
dicular perturbation wave numbers k‖ ∝ k
2/3
⊥ (see [3]). Here the local magnetic field has to be
understood in the sense of the large scale magnetic field for the wave packets [4] of scale 1/k. This
turbulence model originally developed in the incompressible limit has been tested successfully in
the compressible limit using numerical calculations [5].
It appeared soon that a turbulence with a critical balance should not provide efficient cosmic ray
transport through the diffusion of the pitch-angle of the particles 1 [6, 7]. This problem arises from
the form of the anisotropy. In a Goldreich-Sridhar type turbulence the Eddies are elongated along
the local magnetic field and a particle with a armor radius rL ≫ 1/k⊥ do interact with several un-
correlated field lines within one gyro period. This argument has never been tested with numerical
simulations so far but [8] using an enveloped turbulence approach did found an increase of the
parallel mean free path by a factor only of a few with respect to the quasi-linear theory in isotropic
turbulence obtained by [9]. To alleviate the problem of weak cosmic ray transport efficiency in
Alfvenic anisotropic turbulence recent work argued for a strong impact of fast magneto sonic waves
(which have been shown to follow an isotropic cascade) [5, 10, 11]. [12] did extend these work
to investigate the perpendicular transport by field line wandering using a non-linear theory for the
guiding center motion. In all these previous work wavenumbers are taken with respect to the local
magnetic field. However, recent direct numerical calculations involving the particle transport in
MHD snapshots have been performed in the global magnetic field reference frame [13, 14].
In this work we consider the propagation of the perturbations along the local magnetic field lines
and isolate the particle pitch-angles with respect to the local magnetic fields. This approach helps
in understanding the contribution of the different scales composing the total fluctuating magnetic
field to the particle transport. Hereafter three different magnetic fields are defined: the global mag-
netic field ~B0, i.e. the magnetic field at scales larger than the turbulence coherence scale, the total
magnetic field ~BT which combines the global field and the fluctuations at all wavelengths, and the
local magnetic field ~Bl .
1The pitch-angle in the angle between the particle velocity and the magnetic field.
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2. Magneto-hydrodynamic simulations
The MHD simulations are performed using the RAMSES code [15]. The turbulence is gener-
ated in a periodic cubic box using the approach detailed in [16]. The magnetic field is interpolated at
the position of the particle using a grid volume weighted average of the magnetic field components.
In order to derive the local components of the magnetic we applied a filtering of the total magnetic
field ~B [4]. The local large scale magnetic field is ~Bσ (~r) = Σ~r′~B(~r
′)Fσ (|~r −~r
′|) and we adopted
Fσ (|~r−~r
′|) = K exp(−|~r−~r′|2/σ2) for the filter function and K is chosen as Σ~r′Fσ (|~r−~r
′|) = 1.
We reconstruct at each grid point a local field of a given σ . The simulations are performed at a
resolution of 2563. The filter parameter l = σ is chosen in the range [2/256,42/256] in box unit
size. The scales in the inertial turbulence range fall in the wavenumber interval [256/128, 256/21]
(in units of 2π/L) approximatively. Hence,~bσ with small (large) σ parameters corresponds small
(large) scale strongly (weakly) anisotropic perturbations. The simulation are performed for a mod-
erate turbulence with a mean Alfvénic Mach number Ma ≃ 0.6. It is found that the structure
function produced from the small scale perturbations of the local fields constructed as~bσ = ~B−~Bσ
(the perturbation in the velocity field are constructed in the same manner) do show an anisotropy
corresponding the GS scaling especially for σ parameters ≤ 8/256. The structure function have
been defined in [4] as Fb(R,z) = |~bσ (~r1)−~bσ (~r2)| (see their figure 11), where R and z are the
perpendicular and parallel coordinates in a cylindrical coordinate system associated with the local
mean field ~Bσ .
3. Cosmic Ray transport
The RAMSES code has been upgraded with a particle-in-cell module calculating the particle
trajectory under the effect of the Lorentz force following the procedure described in [13]. In fig-
ure 3 we present the pitch-angle cosine diffusion coefficients Dµµ calculated averaging over all
particles as 〈(µ(t)− µ(t = 0))2〉/2t following the prescription of [17, 13] for applicability of the
calculation. as the variable µ ∈ [−1,1] the validity of the calculation is only limited over a re-
stricted time which verifies that the rms deviation from µ(t = 0) should be comprised between
0.01 and 0.1. We selected the value of 0.05 in this work. We use 100 000 particles to reconstruct
the diffusion coefficients. All the results in this section are presented for a particle with a Larmor
radius rL = 0.1 such that r
−1
L falls in the inertial range of the turbulent spectrum. Or, put in another
way the wave numbers which correspond to the gyro-resonance with such a Larmor radius are in
the interval [256/128,256/21].
The particles has propagated into the total magnetic field (hence under the effect of the total Lorentz
force ~FT = q~v∧~BT ) but the cosine of the pitch-angle are taken with respect to the total (in red solid
line) or the local (other curves) magnetic fields. At first we have found that the diffusion coefficient
Dµµ has been found to be consistent with the results obtained by [14]. It provides a particle mean
free path of λ‖,t = 3/8v
∫
dµ(1−µ2)2/Dµµ ∼ 1.5L for a turbulent field with Ma ≃ 0.6. Then it is
clear that the small σ dominate the pitch-angle scattering. This is not surprising as for small σ the
local mean magnetic field converges to the total magnetic field at the position of the particle (see
the above formula in §2). At high σ values the direction of the mean field coincides with the global
3
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Figure 1: Cosine pitch angle diffusion coefficients in the local magnetic field Bσ for different values of σ
spanning the interval 2/256 to 42/256. The Lorentz force is calculated in the total magnetic field. In continu-
ous red is the diffusion coefficient obtained in the total magnetic field B. The filter parameter corresponding
to the particle Larmor radius is approximatively σ = 25/256 corresponding to the orange dot-dashed curve.
field B0 and the pitch-angle scattering drops.
The figure 3 shows first again the total diffusion coefficient with respect to the cosine of the
pitch angle µ = cos(~v,~B) taken in the total magnetic field using the total Lorentz force (upper red
solid line). The other diffusion coefficients are calculated with respect to the cosine of the pitch
angle µσ = cos(~v,~Bσ ) taken in the local magnetic fields using the Lorentz force due to the small
scale fluctuations at a scale σ , i.e. ~fσ = q~v∧~bσ . Hence, at a given σ the local diffusion coefficients
probe the propagation of a particle in a local field (large scale) of intensity Bσ under the effect of
(small scale) fluctuations of intensity bσ .
It appears that beyond filter parameters σ ∼ (8−10)/256 the filtered field lines do not contribute
to the transport significantly at large pitch-angles and the diffusion coefficients Dσµσ µσ (µσ ∼ 0) <
0.1Dσ=2µ2µ2(µ2 ∼ 0). As µσ →±1 larger scales (σ > (8−10)/256) do contribute to the pitch-angle
scattering more, i.e. the aisles of the distribution are more pronounced at these values. Also,
fluctuations at scales σ = σres = 1/k‖res ≃ 25/256 associated with the gyro-resonant structures do
not produce a strong pitch-angle scattering. In fact it appears that beyond σ ∼ 14/256, the diffusion
coefficients drop for any values of µσ and are stalling at low values. Fluctuations at small sigmas
do dominate the transport of the particles in the local field up to values not strongly different than
4
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Figure 2: Cosine pitch angle diffusion coefficients in the local magnetic field Bσ for different values of σ
spanning the interval 2/256 to 42/256. The Lorentz force is calculated in the local fluctuating magnetic fields.
In continuous red is the diffusion coefficient obtained in the total magnetic field B (same as in Fig 3). The
filter parameter corresponding to the particle Larmor radius is approximatively σ = 25/256 corresponding
to the orange dot-dashed curve.
(25/256)3/2 ∼ 8/256 = 1/k⊥res . This scaling is associated with the relation between perpendicular
and parallel scales in the Goldreich-Sridhar scaling, ℓ⊥/L = 1/(k⊥L) = (ℓ‖/L)
3/2. Hence one can
conclude that the scales with scales smaller than ℓ⊥/L are more efficient in producing a pitch-angle
scattering along their local mean field: the parallel mean free path deduced along the local field at
low σ values is close but a bit larger than the value λ‖,t calculated above in the total magnetic field.
4. Conclusions
We have developed kinetic-MHD simulations of cosmic ray transport in the turbulent magnetic
perturbations. We have calculated the local magnetic fields using a filtering procedure of the total
magnetic field at each grid points. The random Lorentz force that control the particle propagation
is calculated using different filters. The scales of the filter span the scales in the inertial turbulent
range. The contribution of each filtered field to the particle transport is dominated by local fields
with σ ∼ 1/k⊥ < rL ∼ 1/k‖res meaning that small scale perturbations are important to account in
the wave-particle interaction process.
5
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